

tj. 2d. 



Vlns* i>? 



Xec- Ho 








elementary mechanics 

WITHOUT HYDROSTATICS 


By D. Humphrey, B.A., B.Sc. 

REVISION MATHEMATICS FOR 
SCHOOL CERTIFICATE 

INTERMEDIATE MECHANICS 

Vol. I. Dynamics 

Vol. II. Statics and Hydrostatics 

By D. Humphrey, B.A., B.Sc., and 
E. A. Baggott, M.Sc., Ph.D. 

ELEMENTARY MECHANICS 
Without Hydrostatics 

ELEMENTARY MECHANICS 
With Hydrostatics 

By D. Humphrey, B.A., B.Sc., and 
J. Topping, M.Sc., Ph.D., D.I.C. 

A SHORTER INTERMEDIATE 
MECHANICS 










Roller Bearing 


Point 


•> % 




The For*:i 
hrth of For: 
rt two 

<■'a fu: 

To cc jnterpo 


“ ic. 


‘ I N 


t J 


k-i 


are earned on locking i ost c 
variation in the lengths ot che gi 


-’*• \ 0 \-. re¬ 
threw -L 
rs Or -a ; *: 

' exerts 
at A r -. 
'"*> place 
and ;u 


^in B:. : :er, spans the 
as • B C, which 
;h> 0 tons when 

■*s C and D. 
• ans. The girders 
> >e made for 
of temperature. 




elementary 

MECHANICS 

WITHOUT HYDROSTATICS 


BY’ 

D. HUMPHREY, B.Aj, B.Sc. 


Late Director 


VV.l 


AND 


F„ A. BAGGOTT, M.Sc., Ph.D. 

, , «rtiirrr in Mathematic, The Pol > uc.wnc Kc R cn. M,eC. 


W.l 


Senior Lecturer in 


WITH 


FRONTISPIECE and 


ILLUSTRATIONS 


LONGMANS, GREEN 

LONDON • NEW YORK 


and co. 

. TORONTO 



LONGMANS, GREEN AND CO LTD 

6 & 7 CLIFFORD STREET LONDON W I 

ALSO AT MELBOURNE AND CAPE TOWN 

LONGMANS, GREEN AND CO INC 

55 FIFTH AVENUE NEW YORK 3 

LONGMANS, GREEN AND CO 

215 VICTORIA STREET TORONTO I 

ORIENT LONGMANS LTD 

BOMBAY CALCUTTA MADRAS 



Xetv Impression 1942 
Nero Impression 1943 
Xew Impression 1945 
Xetv Impression 1946 
Xetv impression 1947 
A etv Impression 1051 




•fit r* r Haiti n t T HK pAPiFN 


Press Lti>. F. 


rtifr.: 1 •: • 



PREFACE 


The object of this book is to provide " n “17nng 

Mechanics suitable tor a yp particular examina- 

students. It ,s not written with ^ various 

tion, but the work cote s U h ^ book wiU prove 

“S S" »u —*- ..- 

made to the practical a PP ,c * distinction between “ mass 

The authors feel between “ absolute ” 

and “ weight is apprec , fundamental import - 

and “ gravitational units of force « ^ of notlce that 

ance, and both systems 4ssociale Membership of two of 

in the examination P a P cn> . “ M ” occurs quite as 

the leading Engineering Institutions, 

“ W ” 

frequently as —- • 

A considerable number of worUd long 

thousand «> be w u °^ ^ of opinion that in this subject, more 

expencnce the authors^ J ability t o apply 

than in any ot utmost importance, 

principles to examples is Cambridge Local Examina- 

p Acknowledgments are due to ® ; ^ Northern 

tions Syndicate, the Cen ™ Welsh^ ^ of the 

Universities Joint Matricu ^ of the Oxford Local 

.. . - . /-» / \ r T r P 


March 1039. 

? 



CONTENTS 


MECHANICS 
CHAPTER I 
MEASUREMENTS 

PACK 


Introduction ......... 1 

Experimental Work ........ 3 

Measurement of Length ....... 3 

The Vernier Scale ....... .7 

The Micrometer Screw Gauge . . . . . .11 


CHAPTER II 

FIRST EXPERIMENTS WITH FORCES 


Force ........ 

Measurement of Weight, hie Spring Balance 
First Experiments, Tran>missihility of Force 
Action and Reaction .... 


13 

11 

18 

22 


CHAPTER III 

PARALLEL FORCES, CENTRE OF GRAVITY, 

MOMENTS 

Parallel Forces ........ 

Equilwrant, Equilibrium, Resultant ’ 

Centre of Gravity ...... 

Turning Effect or Moment of a Force \ * 

Positive and Negative Moments 


CHAPTER IV 

THE PRINCIPLE OF MOMENTS 

Turning Kmrrs i>i Forces which ari not P.vuallim 

I HE PRINCIPLE OF MOMENTS . 

vi 


2 it 
26 
27 
2U 
33 


37 

40 












CHAPTER V 

MACHINES 


Levers . 

Beni Levers 

Wheei. and Ant e • . 

Windlass and Capstan • • * 

Steelyards • 

The Laboratory Balance 

Errors in Weighing * . 

Sensitivity of a Bai.anci 

CHAPTER VI 

centre of GRAVITY and STABILITY 

Centre of Gravity of a Ihin . 

•» ” of a Triangle * 

:: :: s eras RSS5 - v -- • - 

>* ” A Triangle • 

of a Quadrilateral * 

:: •; %; sss, « «««.•» - 

™ ’on. w 

" ” of a Trapezium ‘ 


pa r.B 
.0 


Stability, Toppling 


CHAPTER VU 
WORK AND MACHINES 


Work . • 

^Jcv W Me C han.cau Advantage. V»ocm 
Pulleys 

Wheel and Axle . . 

Systems of Pulleys 
'Fhe Perfect Machine 

wheel AN,, axle . . 

rniACHNE . . 

The Crab Winch •... : 

Worm Shafts and Wheel- • 

Law of a Machine • 

Effect of Friction • 


Ratio 


97 

9« 

102 

10 . r . 

113 
117 
1 19 
121 
12f. 
127 
13« 
13V 
138 
143 











CONTENTS 


• • • 

Vlll 


CHAPTER VIII 
SPEED AND VELOCITY 

Uniform Speed ..•••• 

Average Speed .-•••• 

Distance-time and Speed-time <Jkaph.~ . 
Velocity ....... 

Angular Velocity ..... 


CHAPTER IX 
ACCELERATION 

Uniform and Varia»i.e Acceleration .... 
Acceleration from Speed-time Graphs . . . 

ACCEI-E RATION-TIME GRAPH ...... 

Uniform Acceleration—Equations of Motion . • 

CHAPTER X 
FALLING BODIES 

Galileo’s Experiment ....... 

Value oi Acceleration due to Gravity . . . 

Bodies projected Verticai.ly Downwards ... 
Bodies projected Vertically Upwards .... 

CHAPTER XI 

THE PARALLELOGRAM OF FORCES 


Graphical Representation of a Force . 

Tuur.i Forces in One Plane acting at a Point 
Resultant of Two Forces acting at a Point uv Calculation 
Resultant and Fquu.irr.ant of a Number of Forces 
Resultant of a Number of Co-planar Forces 
Components of a Force 


CFI 1PTFR \H 

THH TRIANGLE OF FORCES 

The Tiuwgu: ot I-orcfs ..... 

The Ini iinid Pi am: ...... 

Simple Frameworks 
Bridges 

I.ami’s 'PllEORFM ...... 

Tm: Poi ygon of Fon*'i - 


rACE 

146 

US 

151 

170 

171 


176 

181 

183 

188 


196 
201 
206 
20‘J 


214 

216 

220 

222 

223 

226 


231 

235 
23 s 
240 
245 
261 













wi 


CHAPTER XIII 
RESOLUTION OF FORCES 


Resolved Parts • 

Sailing into the Wind • • ' 

Action of Wind on .an Aeroplane W ing 
Application to the Inclined l lam 


T4C.V 

> Ot > 

259 

260 
261 
262 
268 
27<» 


CHAPTER XIV 

three forces acting on a rigid HOD', 

Conditions of Equilibrium . • • • 


CHAPTER XV 


PARALLEL FORCES 


Resultant of Two Parallel Forces . • 

GRAPHICM LF R EPKES PN’TAT!ON OF A FOMENT . 

SS TJZ — 


290 

294 

295 

296 
298 


CHAPTER XVI 


friction 


• • 
Locomotive 


Effects of Friction 
Limiting Friction 
Kinetic Friction 
Tractive Force of a 

Rollino Wheels . • • 

Body on a Rough Inclined Plane 

Anolb op Rust • 

Z K p-n- ° N ” v A 


802 

903 

304 

307 

308 

311 

312 

314 

315 












X 


CONTENTS 


CHAPTER XVII 

FIRST LAW OF MOTION 

TACK 


Effect of Force on Motion of a Body . . . .321 

Work and Power ......... 326 

Belt Transmission of Power ...... 330 

Brake Horse-power ........ 333 

The Prony Brake ........ 333 

The Rope Brake ......... 334 

Graphical Representation of Work ..... 336 

Indicated Horse-power ....... 330 

Mechanical Efficiency of an Engine ..... 339 


CHAPTER XVIII 
COMPOSITION OF VELOCITIES 

Displacement ....... 

Resultant of Successive Displacements 
Parallelogram of Velocities 

Component Velocities and Resolution of Velocities 


CHAPTER XIX 
PROJECTILES 

Body project™ at an Angle to the Vertical 
Formula for Range on a Horizontal Plane 


CHAPTER XX 

RELATIVE VELOCITY 

Bodies moving in Pahai i el Directions 
Bodies not moving in Parallel Directions 
Change in Vet ocity 


. 352 

. 363 


. 36G 

. 307 

. 371 


. 341 

. 344 

. 345 

. 350 











CHAPTER XXI 

NEWTON’S SECOND LAW OF MOTION 


Mass and Weight • 
Second Law of Motion 


Fletcher Trolley 
Momentum • 

Pressure on Floor of LiFr 
Motion on an Inclined Plane 
Action and Reaction 

Accelerated Motion of Locomotive and 

Motion of Bodies connected bi strings 


Carriages 

• • 


I AC* 
381 
383 
383 
388 

390 

391 
396 
396 
398 


CHAPTER XXII 


WORK AND ENERGY 


Energy • • 

Conservation of Energy 

Kinetic Energy . • • „ * 

Kinbtic Energy of a Palling uodi 
Gain in Kinetic Energy produced by 
Horse-power in Accelerated Motion 

The Pendulum • 

Energy of a Pendulum • 

Mechanical Equivalent of Hfaf 

Heat Efficiency of an Engine 
Enercy of a Flywheel 


Constant 


Force 


404 

4 or. 

405 

406 

407 
412 
417 
420 
423 

426 

427 


CHAPTER XXIII 
IMPULSIVE FORCES 


Impulse of a Force . ■ 

Impulse and Momentum: Unit^. 
Impact of Water on a 
The Pelton Wheel 
Motion of Shot and 
Impact of Inelastic 
Conservation of 
Hick’s Balance 
Impulsive Tensions 
Impact of Elastic Bodies 
Direct Impact of Two Spheres 
Impact on a Fiabd Plane . 


Fixed Surface 
. • 
Gun . 

Bodies . 

Linear Momentum 


» 


431 

433 

437 

438 

441 

442 

443 
443 
462 
466 
468 
461 


















I he following abbreviations are used to denote the sources from 
which examples are taken 

C. Cambridge School Certificate. 

C.W.B. Central Welsh Board School Certificate. 

G.S. London University General School Certificate. 

J. Northern Universities Joint Matriculation Board. 

L.M. London Matriculation. 

O. Oxford School Certificate. 

O.C. Oxford and Cambridge School Certificate. 




mechanics 


CHAPTER J 

INTRODUCTION 


1. Introduction. .. h are considered in the following 

Many of the subjects pressure, speed, energy and 

pages have family «»"«■• b,, b ’ e P fou „d, however, that when 

work are a few ot them. meanings must be given to 

these words are used mor , age . As information ts 

them than is usual m 5' > ncce ssary at a certain stage 

gained about force, for ex;imp , given to the word as 

to describe the special m " ng g ^ ^ meanmg f . 

accurately as possllde. huen i iated that to g.ve a 

word is called a definition. by mechanics at the 

definition of what w<i are ^ J ,J t the following will 

t Estates of res, or 

l sets rsc ———° r 

aUe Three e of “he subdivisions of mechanics which are to be 

1 ; .. 

’■ Zl‘° “ e "' - '• p " ’" i ' *" 
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MECHANICS 


the law connecting the “ cost ” and “ length ” of carpet may be 
stated : 

Cost of a length of carpet (in shillings) = length of carpet 
(in yards) x 10. 

If a stone is dropped over the edge of a cliff and falls freely, 
t.e., without striking other bodies, it will be shown later that we 
can calculate the distance through which it will fall in one second, 
three seconds, or, in fact, any given time. This arises from the 
fact that the distance through which the stone falls depends upon 
the length of time it has been falling. In mechanics we should 
say that there is a “ law ” connecting the distance fallen and 
the time taken by the stone to fall through that distance. 

There is a very important difference between the laws of 
mechanics and laws such as that connecting cost and length of 
carpet, for it is only on condition that the resistance of the air 
produces a negligible effect upon the motion of the stone through 
it that we are able to state the law connecting distance fallen 
and time taken. In these days of aeroplanes, streamlined cars 
and locomotives, we are most of us aware of the fact that the 
resistance of the air to a body moving rapidly through it is far 
from negligible in its effect. Many of the laws of mechanics are 
not strictly true of ordinary bodies, for they often describe the 
behaviour of bodies which arc supposed to possess very special 
properties, which in fact are not possessed by any ordinary body. 
We may, tor example, find it convenient to suppose the bearings 
of a wheel to be perfectly smooth, i.e., to offer no resistance to 
the turning of the wheel. When bodies are assumed to possess 
such special properties it must be understood that the laws which 
arc being tested or discovered concerning these bodies arc not 
affected by these assumptions. Nevertheless, these laws arc 
useful because they describe fairly accurately what happens in 
practice. 1 bus it a stone falls freely for one second its motion 
is not appreciably affected by air resistance. Again, if we suppose 
a wheel to have well-lubricated ball-bearings, the resistance to 

, » — small as to be negligible 

whcel PartlCU ai CXpCnmCnt " hich is bcin K performed with the 
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3. Experimental Work. 

When testing any of the laws of mechanics, or in attempting 
to discover new laws, the following are a number of suggestions 
which, if carried out, will assist in obtaining satisfactory results 
from the experiments to be performed : 


(1) be thorough in your work, and on no account hurry 

through an experiment, for by so doing you may miss 
observing important details. 

(2) Your apparatus is capable of giving a certain degree of 

accuracy which is, in general, that of the least accurate 
of the measures of, say, length or we.ght used m the 
experiment. Thus, if a length is at best correct.o par. 
in 100 parts (e.g., 0 050 ±0 0005 cm. or 50±0-5 in.) 
results depending upon the use of this measure can a. 
best be correct to 1 in 100 (see also § 8). 

(3) Make a written note of all readings before proceeding 

to a new set or to a new experiment. 

(.1) When an experiment is to be repeated a number of times 
make a table of the readings. 


4. The Measurement of Length. 

The success of many experiments in mechanics depends^to a 
considerable extent upon the accurate measurement of lengthy 
We shall therefore consider the units of length commonly used 
and the practical problem of measuring lengths by comparing 
them with scales subdivided into multiples or fractions of these 

Uni 77i. Imperial Yard .-The British unit of length is the Imperial 
Yard, and is the distance between two lines on. gold plugsfitted 
into a bronze bar when the temperature of the har .s F. 
Other units of length such as m.le, furlong, foot. mc£ c c 
are obtained by taking muluples or fracons of the Impenal 

Yard. . . 

1 yard = 3 fcct = 3G inches. 

1,760 yards =8 furlongs = 1 mile. 
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5. The Metric Unit of Length. 

At the time of the French Revolution, French scientists 
decided to take as their unit of length one forty-millionth 
(1/40,000,0U0) part of a great circle of the earth which passes 
through the poles, i.e., a circle of longitude. This length, called 
one metre , is the distance between two lines marked on a bar which 
is an alloy of platinum and iridium at the temperature of pure 
melting ice. It is unfortunate that more recent calculations of 
the length of a circle of longitude give a slightly different result 
from that used in fixing the length of 1 metre. Since it is out 
of the question that the unit of length should be altered when¬ 
ever a more accurate estimate of the length of a great circle of 
longitude is made, the original unit is retained. 

1 metre = 100 centimetres = 1,000 millimetres. 

1 kilometre = 1,000 metres. 

6. Relations between Metric and British Units. 

1 inch =2*540 centimetres. 

1 yard =0*9114 metres. 

1 metre =39*37 inches. 

1 kilometre = 1,001 yards (; mile -1,100 yards) 

7. The Error due to Parallax. 



The two figures above illustrate the error due to parallax in 
the measurement ot lengths, an error which is commonly made 
by beginners in experimental work. When the position of a 



ACCURACY IN MEASUREMENT ° 

point on a line is being read on a scale it is essential that the line 
oinine the eve to the point should he perpendicular to the cd„e 
of the scale. The left-hand figure shows clearly how^eat™ 
error can be made if this precaution is not taken. A thick ruler 
has been drawn, and it should be clear that the closer the scale 
on the ruler to the line whose length is being measured the less 
chance will there be of making a large error. It is usually best 
to close one eye when reading the position of a point on a scale, 
but the figure ^illustrated on the right shows a casein \n Inch both 

ysS-rswirrxs 

top point of the meniscus should be noted. 

8. Degree of Accuracy in Measurements. 

When a number such as 20-1 is the number of units of length 
• w it is usually to he understood that the true length of the 
Hn s ne rer to ' l units than to either SO* or 20 -o units. 

her »0 4 is then correct to the third significant figure. 

If thTlengih of a line is 20-4 cm. correct to the third significant 

« g ""i. ».i« -.*5-. 

“ » “ " -I ■ ..> * ■» 

places used in express g wh - ch thc numb er represents 

‘.he'mTnimde “ is number of ^fican' fibres used 

which shows the accuracy. 1 hus, 

3-5 mm., error less than 0-05 mm., is correct to an accuracj 

of the order 1 part in 70 parts. 

4 . 95 L., error less than 0 005 in., is correct to an accuracy of 

231* ft “error' lSfthan 0-5 ft., is correct to an accuracy of 

~~ ,o an 

accuracy of the order 1 part in 1 , 6.11 parts. 

• _ the strength of a chain is that 

of it's wea“ke”" 7, calculation involves numbers which ate 
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the approximate measures of magnitudes such as length, area, 
volume, etc., the accuracy with which the calculation can usefully 
be carried out is that of the least accurate of the numbers. Thus, 
in an experiment it is well to know which measurement can be 
made with the lowest degree of accuracy, and then the remainder 
of the necessary measurements need only be made to at least this 
accuracy. In an attempt to find the volume of a rectangular 
block, suppose that the accuracy with which the thickness can 
be measured is about 1 part in 250 parts, e.g., 1-25 in. If the 
length of the block is about 500 in. and the breadth about 20 in., 
what accuracy is necessary in these measurements ? The greatest 
error allowable in the thickness is 1 part in 250 parts, and this 
is at least maintained if the length is measured to the nearest 
inch and the breadth to the nearest tenth of an inch. Suppose 
the volume of the block is given by 

V cu. in. =511 x 22-5 x 1 -25 cu. in. = 15,200 cu. in. 

The volume is stated correct to the third significant figure, 
and the accuracy of the result is 50 cu. in. in a total of 15,200 
cu. in., i.e., about 1 part in 300. It is useless to leave more 
significant figures in the answer simply because they have turned 
up during the multiplication, indeed to leave these additional 
figures in the result can only mislead anyone who reads it. 

With practice the average person may expect to estimate 
length correct to the nearest tenth of one-tenth of an inch, i.e., 
l/100th in., or to the nearest 1/4 mm. 

EXAMPLES I 

1. If the earth is assumed to be a sphere and the correct radius is 
taken as 3,060 miles, calculate the error in the circumference (31416 
< diameter) due to an error of 4-5 miles in the radius. Calculate also the 
fractional error. 

Ihe length of a rectangle is measured as 10-2 in. and the breadth 
as 14 0 in. !l there is a possible error of ±0 05 in. in each of the measure¬ 
ments, calculate (correct to one decimal place) the greatest and least 
values which the area may have, and from these values find the greatest 
possible fractional error which may be made in calculating the area of the 
rectangle. 

3 ‘ lu " ie n as ft u n r r inf! the t ? ia . mcter of a of uniform cross-section the 

error was 4 0 00.» cm. and the diameter was read as 012 cm. With what 
accuracy should the length of the wire (about 24 cm.) be measured f 
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9. The Vernier Scale 


—« / — 

Ift ll(ynlc) , -n Mrt I 


Scale «jiviS'oni 
coincide 




___ 


t> c d e f 9 * » J k 


-Id 

Subdivided into 10 eqjil pirU 


Fig. H. 


The vernier scale was invented by Pierre Vernier (1580-1637), 
a Spaniard An example showing the use of the scaie » ti¬ 
trated above. The distance L >s to be measured I s evident 
that the required length lies between 1-4 and l o units, and 
fraction XA of one of the small divisions remains to be aecuratelv 

, • , This is achieved by means of a subsidiary scale AB 

determined. 1 his is acmc\c«. y ar : c «nhdivided into 

The difference in length between a small division on 
and a small division on the vernier AB is 


( 


1 _ JL\ units, i.e., 1/100th unit, or 0 01 unit. 
10 100 


\1U 

Suppose that A is / hundredths of a scale unit from X, the 
1-4 scale division, then 

Division » is ( 1 - 1 ) hundredths of a scale uni. from the 1 -5 

Division 2) hundredths of a scale unit from the 1 -0 

Division “) hundredths of a scale uni. from the 22 

scale division. . . . 

Do, ,h. di.i.I.n < coincides M«lly ™l. »• ” d 

Reading the %ern , cales which coincide most nearly, 

of division huesi on th« divisions which have been passed 
then the number of ^ern.e^ of hundredths of a scale 

unit wh".: should P be added to the ‘-gth of the line up to the 
scale mark X which precedes the zero on the t ermcr. 
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Vernier scales are used on a great variety of instruments— 
calipers, theodolites, barometers, etc. For any forward reading 
vernier suppose that n divisions of a vernier equal (n - 1) scale 
divisions, the difference between n divisions of the vernier and 
n scale divisions is 1 scale division, and the difference between 
1 division of the vernier and 1 scale division is 1/nth scale 
division. 

In measuring the length of a line if m divisions of the vernier 
must be passed over before a vernier mark coincides with a 
scale mark, m/nths of a scale division is the fraction which should 
be added to the length of the part of the line up to the last scale 
mark which comes before the zero on the vernier scale. 


10. Backward Reading Vernier Scales. 

Sometimes vernier scales are backward reading. In this 
case the vernier division is greater than the scale division. 
Suppose that « vernier divisions are equal to n + 1 scale divisions, 
then ft vernier divisions exceed n scale divisions by 1 scale division, 
and 1 vernier division exceeds 1 scale division by 1/wth scale 
division. With this type of vernier, the vernier scale marks get 
further and further ahead of the scale marks. 


.BpS* . * 


TTHTI TTTT 

^ ^ M ■ ■ ■ wr 1 

h - l - A 9 e > , 

i S i 3 2 i 

1 

C • $7 unit* 


l-'lC. 4. 


Thus, in the above figure, if the zero of the vernier is //wths 
of a scale behind the scale mark A which follows it, the number 
of vernier divisions passed over before a vernier mark coincides 
with a scale mark is equal to /. This quantity must be sub¬ 
tracted from the reading of the scale up to the first mark A after 
the zero of the vernier, or, if the vernier is numbered back¬ 
wards, the reading on the vernier should be added to the 
reading up to the scale mark B, which precedes the zero on the 
vernier. 
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VERNIERS—EXAMPLE^ 

examples II 

1. Find the lcncth^f ^^p^Jj^how'you'oblai'^you^rcsSft. 
and fractions of an inch. Explain 

__-1 


the figure in inches 


I? 13 




Etc. 5. 

2. The following are two exiles of vernier scales 
value of the length L in each case - -- 


What is the 



I 7*_ J 

L- € l 

I Subdivided into 8 equ»' P» fU 

Fig. 6. 




t- 


5 Vo IS 70 


*_J 

U- 

d..,d«d Into *s .<»«»' t”** 


Subdivided Into 

Fig. 7. 


3. Obtain the length of the distance maratu 

\_ x--l 


marked X correct to 1/100 in 


Fio. 7 A 


i a 
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4. The figure shows a vernier used to enable angles to be measured 
correct to the nearest minute. Describe how the vernier accomplishes 
this accuracy, and hence show that the reading shown is -0° 33'. 



6. Construct a vernier scale suitable for use with a scale divided into 
inches and eighths of an inch to read to the nearest sixty-fourth of an inch. 

6. Construct a vernier scale suitable for use with a circular scale on 
a theodolite on which the degrees are subdivided into 3 parts, so that 
an angle may be measured correct to the nearest minute. 

7. Construct a backward reading vernier for use with a scale in 
inches and tenths of an inch, so that a length may be measured correct 
to one-hundredth of an inch. 


11. Vernier Calipers 



A pair of vernier calipers is shown in the above figure. By 
releasing the screws S* and S 2 the vernier scale may be slid along 
the stem A, which carries the ordinary scale. If S. is locked, 
fine adjustment of the position of the portion B, which carries 
the vernier, may be made by means of the screw C. The zero 
position of the calipers when closed should be tested from time to 
time, and if any error is found a correction should be made when 
using the calipers. To determine, say, the diameter of a cylinder, 
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MICROMETER SCREW GAUGE 

several readings should be made at different places, and the 
average of these taken as the required diameter. 

12. The Micrometer Screw Gauge. 

For many purposes the micrometer screw gauge is replacing 
the vernier scale. Moreover, it is capable of giving a higher 
degree of accuracy, the readings requiring less strain on the 

eyesight than in the case of the vernier. 



The instrument consists of a sleeve S, which is attachedI to a 
shaft with a very accurate thread cut on it. When the sleeve . 
is rotated the rod R at the end of the shaft is moved forward 
with the sleeve. One complete rotation of the dee™amoves^the 
rod R forward (or backward) a distance equal to the pitch of 
the screw thread. If the pitch of the screw ts 0-25 mm. and the 
circumference of the edge of the sleeve is divided into -5 equal 
parts, 1 /25th of a turn moves the rod forward 001 mm .and such a 
micrometer could therefore read easily to an accuracy of moo cm. 
In order to prevent rough usage from wearing the threads the 
sleeve can usually be turned by a ratchet device attached at its 
extremity When the rod presses with a certain force against the 
object to be measured, held in the jaws of the "istrument thc 
ratchet handle turns without moving the screw. It is necessary 

to test the zero of the instrument from time *° 

jaws are together, and allowance can then be made for any error 

introduced if this reading is not exactly zero. rhe bel “'* 

shows a micrometer screw with the additional refincmentofa 
vernier scale. The edge .of the sleeve is divided into 2o parts 
and one turn of the sleeve moves it forward 0-25 mm. The 
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vernier allows the instrument to be read correct to l/10th of 
a sleeve division, i.e ., to 1/10,000 cm. 



Fig. 11. 

EXAMPLES III 

1. Find the reading of the micrometer screw gauge which is shown 
in the figure. One divisional mm., pitch of thread = £ mm., and the 
sleeve is divided into 25 parts. 



2. Obtain the reading of the micrometer shown below. One division 
= 1 mm. The sleeve is divided into 25 equal parts. Pitch of thread, 
i mm. 



Fic. 13. 

Obtain the reading of the micrometer correct to 0-0001 cm. The 
sleeve is div ided into 25 equal parts, and the pitch of the thread is i mm. 
One scale divisions! mm. 



Fig. 14 



CHAPTER II 

FIRST EXPERIMENTS WITH FORCES 


13. Force. 

Force and the effects of force at once claim our attention 
whichever of the branches of mechanics we proceed to study. 
A force with which we are all acquainted is that which is required 
to balance the weight of an object. When we carry a bag we 
experience a force which we call the weight of the bag. This 
force acts vertically downwards. Again, suppose that a book 
rests on a desk and we attempt to push it along the desk with a 
finger. A gentle push may not move the book, but we are aware 
of the force which is being exerted by our sense of touch, 
harder push will move the book, and the harder we push the 
more quickly will it move along the desk A dog straining at 
Ms lead is exerting a force, and if the lead breaks the force winch 
he exerts causes him to move forward in the direction indicated 
by the previously taut lead. If a flat stone is set sliding along 
a level stone floo^, it is quite soon brought to rest by the friction, 
or rubbing, between the stone and the floor If the same stone 
is sM sliding along ice. it moves a considerably greater distance 
than in tlu^first case. In both cases the stone will travel in a 
straight line unless it be deviated from this path by a force such 
as might be produced by an unevenness in the floor or ice, or 
again, by the stone striking some other object. If it 'rere Possible 
to have a perfectly smooth horizontal surface, and if there were 

no ^ resistance, die stone would continue to move om orm y 

along the surface, and would only cease to do so if a force were 
exerted upon it in some wav to slow it down or cause it to deviate 
Lm its straight path. We have, therefore, sufficient information 
to enable us to state that nmcE changes o, tend' to change a body > 
state of rest or of uniform motion in a straight hne . 

13 
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14. The Measurement of Weight. 

The weight of a body has been given as an example 
of a force. This weight is the force with which the earth 
attracts the body. The direction of this force is found at 
any place by fastening one end of a thread to a small leaden 
bob and the other to a fixed support. This constitutes a 
plumb-line, which you have probably seen used by builders to 
ensure that walls are accurately vertical. The direction of the 
plumb-line is that of the vertical at the place and the direction 



in which the attraction of the earth acts. The force of attraction 
of the earth on a body is dilferent at different parts of the earth’s 
surface, and is, in fact, greatest at the poles and least at the 
equator. This, however, does not prevent us from being able 
to decide when two bodies have equal weights. If the attraction 
of the ea> th on two bodies is the same at the same place on the earth's 
surface, we say that they have equal weights. Suppose that we take 
a simple pair of scales and in one scale pan place a body A. In 
the other pan place enough brass, shall we say, to more than 
balance A. Carefully tile the brass until it just balances A. 
Repeat this with a second piece of brass. We have thus made 
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two brass weights which have the same weight.* It may now be 
seen that a system of weights which are mult, r les or fraction o 
a standard weight are not difficult to construct. 1 he Brmsh 
standard of weight is that of a piece of platinum which is pr 
served in the House of Commons, and is one pound weight. The 
gram weight is another standard weight, which is commonly 
Led in Lost branches of science where accurate we.ghmg s 
carried out, and is one of the system of weights used in Trance 
and other continental countries. 

1 lb. wt. -453-6 gm. wt. 

2 -205 lb. wt. - 1,000 gm. wt. = 1 kgm. wt. 


15. Method of Measuring Force. 

A convenient instrument for measuring force in 

direction it acts has long been used for housed d 

the common Spring Balance. In order to examine 
instrument works perform the following experiment. 


whichever 
weighing ; 
how this 


Experiment. —Fasten one 


end of a spiral spring to a fixed support 



Fic. 16. 


1 Note the ttvo different meanings for the purpose of weighing and 
in one case it describes an o J<- force, viz., the force of attraction 

in the second case it is used to desenue a 

of the earth. 


» 
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so that the sprinc hangs vertically. Examine the coils of the spring and 
he sure that no coil is touching either of the adjacent coda above or 
below it. At its lower end attach a pointer P, m a horizontal position, 
and a pan to carry weights. Behind the pointer erect a suitable gradu¬ 
ated rule in a vertical position. A metre rule should be used if your 
weights arc gram weights, and a rule graduated in inches and tenths 
of an inch if your weights arc in fractions of a pound. Note the position 
of the pointer and add equal weights in succession to the pan, noting the 
readings of the positions of the pointer corresponding to each new weight. 
The readings should be taken when the scale pan is at rest, and at least 
ten are necessary. Remove the weights one at a time, and again take the 
readings of the positions of the pointer. Care should be taken to see that 
the spring is not overloaded (see Example IV., No. 1, on p. 1*). 


0 1 

0-2 jo-3 

0-4 

0*5 jo*6 

0-7 

0-8 

0-9 

0 20 

0-600-90 

1 *21 

1-50 1-80 

2-11 

2-40 

2-69 

!0-30!0-ti0|0-91 

1-20:1 f.OU-Sl 
\ 

210 

2 40 

• 

2-70 


10 
3 00 


I.oad (lb.) . . 0 0 

Extension (in.) . 0-0 

Extension (in.) • jO-0 

Make a table of your results, as shown above, and draw a graph on 

which the vertical scale represents the extension of the spring (calling 
the position of the pointer zero when the pan carries no weights), and 
the horizontal scale represents the load upon the scale pan. Compare 
your results with the graphs shown below. 




Fig. 17. 


Notice that in graph (1) all of the points plotted lie on one straight 
line, and equal increases nr decreases in the weight produce equal increases 
or decreases respectively in the extension ot the spring. In fact the 
weight in the pan is directly proportional to the extension it pro¬ 
duces. This is known as Hooke’s Law. A spring which has this 
property and keeps it, however much it is used, supplies us at once with 
a force measurer. Whatever the load on the spring in the experiment 
for which the results are given, the extension per 0-1 lb. \vt. is 0*3 in. It 
we suppose that your spring behaves in this way (and it is essential that 
it should do so), stick a piece of paper on the vertical scale and mark the 
positions corresponding to the various weights with the appropriate 
numbers. The spring may now he used to weigh other objects, *.<*., 
to measure the force of attraction of the earth upon them. 

The instruments used in practice are robustly made so that the spring, 
which is usually encased, cannot be overstrained when too great a force 
is applied to it. Another name for this instrument is the Dynamometer. 
It the spring is fairly strong the effect on its readings caused by neglecting 
the weight of the spring itself and the permanent attachments is very 
umall. Error is only introduced when the spring is used for measuring 
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Fig. 19. 


» I ittle difficulty is found in 
forces which are only to rake the difference of 

s: ?£%£££ *^ furce ,o bc m,asur 

fkamples IV / 

1. C«) In the ^cond grap^aboy o «plam^^Ycrcasing^nd B*C' 

ff $S£ Explain the.shape of^^ples u.ustnite 

2. What do you understand b> _J paratus whic h measures force. 

ass^ssrstt—'T. „ „ . 


w 

e 


2 ** ” . n €\ A 1.17 l**iU * w - - - 

0-24 0 47 0 70 0-94 I * ^ pef inch G f extension. 

Draw the graph of W a 8 a ‘ nS *„ increa;; ing loads with the follow- 


4 

0 47 


6 
0 70 


8 

0 94 


10 
1 -17 


12 
1-40 


14 

1 -03 


ing results — 

I Load W. 1 

Extension e. 

Load W. 


Lb. 

00 

01 

0 2 

0-3 

0-4 

In. 

o-o 

014 

0-28 

0-42 

0-66 

Lb. 

0-5 

00 

0-7 

0 8 
0-9 


Extension e. 


In. 
0-74 
0-84 
106 
1-30 
1 01 
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16. First Experiments with Forces. 



Fig. 20. 


Experiment (1). — Fasten a piece of lead to a light string and secure 
the string by means of a loop to a fixed nail. What is the force on the 
nail and what is the pull or TENSION in the string ; Lift the string from 
the nail and pass the loop over the hook of a spring balance. The spring 
is stretched by the weight of the lead (anti, of course, the string). The 
force registered by the spring is the foi^c which was previously experi¬ 
enced by the nail and is equal to the combined weights of the lead and the 
string. The latter weight is probably too small to affect the reading of 
the spring. The string immediately above the piece of lead supports 
the lead, therefore it pulls the lead vertically upwards with a force equal 
to the weight of the lead. Thus the tension in the string acts vertically 
downwards on the spring and vertically upwards on the lead with equal 
forces, which act in the same vertical straight line. (Here we neglect 
the weight of the string.) 

Example. A chant consists of nine links each oj Height 1 lb . It is 
suspended by its top link from a fixed horizontal peg. 



21 . 
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(a) What is the force exerted on the pen by the top link ? What is 
r k e force exerted on the top link by the P l M • , 5 

s sss t £ sss k sss - t HBKSr ; ' 

{d) Account for the difference between the forces m (c) and (0). 

Carry out the following experiment and modify if: if necessar>' to 
show^Tt your answers to ^a^gs^ate^ which is 
Experiment ( 2 ).-Su PP ort m ^eight ^ a fixed support. 

Note ^r^tiSion 5 in "t^upper spring is greater than that in the 

.AB.* 

4&SX.'t'other ft ZZa a, the ',,<1 A „/ the plonk. H~ »•' 



jmc, exerted by the end \ oftj"’ g")* }" r !Z ,lx,"ted by the ends of the 
SS a on°t‘L tptnundesof the diteh e q ual ? Verify you, reasons by 

,h ‘ &ZZ BN^-Suppor. a light rigid rod hor.ron.all> by the two 
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hooks of two vertical spring balances. Suspend a weight of 2 lb. from 
the rod so that each spring registers the same tension. Note that each 
tension is a little more than 1 lb. wt. Why is this ? Arrange the weight 
so that the springs do not register equal tensions. Notice that the sum of 
the tensions registered by the springs is a little greater than 2 lb. wt. 
If T, and T a represent the tensions and W the weight, 

T 1 +T| = W + weight of the rod, etc. =a constant force. 

As an illustration of these last two experiments, suppose that a man 
carries balanced on his shoulder a pole of weight 2 lb. on which hang 
weights of 15, 10 and 17 lb. The total upward force exerted by his 
shoulder in order to support the pole and the weights is 44 lb. wt. 
If the man now stands upon a weighing machine then the weight registered 
is his own weight together with the load he carries. 

Experiment (4).—Support a weight by two spring balances which 



ure not vertical (see diagram). Notice that the sum of the tensions is 
greater than the weight supported, and that this sum is greater the more 
closely this angle approaches two right angles. When are the tensions 
equal ? 

Two boys carry a cricket bag. each holding one of the two handles 
Prom the above experiment we see that the total vertically upward force 
which .their :tr ™ 3 would have to apply if these were vertical would be 
the weight of the bag. The sum of the forces which they exert is least 
in this case, but we know trom experience that the boys would tend to 
topple towards each other if they attempted to carry' the bag in this 
position. In practice each boy pulls the bag in directions a little out of 
the vertical and away from each other. In this physically more com- 
fortable nosition they therefore pull with forces the aum of which is 

K t Vk n u th °| WC i ffht ° f thc baR ; morcovcr . the advantage gained in 

to 2rrv Tivnuilini" •«*"© manner u lost very quickly if thc boys attempt 
to carry it by pulling uwny from each other too much. 


EXPERIMENTS WITH FORCES 


Experiment (5).—Support a 


2 lb. wt. by a string in a vertical plane 



Fic. 25. 

,o ,h.r the S ,H« «,«. over .pulley 

attached to a spring bala ? c ? C ’ uUey an d the string should be as smooth 
the pulley, the grooves of the P y tension of very nearly 2 lb. wt. 
as possible. The springg and a n 0 w the spring to take the tension 

i^'th^string^i^the^'e^'direction^anei that'when^'hght 

. number of smooth pulleys and is pulled taut the 

“ p ' u C rhonWarWhaTis the tens.on ,n the horizo.utl parr of the 



and secure the ends to a spring 
string ? Cut the string n ^°^ n P “" t h a position that the string between 
balance, which is now suppo } rl/onta | and in one straight line. I he 
the pulleys and the spring ar . | to one of the weights, and is 

feuaton in the sprrnK tvet.ht o/o ne. Th.s confirm, 

precisely what is required to supp 

the conclusion of Experiment (•*)■ to two points on the edge 

Experiment ( 7 ).-F«sten ft S nuare (a piece of strong card- 

of a niece of three-ply wood ab«u ^ \ n * balan cc. Full the 

board will do) and secure «■«*** S,. t the strings are horizontal and 
springs apart parallel to the p la ee the edge of a metre rule 

the wood remains at rest upon the■ f js in th e same straight line as 

along one of the strings and notice , ^ bc #ecn that the springs 

the other string and the two s,,r ' I ' K *' equal and opposite tensions acting 

register equal tensions. Thus the t q Two equal and opposite 

horizontally upon the wood keep 
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forces which act in the same straight line upon a body are said to be in 
equu IBRIUM. The weight of the wood which is balanced by the upward 
force exerted on it by the table on which it rests has not been taken 



account of in this experiment. The wood remains at rest on the table 
when we detach the strings, so that the vertical forces which now act on 
it are in equilibrium and so do not affect the conclusion arrived at by 
the experiment with regard to the horizontal tensions. 

Pull the springs apart again so that the wood is at rest, as described 
above. Mark the line of the strings along the top of the wood and attach 
one of the strings at different points along this line instead of at the rim. 
The wood is observed to remain at rest. We may therefore deduce that 
if a force acts on a body at any point on its own line of action it 
produces the same effect upon the body. This is known as the 
Principle of the Transmissibility of Force. 

Two equal and opposite forces acting upon a body in the same 
straight line are in equilibrium. 

17. Action and Reaction. 

Support a spring balance in a vertical position. Press the 
hook downwards with a finger. 1'he force which the finger 
exerts on the h • -k is balanced by the equal and opposite force 
exerted by the hook on the finger. The magnitude of this force 
is registered by the spring balance. If we wish to know the 
tension in a string, we have seen that we actually measure the 
force exerted by one part of the string on an adjacent part, and 
whe- M .r? string is at rest this force is balanced by the equal and 
opposite force exerted 1>\ the “ adjacent ” part of the string upon 
the first part. A pair of forces such as these are known as an 
action and a reaction. We have had ample confirmation in 
our experiments that the action of a force upon a body is 
balanced by an equal and opposite reaction. It is very important 
when we describe a force that we should state : 

(</) The body upon which it acts. 

(/>) The direction in which it acts upon the body. 

(c) 1 lie magnitude of the force. 

EXAMPLES V 

1. In a mg-of-w.ir one team pulls on the rope with a force of 300 lb. 
wt. With what force does the other team pull on the rope and what is 
the tension in the rope ? \\ hat is the tension in the rope between the 
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PULLEYS— EXAMPLES 

second and third men from one end ? (Assume that each man pulls with 

the 2.*A e ioad“of 2 tons wt. is supported by two vertical parallel ropes at 

their ends. What is the tension in each rope . overhead bar. 

3. A 10-stonc man stands on ihe ground an<J g £ 28 ]b ^ 

If he pulls vertically downwards on the bar »i 1 ^ ^ his feet ? 
what is the vertically upward force exert > . u frorn a na ii, which 

4. The ten links of a chain hang g (l) t hc force exerted 

supports the first link, are each of ^ ^ ^ . link on the 

by the chain on the nail, (n) the orev v. c third link. In 

fifth link, (iii) thc force exerted on the fourth nnx 

each case state the direction of the force. which is evenly 

6. A truck weighs 1 ton and carries a*.-ton load ^ wh#t ^ ^ 

spread over the bottom of the truck_ wheels which may be con¬ 

feree exerted by the rails on each of the »°ur "ue 
sidered as situated at the corners of a rectangle. 



Fir.. 28. 


6. If the pulleys in Fig 28 ’bc'a^ res^Oi) so 

the value of, P./O so that the o^ wrtica , Iy downwards or vertically 


that thc load of 10 Ih.----- 

upwards with uniform speed? ■ , . i h what is thc value of 1’ 

7. In Fig. 28. if the pulley A wc ghs B Ib.wl^ pul|ey# arc 

required to keep the pulleys at res . • I tbc s y S t e m, except that 

separated horizontally so that the string P . n ? Explain why. 

supporting P. arc no ^ pulleys in Fig. 20 



Fig. 2U. 
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are vertical, what is the tension in the string and the reading of the 
spring balance ? What is the total force on the beam AB ? 

9. In Fig. 30 the parts of the strings not in contact with the pulleys 
may be assumed to be vertical. 



Fig. 30. 


Find the reading of the spring balance S and the tensions T, and T,. 



CHAPTER III 


KMKwnn or 


18. Parallel Forces. i fl Watorv. Con- 

Let us suppose that we are in a mcc an^ ^ the room ; 

sider the forces which are exerte up ^ Qur own weights 

the weights of stools, benches, appar rtica i an d therefore 

are some of these ^^o “hetom U ula.ly supported 
parallel to each other. The ed by the walIs of the room, 

by beams, which in their turn necessary to decide 

Before constructing the Hoor o a r ^ thick the walls of the 

how strong the beams l ° C 0 f courS e, possible to try different 
room to support them. It is > walls in practice, but we 

strengths if beams and and so choose 

can estimate the forces ^Jj lc d ea walls G f sufficient thickness to 
beams of adequate strengt can arran ge to study the 

support them. On a smal i,ta a beam by carrying out the 
effects of parallel forces acting 1 

foUowmg expenmonrs •- , hr( , ush , h ,.^ of 

Experiment (1).—MaRe a mu 



the ungraduated surface of a m ^ r ^ stJ> on t his mark. 1 hc . PjJ* 

Balance 8 the rule on a knife-edge so alanced in a horizontal position, 
will probably not remain sma |i splashes of sealing-wax on to 

To make it balance accurately P the ungraduated s> de - , 

the ruler at appropriate points, ™* C £* hat «he part oi the string on the 
fasten a piece of string roun 

25 
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under side of the rule lies alone the scratch. Fasten the strine to n spring 
balance. Notice that the rule is supported in a horizontal position by 
the tension in the string, which is vertical. The reading ot the spring 
is the weight of the rule. This experiment shows that the attraction ot 
the earth on all the particles of the rule can be balanced by a single upward 
vertical force acting through a certain point of the rule.^ Thus the weight 
of the rule must be equivalent to a single force which acts vertically 
downwards through this point. This result is extremely important. 

Experiment (2).— Since the metre rule used in the last experiment 
is likely to bend too much when it has to carry additional weights, if it is 
supported in the manner indicated above, it is usual to make a number 
of small holes through it and support it with its graduated surface vertical. 
In thi 9 position the amount of bending is negligible for our purposes 



Balance the rule accurately* supported by a pivot through the central 
hole, as already described. Now suspend the rule in a horizontal position 
from a spring balance. On either side of the support add additional 
weights fastened by looped strings to the rule. Adjust the distances of 
these strings from the point of support until the rule is again horizontal. 
Notice that the spring registers the sum of the weights of the rule and 
the two additional weights. Repeat this experiment with three different 
pairs of weights, and carefully check the above result in each case. Sup¬ 
port the rule at a point which is not its centre. Add weights at a number 
of points on the rule and arrange them until they balance and the rule 
13 horizontal. \ eritv as before that the reading of the spring is equal 
to the sum of the weights added and the weight of the rule. 

In this experiment a single vertically upward force has been shown 
to balance the effect of a number of vertically downward forces. The 
single vertically upward force is called the Equilibrant of the vertically 
downward forces, and since all the forces acting upon the rule keep it at 
rest, they are said to be in Equilibrium. Since the vertically upward 
force would be in equilibrium with an equal but vertically downward force 
having the same line of action, this latter force would have the same 
effect as the number of vertically downward forces acting on the rod. A 
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*t=«?s^£3£^r,: 

SP tfpi t C r'abc^Vx U pTn 0 ^nr^h .he rl.e in a pos.uon echoed » 

the vertical. vertically downwards on the rule are 

If the forces which act vertical!) upwards negatne forces 

positive forces and those which ^E^riment. may be stated as 

£f,o"° n dr :" n par ll , forces ac. upon a bod y and beep 
h at^rest\lfe algebr^c°surn of ,hese forces is zero. 

19. Centre of Gravity. force of attraction of the 

We have already stated th WEIGHT G f the body, and that 

earth upon a body 15 k "“" d " fferen t places on the earth's surface 
this force is different or one of the planets is acted 

A body at the surface of ^ traction ■ thus the same body would 
upon by a similar force <- • nh t j ie m0 on or the planets, 

have different weights on th ^ themselves attracted 

Moreover, the earth and 1 I whJch ena bles them to travel 
towards the sun by this same ’ From these facts wc deduce 
in their orbits around the wn. that a il bodies attract 

(as you may have alrea y * n attr £ ction between bodies is called 
one another. This °^ e body is suspended by a string or 

the force of gravity. 1 thc act ions of the force of 

rope and hangs in equilibrium ^ rQ this tension acts 

gravity and the tension .xii the s ^ attraction of the earth 

vertically upwards upon th 1 a VC ry large number 

upon all the particles of tension> which is a single vertica > 

of vertical parallel forces. jijbrium with an equal vertically 

upward force, is, however, there f orc be exactly equivalent to 

downward force, whic m upon the body. If the string 

the whole attraction of the ea 1^ of the body, and in each 
is attached in turn to rc [' n ' f , in equilibrium, it is found 
case the body is allowed to h^g^y ^ ^ tQ support ft all 
that the lines of action o bodv. This point is called the 

pass through one po.nt of the . no , casy to demon- 

centre of gravity of .he opa<1 ue body, but the 

strate this in the case 
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following experiments are sufficiently convincing for our present 
purposes. 

Note (1).—We have tacitly assumed that the vertical lines 
through different points of a body are parallel. This is not 
strictly true, but the assumption is justified for bodies which are 
small in comparison with the earth. If A and B are two points 
on the earth’s surface 1 mile apart, and the verticals through A 
and B are imagined to be drawn upwards for 1 mile above these 
points, then the upper ends of these lines are only 7 ft. farther 
apart than A and B. 

Note (2).—The weight of a body at different places*of the 
earth’s surface does not alter by more than 1 part in 300, and 
in fact is so little different at different places in the British Isles 
that British engineers use 1 lb. wt and 1 ton wt. as their units of 
force. These units of force are known as gravitational units 
of force. 

20. Experiment (1).—Cut an irregular figure out of a thin sheet of tin 

n 



Fig. 33. 


or stiong cardboard and suspend it by means of a fine string attached to 
point in its rim. When in a position of rest, draw on the sheet a line in 
th<- direction of the string and in the same straight line. Repeat the pro¬ 
cedure when the sheet is suspended from a number of other points on 
its rim. Verily that the straight lines drawn on the sheet all pass through 
one point. This pr int is the centre of gravity of the sheet. It is clear, 
of course, that the centre of gravity is inside the material of the body. 
Make a small hole in the sheet at this point, and support it by passing the 
point of a pair of compasses through this hole. Notice that the figure stays 
m equilibrium whatever angle its piano makes with the vertical. 
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turning effect of a force 

Find by the above method the of "the" plane-'figured 

sneets of tin or ca , rdb ^ re ln na h ralle y o J ram> triancle and quadrilateral. 

■-eu.af sohd. as shown in the diagram. 



which is capable of beingthis sohd upon the knife-edge and mark 
with its various faces^ Halanei n , he so | it i horizontally and balance 

its line of contact with the solid. ^ Repeat a number of times and 

it again. Mark the ne ,-rmtact pass through one point of the surface, 
notice that all the lines® f P cts through this point. Repeat the 
The weight of the solid foerM ^ of {hc solld> whcn ,t will again be 

experiment, using the i 1 , j. n if c . e dge on this face corresponding 

found that the lines pass through one point. The centre of 

to balanced positions of the s I P , nmR these two points only if the 
gravity of the solid lies on the . f they arc not parallel 

corresponding faces of f at these points meet at the centre of 

perpendiculars to these two faces ai 

gravity. 


21. The Turning Effect of a Force. 

If we ask why the hancllc^fj £>or JS P^ answerjn( , , ha , the 

were placed nearer to the htnges.^ apply with 

Brazil nut is much gre nutcrackers the task becomes 

fingers alone, but b Y us,n j5 *^ outstretched is compara- 

an easy one Standing uith one arm ^ ^ ^ ^ become 

lively easy for a shor » of 2 lb. is carried in the hand in 

tiring ? Moreover, if mat | e S o much more difficult, 

this latter instance, why 1 c with t he ann in a vertically 

for a 2 lb. wt. is very ea h y ^ thc abovc questions in- 

downward position . orincinlcs which are of the greatest 

volve the explanation < 1 - therefore desirable that the 

importance in mechan.es. It .a 
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answers should be sought by carrying out experiments designed 
to make these principles as clear as possible. 


Experiment (1).—For this experiment use a metre rule tiirough which 



small holes have been carefully drilled at regular intervals along its entire 
length. Support the rule through the centre hole and balance it in a 
horizontal position, as previously described. Suspend weights at points 
A and B on cither side of the centre C, and arrange the distances from 
C to the points of suspension, so that the rule rests in a horizontal position. 
Keeping one of the weights in its same position double the second weight 
and arrange its point of suspension so that the rule is again horizontal. 
Do you notice any connection between the weight and the distance from 
its point of support to the pivot ? Try various multiples and fractions of 
the same weight, and verify that the product of the weight and the distance 
from the point of its support to the pivot is constant. Now' alter both 
weights, anil having again balanced the rule, note the weights and the 
distances CA and CB. Suppose the weights are W, and W 2 and their 
respective distances from the pivot a and b 9 then it should be found that 

W, Xfl=VV 3 X b . 

From the above experiment we sec that if W, is kept unaltered in 
weight and position, if W 2 is multiplied by any number, then in order 
that it may still balance W, the distance from its point of support to the 
pivot must he divided by the same number. Again, if W 2 is increased 
m times ami b is increased /i times, then if a is unaltered, W x has to be 
increased run times to maintain the balance ; if W x is unaltered, 6 must be 
increased mn times. The tendency of a weight to rotate the rule about 
the pivot is called the turning EFFECT of the weight, or otherwise the 
moment of the weight about the pivot. Thus the turning effect of 
a weight is not only proportional to the weight itself but also to 
the distance from the pivot to the point of support of the 
weight. 
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Experiment (2).—We may apply the result of the last experiment 



to find the weigh, of the metre rule. SupPm j* 

a point P away from its centre. If «> the »c»gnt 

that of the balancing weight, 

w x CP =W xAP, 


w — 


W x AP 
CP 


and therefore 

where C is the centre of the «*£**££*££."'rfSKP valu«! 

S's^his S valueTuTe succeeding experiments when the weight 

of the rule is required. f j 0 / weight 20 lb., is 

Example A ^formbean, A we ight of 100 

pivoted at its centre arui rest. ■ , A (a) ,4/ te/ia/ point on the 

lb. is placed on t J}* be “”\ JO //,«< //ie maybe balanced. 

%Tw^ itigh7%id on the bean, at D mil balance it, and uhat ,s the 

force on the pivot in this ease ? 



100 lbs.wt. 


120 Ibs.wt. 


Fig. :n. 


, u ■ X is the position of the 120 lb. wi. 

(a) F is the position of the pivot. X is tnc 1 

I FX=*ft- 

... i ,i,p int i-clockwisc moment of the 100 

lehw.se moment of the I*, -b. wt. 

about F; therefore, 120 x^ 4 x 100 , 


X = 


400 

120 




The weight must therefore be applied 1 ft. « m from B 
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(6) Let VV lb. vvt. =the weight which must be placed on the beam 

31 B Sincc a thebeam is balanced the clockwise moment ofW lb. wjt^about 
V is equal to the anti-clockwise moment of the 100 lb. wt. about F, 

therefore, 6 \V =4x100, 

w =i°° = so. 

5 

Hence 80 lb. wt. placed at B will balance the beam. . 

The sum of the vertically upward forces acting on the beam is equal 

to the sum of the vertically downward forces , 

Let F lb. wt. be the vertically upward force of the pivot exerted 

„„ the tom. F = 100 + 120 +20 = 240. 

The downward force of the beam on the pivot is 240 lb. wt. 


EXAMPLES VI 

Beam with Single Pivot 

1 A uniform beam AB is balanced at its midpoint C. A weight 
of 20 lb. is placed 3 It. from C. Where should a weight of 30 lb. be placed 

to balance the beam ? . . ,, • 

2. A uniform rod is pivoted at its centre, and a weight ot o ID. is 

suspended from it 9 in. from the centre. If the rod is balanced by a 
weight of 5 lb., where must it be applied ? What is the total force on the 

pivot and in which direction does it act ? t 

'>. A 50 lb. wt. is placed at one end of a uniform plank lo tt. long, 
which is supported at a point 4 ft. from the weight. If the plank is 

balanced, find its weight. m % ^ * 

4 . Two boys whose weights are 100 and 1 1- lb. sit on either side ot 
a see-saw, which is balanced before they sit on it. If the lighter boy sits 
5 ft. from the pivot, how far from the pivot should the other boy sit to 
maintain the balance ? What force does the pivot exert on the see-saw 
if its weight alone is 00 lb. ? . 

f>. The centre of gravity of a billiard cue of weight 2 lb., 5 ft. in length, 
is 1 ft. :* in. from the heavy end. If the cue is supported at its mid¬ 
point, what force (a) applied'at the heavy end, (6) applied at the light end, 
is required to maintain it in a horizontal position ? 

«>. A non-uniform beam AB of length 0 ft. balances about a point 
2 ft. from the end A when a weight of 10 lb. is hung at that end. When 
the pivot is at the midpoint of the beam a weight of O 5 lb. must be 
hung at B to balance it. What is the weight of the beam and where is 
its c entre of grav**y ? 


22. Principle of Moments. 

lixi’KiUMUN 1 . It will be assumed in this experiment that the weight 
of the rule is known. By means of three weights P, Q and R, three 
parallel forces are arranged to act upon the rule, and the rule is pivoted 
at a point away from its centre. Arrange the positions of the weights 
until the rule is horizontal. Call I*' the position of the pivot and A, B, C 
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IillT.--.. * \£i £~ m ' i3 


i* 


, • (T^t nf the weight of the role. Since the rule is balanced in 

the turning effect of the 8 effects of the various weights, some 

a horizontal P os, V° n j a c iockwisc direction and the others in an 

or .h. 

expSmcnt'and^torin^ .o .he diagram below, .he sum of .he clockwise 
moments is «, x GF + R * CF. 

Also the sum of the anti-clockw.se moments is 

I» xAF+Q xBh 

• f M .„ r sums and verify that they are equal Now 
Calculate each ‘^. Kv means of a spring balance. Note the leading 
support the rule at * distances from one end of the rule to the 

of the spring balance and _ Ca , cu , ate the 9u m of the moments 

points of application of ^ abQUt this cnd> w hich are in a clockwise 

of all the forces acting oi registered by the spring balance or the 

direction. The tension a one “gist according to whichever end of the 
weights alone make ’ u *> £j the sum of the anti-clockw.se moments 
rule we take. N °w. « cuia Verif that , hc sum of the clockwise 

about the same end of he f he anti . c i 0 ckw L se moments about the 
moments is equa to h>«•«“* ^ ^ anti . c lockwise moments minus the 
same point. Thus th * ahout the same point of the rule is zero, 

sum of the clockwise mom ®" f , f orces which tend to turn the rule 
It is usual to call the momei positive. moments, and those 

in an anti-clockw.se direction about a point NECATI vb moments. 

which tend to make it turni m of the moments of the 

We may thus state that R experiment about the point F in 

forces acting on k™"” “PP”™ ond plac<! is 2cro . 

the first place and abou of morc spring balances, and load it 

Finally, support theJJ^ b t y h J t thc a | RC braic sum of the moments of 
as already described. • . , t two or more points along the rule 

the forces acting on the rule ar.om 

chosen at random is zero. 


2 
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23. Example (1).—AB represents a straight rod whose weight W acts 
at G. Forces P and Q act vertically upwards at the points C and D respec¬ 
tively on the rod. A force W, acts vertically dotenwards on the rod at E. 

It is required to find the forces P and Q. given the distances of the points 
of application of P, Q, W and W, from the end A, and the magnitudes of 
W and W, when the rod is in equilibrium. 



I * 


W | w 

Fig. 39. 


Since the rod is in equilibrium the sum of the upward forces acting 
on it is equal to the sum of the vertically downward forces, 

P+Q=W+VV 1 . 

Again, considering the moments of the forces acting on the rod 
about C, 

(P x O) - W t x CE - W x CG + Q x CD =0, 

! e., Q . CD = Wj . CE + W . CG. 

This equation at once enables us to calculate Q. Put this value for 
Q in the first equation and so calculate P. As an alternative to this last 
procedure P may be found by taking moments about D. Notice that 
by taking moments about a point on the line of action of one of the 
forces, this force docs not appear in the resulting equation. 

Example (2). — A beam 10 ft. long carries weights of 25, 40 and 50 lb. 
at distances of 2, 4 and 0 ft. respectively from one end A. 7Vie weight of 
the beam , 80 lb. t acts at its midpoint . Where shoidd the pivot be placed 
in order that the beam may be balanced ? 



Fig. 40. 
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Take moments about the pivot : 

26(* - 2) + 40(.v - 4) - 80(5 - x) - 50(6 - x) = 0, 

195* = 910, 

*=4$. 

The pivot should be placed 4 ft. 8 in. from A- .. 

Example (3 y-A uniform bean, AB, 6 “ rt'j 

rests on two supports, one at each et . Calculate the pressures at 

by the beam at a point C, 2 ft. from the end A. potentate i P , 

the supports. If the support at B » moved to a point 1 Jt. Jr or 
the new pressures on the supports. ^ 

.i-=fc=i=i 


h— 2'-- 

U- 


koibs. 180Ibs.wt. 

1 WC. ' 




I* 1C. 41. 


(i) Since the beam is uniform its weight acts vertically dowards at 

itS The'lor^acting on the beam may now be represented as shown on 

the diagram below suon orts is equal to the sum of the 

The sum of the pressures on the suppor q 

Wei Thus1f , p lb C «. he h vcJricaily upward preaM.re at A and Q lb. w. 

= the vertically upwards pressure at B, 

p + Q _= 80 + 40, 

P +Q = '20. 

Taking moments about A, 

Q x AB - 80 x AG - 40 * AC =0. 

80 x3+40 x2 = . 3 j 

Therefore, Q ” t> 

Putting this value for Q in the first equation 

p = 120 - 53J =6r»j. 

a s |K wt and the pfM*urf or. 

The pressure on the support at A «s bb§ lb. wt.. 

the support at B is 534 lb. wt. . h bcam j s supported at A and 

(ii) Consider now the case in which tn 

at a point 1 ft. from B. . fore to represent the pressures 

Using the same notation as be tore to i 

p + Q -120. 

Taking moments abou^A.^ _ „ ; j _ 40 .2 - 0 
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Put 64 for Q in the first equation and we see that P — 5G. The pressures 
on the supports are therefore, 

66 lb. wt. at A vertically downwards 
and 64 lb. wt. 1 ft. from B vertically downwards. 

EXAMPLES VII 
Moments of Parallel Forces 

1. A uniform beam AB, of weight 20 lb. and length 6 ft., is supported 
at A and B. A weight of 10 lb. is placed 1 ft. from A. Find the pressures 
on the supports. 

2. In question 1 the support at B is removed. Where should a new 
support be placed so that the pressures on the two supports may be 
equal ? 

3. A uniform plank AB, 12 ft. long and of weight 40 lb., rests on a 
pivot 4 ft. from A and is supported at B by a vertical rope. Find the 
tension in the rope and the pressure on the pivot. 

4. A uniform beam, of length 12 ft. and weight 48 lb., rests on 
supports at A and B. It carries weights of 16 and 20 lb. 2 and 4 ft. 
from A respectively. Find the pressures on the supports. If the supports 
are removed, at what point of the beam would it balance on one 
support ? 

6 . A uniform bar 2 ft. long weighs 2 lb. and is supported at its two 
ends. A 7-lb. weight is hung from the bar 6 in. from one end and a 
4-lb. weight 0 in. from the other end. Find the pressures on the two 
supports. (O.C.) 

6 . The top of a trestle table is 10 ft. long, is uniform, and weighs 

00 lb. The trestles are placed 2 ft. from each end. Weights of 10 and 
20 lb. arc placed on the table at distances of 1 and 3 ft. from one end. 
Find the load supported by each trestle and the position of the centre 
of gravity of the table top and its load. (O.C.) 

7. Two men carry a weight of 60 lb. suspended from a pole 6 ft. 
long, which is held by one man at each end. Where must the weight 
be suspended that one of the men may have to exert a force of 26 lb. ? 

8 . A golf club balances about a point 20 in. from the end of the 

handle. When a 2-lb. weight is hung from that end, the balancing point 
has to he shitted through IT in. What is the weight of the club ? (O.C.) 

A heavy uniform beam AB, weighing \ ton, is supported at one end 
A and at a point C one-quarter its length from the other end B. A load 
ot 1 A tons rests on the end B. What force acts on the support A ? (O.C.', 

In. A horizontal girder, weighing 21 lb. per foot length, rests at it« 
ends on supports 20 ft. apart. Vertical loads of 1 and 2 tons are supported 
by the girder at points 6 and 14 ft. respectively from the left end. Find 
the reactions of the supports. 

1 1. fine end ot a pole AB, 10 ft. long, lying on the ground can just be 
lifted off the ground by a force of 20 lb. applied 6 in. from A. A force 
of 30 lb. must be applied 1 ft. from B so as just to lift the end B. Find 
the weight ot the pole and the distance of its centre of gravity from A. 

(L.At.) 



CHAPTER IV 


THE PRINCIPLE OF MOMENTS 


24. The Turning Effects of Forces which are not Parallel 



Fic. 42. 


r » Of' is the crank of a bicycle, and the 
In the above the force exerted on the pedal is 

always*vertical'y^Itnvnwards. Theriompam.le, fo- = - 

the vertically downward fore ^ | J h q{ th£ sprockc , wheel. 

the upper part of the c exerted upon the 

We know by 'M-r-nce ha, ,he f orce wh.^ ^ OA ^ 

pedal by a cyclist is p - through the positions 

gradually increases as t c C ^ a P j reatest . Afterwards the 

OB and OC until at OL) the ^ . - n lcast . This is 

force decreases until in | e posi^ ^ ^ ^ difficu , t Evide ntly a 
especially noticeable if h 8^ on {he pedal in the position 
cyclist is aware that the fo rran k than in any other 

d" is more effective for turning '^.^"^^“xerted 'on the 
position. In the position 
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crank simply pushes the crank against the axle bearing at O, and 
has no turning effect about O If the same force be exerted 
vertically downwards on the pedal in all positions the turning 
effect of this force about O increases as the perpendicular distance 
from O to the vertical line through the pedal increases (compare 
OB lf OC t and OD). If the friction at the axle bearing is neglected, 
the turning effect of the force exerted on the pedal is balanced 
by that of the tension in the upper part of the chain of the bicycle, 
and this tension is applied to the hub of the back wheel in the 
opposite direction. In the following experiment we shall examine 
more fully the turning effects of non-parallel forces acting on a body. 

25. Experiment.— 



The object of the experiment is to find the turning effects on the 
iule of forces which are not parallel. Support the rule at its centre and 
apply a weight of 0*5 lb. at a distance of 25 cm. (say) from the pivot. 
Fasten a string through a hole in the rule near one end on the opposite 
side of the pivot. Fasten the other end of the string to a spring balance 
and the latter to a support in such a way that the string and spring are 
in one straight line inclined at an angle to the rule and in the same 
vertical plane. Take the reading of the spring balance. Alter the 
angle between the string and the rule, and when it is again balanced 
in a horizontal position take the reading of the spring (Fig. 1). 
Repeat for various different angles. Notice how the reading of the spring 
depends on the angle. Repeat the experiment, and for each reading of 
the spring measure the perpendicular distance from the pivot to the 
straight line in which the spring and string lie. Multiply each reading of 
the spring by the corresponding perpendicular distance, and observe 
that the products so obtained are substantially equal. Let us suppose 
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that the angles used have been less than a "gb-angl- . Kepeat •he^xpejn 
^ is necessary’ to produce 

the perpendiculars it is nece.s r> I experiment, apply 

the rule. In any of the balancedjosmons mm ^ F q ^ present 

two or more times the '' tl8 direction note the new tension m the 
Keeping the string in * h J horizontal position. We 

spring required to maintain th turning effect of a force is 

deduce from the above e * peri " ie, V the p j vot to the point of action 

not proportional to the . d ' s * an the perpendicular distance from the 
of the force on the rule but to f acts As in the two previous 

pivot to the straight line in whic that the turning effect of 

experiments, the above expenmen tc«ifi™'Thus a measure 
a force is proportional to the . B mav be taken as the product 

of the moment of a force abou p ance from the point to the 

of the force and the perpendic com p ar j n g the moments of various 

wTh Mc f K d irSH 

SsffiLSs. ra d v,» - ... (f* ». 

26. Experiment.— 



Fig. 45. 

Pivot the rule at a point F and b s “ spt j" d s fon ''t applied a/a point B 
the right of F. Balance the: tc anR l c with the vertical. The 
on the rule in a direction making an or by a we ight suspended 

tension may he applied by P * sed ovcr a smooth pulley. Measure 
from the string after it has p . - nt p to the lines of action of all 

the perpendicular distancc f V enfy that the algebraic su^ofthe 

the forces acting on the rul . rulc> about b, is zero. I hus, »l 

moments of the ^ rc< j^ at j- stanCC f ro m F on to the line of action of 1 . 
FP is the perpendicular distance ire. 

referring to the diagram. +T pp _ w . FQ =0. 

If QFA G a FR?T R FB "SnTpB^-W‘V ac^TaFQ-• 

tv . FG . cos L GrH “ 
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Experiment. —The apparatus consists of a horizontal table on 
„hifh XP a sU of fin is free to roll on ste^ b^ls. A number of horizontal 



strings which pass over pulleys secured to the table. When the tin is at 
rest mark the lines of action of the tensions acting upon it. together with 
ihei'r magnitudes and directions or they act upon the tin Remove the 
strings from the tin and take any point O in it. From this point draw 
perpendiculars to the lines of action of the tensions. Calculate the sum 
of the clockwise moments about O and the sum of the anti-clockwise 
moments lienee show that the algebraic sum of the moments of the 
tensions which kept the tin at rest about O is zero. Take two other 
points, O, and 0 2t such that O, O, and O a are not in the same straight line, 
and verify the Principle of Moments as for the point O. (Three forces 

onlv are shown in the drawing.) . . . 

Experiment. — Determine the position of the centre of gravity ot 
a sheet of tin and arrange it so that its plane is vertical and it is at rest 
under the action of a number of forces which act in its plane. Mark the 
positions of the lines of action of the forces, including the weight of 
the TIN on its surface, together with their magnitudes and directions. 
(This means that the weight of the tin should be found.) As in the 
previous experiment, verify the principle of moments. 


27. The Principle of Moments. 

We are now in a position to state the principle of moments 
in the following form :— 

When a number of forces acting on a body in one plane 
KEEP THE BODY IN EQUILIBRIUM THE ALGEBRAIC SUM OF THEIR 
MOMENTS ABOUT ANY POINT IN THEIR PLANE IS ZERO. 

Units .—When force is measured in lb. wt. and distance in 
feet, the moment of a force is in lb. wt. ft. 


28. Rigid Bodies. 

Forces acting upon a body cause a change in the shape of the 
body. We describe a body as being rigid if the alteration in its 
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shape caused by forces which act upon . it is so -all to ^he 
effect of this change is negligible. Consider 1 

of the turning effect * deforcewill wsulUn a corresponding 
change in shape caused by which the 

change in the perpendicular from tf* of the force . 

turning effect is consi ere i ar ; s less than say, one-thousandth 

If this change in the perpend, cular is less than, ^y, hjs ^ ^ ^ 

of its original length, then wc y g cs there- 

small to take into account for rigid it retains its 

fore be assumed that if a o > s _ £ accuracy sufficient for 

original geometrical shape to a degree oi accuracy 

practical purposes. ... 

Example (!).—.« »«*' pt lu/a^’b^a'horiZnlal Jorce until 

fr <« ^ h ° r,ZOn ° 

f °’ C A is the point of suspension and BA^poston of .he wetght. BN u, 
' perpendicular from B on oh effcct ab ou. A just sufficient 


& CHESS force JSfh effiect about A just sufficient 

to balance that of the we.ght of 10 lb. 

Take moments about A. 



- m in the string has no turning effect about A 
Since the tension T in the sir. « 

F * AN = 10 * BN, 

30’ = 10 x 0-5774 -5-774. 


F = 


10 x BN _ jo * c-10 x tan 
AN " AN 


2 a 
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Example (2).—ABC is a jib-and-tie arrangement. AB is the jib which 
is uniform and of length 10 ft. The jib is hinged at A and the tie is secured 
to a point C, 10 ft. vertically above A. The jib is of weight 1 crvt. and 
carries at B a load of 1 ton wt. Z_ BAC is 45°. It is required to find the 
tension in the tie. 



The forces which act on the jib are in equilibrium. They are : 

The tension in the tie along BC. 

The load of 1 ton wt. vertically downwards at B. 

The weight of the beam vertically downwards at G its centre of 
gravity. 

The reaction of the hinge at A. 

Draw an accurate diagram to a suitable scale as large as possible, 
say, $ in. = 1 ft. 

Draw ADE perpendicular to the lines of action of the load and weight 
<>! the beam and meeting them at E and D respectively. 

Draw AF perpendicular to BC. 

Let T cwt. be the required tension in BC. 

Take moments about A, then 


20 . EA + 1 . DA - T . FA = O. 

If EA, DA and FA are measured, T can at once be calculated. 
Alternatively EA, DA and FA may be calculated as follows ;— 


EA- + EB- - AB 1 , 

EA =EB, 

2 . EA- = 100, 

EA = v'SO, 

EA =7 071. 

AF 

AB =COS ^ BAF ’ 

AF = 100 x0*9230 = 9- 
20 x 7 071 + 1 x 3 53G -T x 9-230 


239, 

O. 


but 

therefore 
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144J)G = 16 . 7 
9-239 


, SS Sr-sW 3» “f^ 

-""" -"" ~ 



I 

I 

I 

2V 



77 / 77777777 ^ 


Fig. 49. 

The roller is in eon 1 3ei with th<^ Rround a 1 an accuratc scale 

SlSt gr P aw £ p d »ulA hC f r B to OA and OP. BM and 

BN respectively. . OP which has a moment about the 

pi vofB fus^e'^b^fh. moment of the we, g h. of the roHe, 
about the same point. Then 

F . BN = 2 . BM, 

_2 . BM 
BN ’ 


Measure BM and BN and thus calculate F. 


Otherwise, 


Now, 


BM*=OB* -OM* = (U)* “ ,s 
BM '2- 

sin/MOB-MB/OB* |/4 =0-«. 
/MOB =38° 62'. 
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Therefore /BON =83° 8', 

= sin /BON = 0-9929, 

NB = l-25 x 0-9929 = 1-241. 

Thus F=2 x 0 *75/1 -241 =1-21. 

The force which just lifts the roller is 1-21 cwt. 

If this force is maintained the roller will be pulled over the ste P«^ 
as OB turns about B, the turning moment of F about B increases, for BN 

increases. . t . , 

When BN is greatest the force required* to move the roller is least. 
Thus F should be applied perpendicular to BO in the first place. The 
smallest force is therefore given by 

F = 1-5/1-25 =12. 

The least force required is 1-2 cwt. 

EXAMPLES VIII 

1. The figure illustrates a yam strength tester which, when used for 
doubled yarns, has a 1-lb. weight attached to the end of the indicator arm. 
If the pulley to which the indicator arm is fastened is 3J in. diameter, 



lalculufc thr pull on thr yarn when the weight is ti in. from the vertical 
csintre line ui the pulley. 
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•acb other, and 



. A force of 30 lb. wt. acts at the end 
are 8 and 6 in. long respectively. A f should be the magnitude 

of rhe 8 -in. arm, arm in order to keep the lever 

of force P acting at th weight of the lever.) 

in equilibrium ? (Neglect the 8 and weight 150 lb. lying hon- 

3. DE is a flagstaff of ,cn £' A D The flagstaff will turn about F , 
zontally and to be raised by a rope^ AU. fla taff is just clear of the 

what is the tension m «he topc A p and E arc m the same 

ground (except at E) “ of ^ ravity of the flagstaff is 20 ft. 

vertical plane, and the centre 

from E. . - d at B and carries a load of 100 lb. at 

A 4 + h A e ctzA™. -a is «f> * “ST^iSify'xr b. 

feSufer rMVX in length. Cslcnlsrchc 

tension in the chain AC. &BCD of uniform thickness and weight 

6 . A square sheet of "g“^BCD onta , A1 , is 3 ft. long and 
100 lb. is hinged a! 0 ng CD, a which ^ ^ point ft. vertically above the 

mid^rnof CD SlculaJr the ions,on in .he chum when . 

(«) ABCD is horizontal vertical . 

( 6 ) ABCD is inclined at <>0 to tn . .. 

1 ft x 2 ft x 3 ft. of weight 800 lb., 
6 . A rectangular block ^^ifitV largest faces. What is the cast 
rests on a horizonta plane «n one of J - n a horizontal direction, 
force which, applied to one ot it II 
will raise the stone 

(«) 80 th3t ?* may “ / ft.' x 3 ft.' ? 

( 6 ) so that it may rest on a 


^ * 

(Assume that there is no slipping ) 
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7. In a jib-and-tic arrangement the jib AB is hinged at A, and is 
inclined at 45° to the vertical. The tie BC is horizontal, and a load of 
l ton wt. is carried at B. What is the tension in the tie ? If the tie 
is perpendicular to AB, calculate the corresponding tension. (Neglect 
the weight of the jib.) 

8 . A leaden weight of 4 lb. is suspended by a string 3 ft. long. A 
horizontal force applied to the lead maintains it at rest in a position 
such that the string is inclined at 00° to the vertical. Find this horizontal 
force. 

9. A uniform rod AB, of length 2 ft., is hinged at A. Initially it hangs 
in a vertical position. It is drawn aside by a horizontal force of 10 lb. 
applied at B, and takes up a position of rest inclined at 30° to the vertical. 
Calculate the weight of the rod. 

10. A vertical wireless pole 24 ft. high is pulled horizontally at its 
top point by a force of 4 lb. In the same vertical plane as the pole and 
this force, a wire is attached to the pole 12 ft. from its base and secured 
to a point in the ground. If the wire makes an angle of 45° with the pole 
and balances the turning effect of the horizontal force, find the tension 
it must carry. 

11. A garden roller of weight 3 cwt. is to be pulled over a step of 
height 0 in. The diameter of the roller is 2 ft. 6 in., and the force is to 
he applied along the handle, which is to remain inclined at 00° to the 
vertical. State where the force exerted is least, and calculate this least 
value. 

12. From the particulars given in the figure, find : 

(«) The force exerted by the brake on the brake drum. 

(6) The force that must be applied by the operative’s foot 
(as represented by the arrow A) in order to relieve 
entirely the pressure of the brake. 



13. Explain what is meant by the moment of a force about a point. 
What is the least tangential force neccssarv to roll a uniform cylinder, 
- tt. in diameter and weighing 250 lb., up a 4-in. step ? (G.S.) 
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14 Define the moment of a force about a point. 

A uniform cylinder of diameu. 2 fr.^nd he.gh. - 

*«: The 'a,, -..S" dmp"'“ i« .1 u, 'Mnroma, 

piane^lind posu.on bytwo -™*S 

S e e terr'y "ff verti^'atav^the hmge of the board If the board 

weighs 30 lb., find the tension ,n the strings. ; 60 , b . si , s on 

Find what this tension becomes when a bo ^ of , he 

SM/S f, h 1rom «*» - «« 

'““it What is mean, by the moment^f a forc^hou, anoint ^Esp'ain 
theory°of momtn* » "with the forces on the same s.de of the 

“herman’s rod, .ft. long “andafa 

of 45°, is pulled With a force of - lb ®« «»> £ a fish f ro m the top of 

tT/afan S£S 2? -le horizon. Find graphically or othenv.se 

,hc ;rr: r f : n Ua„d ^ 

one end on rough ground, and a ■ | b m eans of a pull of 10 lb. 

end maintains the beam at lu to the vci_ 5- the beam at which 

By applying the principle of moments, find the P om {J ) 

its weight acts. . . . „ . _ lise j f or lifting heavy weights 

18. BC and BD are a pair of shear leg- ^ j n a horizontal 

out of a ship, and AB is the back leg. A, C ana 

B 



Fin. . p »3 


/-•r\ P is the midpoint of CD. 

plane. AE is perpendicular tc^ CD. A a „ ci AS - 10 2 ft. If the load 

carried at B is 1 ton, calcu^te the tension^ ^ a horizonta l to a vertical 
19. A steel plate is tilted about one perpcn dicular to the length, 

position by a force applied at the other en P 
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If the plate weighs 490 !b., what is the force necessary when the plate is 
(a) horizontal, (ft) at an angle of 30 3 , (c) at an angle of 60° ? ( L.M .) 

20. A uniform rigid bar CD, of weight 100 lb., carries at D a weight 
of 500 lb. Calculate the thrust in the jib AB. 



Fio. 54. 
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29. Distributed Force or ^ SSUr * e ‘ scribe a force as acting at 
It is convenient in prac effect is distributed over a 

a point in a body when in a case is that the position 

small area. All that we requi be taken as the position 

of the point of action o be considere d to act 

at which the whole effect of the torce nu, 

for practical purposes. 
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, oGrct of the force is distributed over 
In some cases the cff . f a book rcsts upon a table 

a comparatively large area. distributed over the 

the upward force of the tab e on the^book ^ ^ ^ If the 

surface of the book whi , d end of a pencil, the force 

book is supported on the u distributed over a much smaller area, 
exerted on the book is n hook is supported at a point 

and. in fact, we may state tto***^*'™ in . In this way 

which can be located w it a ” - d d to act as if its whole effect 
a distributed force may be considered^ 

were concentrated at a P° ,n ‘ supporting brick walls which 

Consider the usual method fo ® ce distributed over 

have a tendency to sag outwar ance d by the tension in the 

the me,a. surface of the p a te C £ sta , eJ act at a 

metal rod. In such a case tin t inch. Thus a statement 

point in the wall located to ‘ . tb whole effect of the 

that a force acts at a point implies that 

49 
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force may be considered to act at that point, and the accuracy 


T 


Fig. 56. 

of its location depends upon circumstances such as have been 
described in the two above examples. 

Distributed force is sometimes called pressure, and it is usual 
to describe pressure as force per unit area. Thus the total force 
exerted by steam in the cylinder of an engine upon the piston 
may be 20,000 lb. wt., and if the area of the piston is 100 sq. in. the 
pressure of the steam may be described as 200 lb. wt. per sq. in. 

30. Machines. 

We usuallv associate machines with movement and think of 
them as performing work of one kind or another. We shall return 
to this idea of machines later, but for the time being let us see 
how the study of the turning effect of a force enables us to explain 
the action of a number of the simpler machines. 

We have learned that the moment of a force about a point 
may be measured by the product of the force, and the perpen¬ 
dicular distance from the point to the line of action of the force. 
Thus the turning effect of a force about a point may be made 
larger by increasing the force alone or increasing the perpendicular 
from this point to its line of action, or, lastly, by increasing both 
of these quantities. It is the first two cases which find important 
practical applications in machines, for by this means we are able 
to balance the turning effects of forces of widely different 
magnitudes. 

31. Levers. 

A lever consists of a rigid bar which is hinged or pivoted at a 
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point of the bar called the fulcrum. The Greeks at the time o! 
Archimedes (287-212 b.C.) divided levers into three classes, 

which are considered below. 


32. Levers having the Fulcrum between the Effort and the 




Fig. 59. 


Consider the lever AB shown above, and suppose that the 
load and the effort are applied at A and B respect.vdy .n d.rect.ons 
perpendicular to the lever. The moment of the effort E abou 
the fulcrum F is balanced by the moment of the load L about 

the fulcrum, and therefore 

L . AF =E . BF. 


E = AF 
L ~ BF 


_ i rlicance \F from the load to the fulcrum 

smaU y in m comparison with BF, the distance from the effort to the 
fulcrum, the effort required to balance a toad >s smaH m com¬ 
parison with that load. Examples of thts type of lever are . 


(a) A crowbar. 

(b) A pair of pliers. 

33. Levers having 
the Effort. 


This is an example of a double lever. 

the Load between the Fulcrum and 



Steam io. 61 # 

Fig. OU 
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Levers of this type are sometimes referred to as being of the 
nutcracker type, since a pair of nutcrackers is an example of a 
double lever of this kind. The fulcrum is at one end of the lever 
and the load between the fulcrum and the effort. Referring to 
Fig. 61 on previous page and taking moments about the fulcrum F : 

E . BF = L . AF. 

As in the case of levers of the first kind, we may again balance 
the moment of the load about the fulcrum by an effort small in 
comparison with the load by making AF/BF small. 



Examples of this type of lever are : 

(a) A wheelbarrow. 

\b) A pair of nutcrackers. (Double lever.) 

34. Levers having the Effort between the Fulcrum and the 
Load. 



In this class of lever the effort is applied between the fulcrum, 
which is at one end of the lever, and the load, which is at the other. 
It thus follows that the effort applied is greater than the load in 
this case. 'The effort applied is “ watered down,” and an examina- 
ion of levers of this kind shows that it is usuallv essential in their 
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bent lever? 

t f " to".; cause's" v^“ 

load. Examples of this kind of lever are . 

(a) A pair of tongs. (Double lever.) 

(b) The treadle of a sewing machine. 

’ _Levers of the above three kinds are to he found m 

abundance on mechanical ^TUnd in 

machines and bicycles, as well as the machm« ^ ^ 

mfmwtfchTetsW show carefully by --heads the direc- 
lions in which the various forces act upon them. 



. „ ipvcr is in a direction which is not 

When the load upon a lc ■ licd< the lever 

parallel to the direction “ , a po j nt ne ar the fulcrum, 

usually consists of a bar w ic directions perpendicular 

and so arranged that effort: andload are, ^ ^ ^ for this ? 

to the inclined parts o ben t , evcr which is to be 

The above diagram shows yp iteT in which the type 

f rpro P :iled U i C n h q a ur: different direction from that in which the 

keys are struck. 


36. The Wheel and Axle. lttac hed A rope which 

is CndS “ d " tHC aXlC 
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and the other supports a load L. In the same way a rope which 
passes round a groove in the wheel is attached to a point in the 


Fig. 67. 

wheel and supports a weight at its other end. Let the weight E 
be such that it is on the point of descending and so raising the 
load. Remove E and replace it by a spring balance, which is 
at first held vertically. The reading of the balance is seen to 
be equal to E. Now rotate the balance in a vertical plane so 
that the load is still on the point of being raised. The reading 
of the balance remains the same. Thus so long as the pull of 
the rope round the axle is the same, the direction of the pull 
does not affect the load which can be supported. Let us now 
try different loads and determine the corresponding weights as 
above. We find that the ratio E/L is almost constant and equal 
to the ratio of the radius of the axle to that of the wheel. If R, r 
are the radii of the wheel and the axle 

E r 
L R' 

The diameters are, of course, more easily measured than the 
radii. 

If we consider the above diagram in the light of the previous 
experiments on the turning effect of a force, the above result may 
be arrived at by noticing that the turning effects of the load and 
the force applied to the wheel balance each other, and therefore 

L x radius of the axle = Ex radius of the wheel. 
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Moreover, provided that the tension in the rope round the 
wheel is the same, it is readily seen that its turning effect is 
the same whatever the inclination of the rope. By increasing t ic 
radius of the wheel in comparison with that of the axle, we may 
use this machine for raising large loads with comparatively small 

efforts. 


37. The Windlass and the Capstan. 



Fio. 68. 

The windlass and the capstan are machines which work on 
the same principle as the wheel and axle. The barrel of a wind- 

L. , U r n .d by . h.»d. bx=d Jy on '™ t| , tnds „[ , h , 

ing purposes, and may also be used or lau g means of 

consists of a vertical drum, and the effort is apphed by means of 

horizontal bars secured to the top of t le arr® . u j af tQ 

levers, and several men pushing horizon a y p d 

these bars turn the barrel about « « - ^ ^ ^ 
thus Wind cable on the drum f wh ^J e ’ turning effect about 

*e tmraf^sT he drum exerted by the men is the sum of 
their individual turning efforts, and this sum ba.ances the turntng 
effect of the tension in the cable. 
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EXAMPLES IX 

In the following arrangements of levers, determine the force P 
All forces in lb. wt. 





Fig. GO. 


2 A wheel and axle is used to raise water from a well. The radius 
of the wheel (and that of the circle described by the handle attached 
to the wheel) 'is 1 ft. 6 in. and of the axle 4 in. What force must be 

applied to handle to raise a weight of <>0 lb. ? 

3 The axle of a wheel-and-axle arrangement has a diameter or in. 
A force of 10 lb. wt. must be applied at the rim of the whe ^^ r ? ls ^ 
weight of 45 lb. attached to a rope wound round the axle. What is the 

diameter of the wheel ? „ , r 

4 . Pour sailors raise an anchor by means of a capstan, the radius ot 

the drum being 5 in. Each man applies a force of * 0, ‘ 1lb - to a . s P° ke f at . ® 
distance of I ft. U in. from the axis of the drum. Find the weight of the 


anchor^ ^ cons j sts Q f a barrel of diameter 0 in. to which is fastened 

a handle whose crank is 1 ft. 3 in. What force should be exerted 
perpendicular to the crank at its end to raise a pad of water weighing 

6 . Four men push the arms of a capstan horizontally, with equal 
forces perpendicular to the arms and at equal distances of 5 ft. from the 
axis of the barrel. A rope is coiled round the barrel, which has a diameter 
of 1 ft. at the point where the rope leaves the barrel. If the tension in 
the rope is 5 cwt., with what force should each man push ? 
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7. An irregular-shaped block «| 

25- &" f ™» A - 



the point of contact of the crowbar 
are respectively 2 ft. 6 in. and 1 tt. 
at the end of the crowbar. 


and the centre of gravity of the block 
Find the effort which must be applied 


38. The Steelyards. 




Fig. 71. 

The Roman Steelyard.— This steel 

weight of a body, and ** S ^J" entre G f gravity of the bar being 

bar pivoted at a point I , opposite side of the pivot 

at G to one side of the pivot Onlhcopi a movable 

to G is a long, straight, gra u graduation of the 

weight W slides. When W» moved todte^ ^ ^ point A> 

bar, the steelyard is balanced. PP graduated portion, 

situated near the end of this load', W is 

a load L is supported. In loatl L is then read 

moved along the graduate ■ jer to understand how 

directly from the graduated scale. In 
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the graduations may be made, suppose that O is the position 
of the zero graduation and B the graduation corresponding to 
the load L. If S is the weight of the machine, then for 

no load 

S . GF = W . OF. 

Corresponding to the load L : 

L . AF + S . GF = W . BF = W . (OF + BO). 

Taking the first equation from the second, we see that 

L . AF-W . BO. 

Now AF is constant and W is constant, therefore the length 
BO is proportional to the load. Thus, equal increases in the 
load result in equal displacements of W along the graduated bar. 
If the total length of the graduated portion is 14 x AF, then 1 lb. 
wt. on the “ 14 ” graduation corresponds to a load of 1 st. wt. 
The intermediate graduations therefore measure the load in 

lb. wt. 

Now near the end of the graduated bar, if we arrange a support 
for weights which balance loads of 1 st., 2 st., etc., with the 
riding weight at zero, the steelyard can be used to weigh in 
stones and lb. wt. In this form the machine is often referred 
to as the COMMON STEELYARD. 

The Danish Steelyard. In this machine the weight ot the 



Fig. ?•'*. 


bar acts near one end at G. The load is applied at the opposite 
end in a fixed position, whereas the pivot is movable. If 
there is no load the pivot is at G. Suppose the load is applied 
at A and the pivot has then to be moved to F to balance the 
machine. 

Let L be the load and \Y the weight of the bar. Since the 
bar is balanced the sum of the vertically upward forces is equal 
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. „ f thc vertically downward forces ; therefore the 

to the sum ot the \emcany 

upwards force of the pivot on the bar 
Taking moments about A, 

(L + W) - AF = W . OA, 

W . GA 
(L + W)' 

L = W, 2W, 3W . . . 

AF = ^GA, JGA, J ga * * * 

The graduation of the bar is thus readily earned out. 

39. The Laboratory Balance. 


AF 


If 



• cfe of a beam which carries two 
A laboratory balance con near it3 en ds. A pointer is 

scale pans suspended torn P of grav i ty of the beam and 

fixed to the beam, and the cen » thc beam turns, 

pointer is just below the and the pointer then 

The beam is only allowedIt 88^ ^ scale pans are empty 

oscillates in front of a fixed seal . w that the pointer passes 
the beam is made to swing i divisions Q n either side of the 
over an equal number f does not swing symmetrically 

central graduation. If 1 ^ ^ extrcmit ies may be adjusted 

the positions of the smal equal masses placed in two 

until it does so. If the » e 'f^" 0 ^of the beam from which 
pans are to balance each other, tnc V 
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If a and b are the lengths of the arms of the balance, taking 
moments about the pivot, 

W a = W r b. 

( c) Place the body in the right-hand pan and add 
weights W 2 in the other pan to balance it. 

Taking moments about the pivot, 

W 2 a = W b. 

Dividing the two equations, 

W = W, 

\v 2 w * 

W* = WjW,, 

w = V\x\w~ 


Thus the correct weight is the square root of the product 
of the two apparent weights with the body first in one pan and 
then in the other. 


\V hen the arms of the balance are very nearly of equal length, 
the average of W, and W 2 , viz., " 1 * " 2 is a closer approximation 


to the correct weight W of the body than either W x or W 2 . If W a 
is the average value, W t = W a - w, and W 8 = W 0 + to where tv 
is a small quantity in comparison with W, or W a . 


Then 


\YY- - W- = Wj* - W,W 2 = W 1 (W 1 - Wo) = - 2zv\V lt 
W a = - \V" = W„2 - W, Wo = Wo(W 2 - \\\) = 2wXV n , 
w* = WjWo = (W a + zvXW’^ - tv) = \X* - w*. 

••• XV„ 2 -XV* = Z0 Z . 


Because tv is small in comparison with W, w* is small in com¬ 
parison with 2ct>Wj or 2et>W 2 . 

I he value \\ a is therefore a more accurate approximation 
to the true weight of the body than either \X 1 or W a . 


41. The Sensitivity of a Balance. 

In the figure above AB represents the beam in an un- 
symrnetrical position which it has taken up when nearly equal 
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loads W, and W 2 are suspended from the knife-edges at A and 
B respectively. The angle 0 is the small angle turned through 



by the beam. G is the position of the centre of gravity of the 
beam and the point through which the weight W of the beam 

and pointer may be considered to act. FG =/t. 

If the moments of the forces W„ W, and W acting on tlu 
beam are considered about the fulcrum F, and it is assumed that 
AF = FB = /, we have 

W, x DF - W 2 x FE - W x HG = 0, 

Wj/ cos 0 - W 2 / cos 0 = w . FG sin 0, 

(Wj - W 2 )/ cos 0 = W . h sin 0, 

(Wj - W 2 )/ sin 0 
W/i cos 0* 

(Wx - WsV 

i 0 tan u = — _ 


The sensitivity of a balance may be judged from the; angle 
through which the beam turns before taking up its equilibrium 
position when weights which differ by a definite amount arc carried 
in the scale pans. The greater the angle through which the beam 
turns under conditions the more sensitive it is judged to be. 

The tangent ratio of an angle between 0° and 90 increases 
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as the angle increases. Thus the angle is large when tan 0 is 
large. Referring to the formula for tan 6 we see that 

(a) a long beam /, 

(b\ a beam of small weight W, 

(c) the centre of gravity of the beam a small distance h below 
the pivot, 

are all factors which increase the sensitivity of a balance. In 
practice, however, a highly sensitive balance is found to require 
a long time for its swings, and is an extremely delicate instrument 
to manipulate. The common laboratory balance is built to with¬ 
stand considerable wear and tear. It is well to remember, how¬ 
ever, that weights should never be added to the pans when the 
beam and the pans are supported on their knife-edges, and the 
process of raising the beam and pans on to their knife-edge 
supports must be carried out gently. 

EXAMPLES X 
The Steelyards; the Balance 

1 The bar of a common steelyard is 3 ft. long and weighs 4 lb. 
It is suspended at a point 3 in. from one end, and its centre of gravity 
is 4 in. from this end. If the movable weight is 5 lb., what is the greatest 
weight which can be weighed, assuming it to be suspended from a point 

2 in. from the fulcrum ? . . . . - . . 

2. A steelyard of weight 10 lb. (with the scale pan) is 4 ft. long, and 

its centre of gravity is 4 in. from the fulcrum on the side of it at which 
the scale pan is suspended. If the scale pan is suspended at a point 6 in. 
from the fulcrum, and the movable weight is 4 lb., find the distance 
from the fulcrum of the 20-lb. graduation mark. . 

3. A uniform rod is 2 ft. in length and weighs 1 lb. It is to be used 
as a steelyard, the fulcrum being 2 in. from the end to which the body 
to be weighed is attached. The sliding weight is J lb. Find the greatest 
and least weights which can be weighed by the machine and the distance 
between successive 2-oz. graduation marks. 

4. A steelyard is 18 in. long, and with the scale pan weighs 2 lb. 
The centre of gravity of the steelyard is 2 in. from the end at which the 
scale pan is attached. If the greatest weight which can be ascertained 
is 7 lb. and the movable weight is 1 lb., determine the position of the 
fulcrum and the distance between successive A-lb. marks on the graduated 
part of the steelyard. 

5. A Danish steelyard with scale pan weighs 5 lb., and its centre of 
gravity is 2 ft. from the end at which the scale pan is suspended. At 
what point should the bar be supported when weighing 20 lb. ? 

6. When a Danish steelyard is used to weigh a 20-lb. weight the point 
of support is 3 in. from the end at which the scale pan is attached, and 
when used to weigh an 11-lb. weight the point of support is 5 in. from the 
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scale pan end. Find the weight of the steelyard (including the pan) 
sSd the distance of its centre of gravity from the:scaJe Ipan tnd 

7 How is a steelyard used to find the weight of an object . explain 
clearly Ae pr^cipl^ 'upon which it acts. What adjustment can be made 

or* that still heavier objects may be weigneo • . 

8 Describe a Danish steelyard and explain how it is graduated.^ 

from 9: ,h1 c D „d n « 

A h mrA d r;r”ed°rrt n a 8 m“ ^s'mU bal-ce. thep.vo, 
StS.’‘wdital'su"penldTA! « B ‘"“reqTredTo ba.ance 

is at the fulcrum. A 12-lb. vrttgnt at weight of 14-52 lb. 

^."e'td B a bl 0 n d ce s SU .he'weth, of the same body suspended a, A. 
Wh j2 **I^aeribt?a laboratory balance, and state the factor which influence 

rzBfes 

examples to illustrate: your argumeints. thc fulcrum. 

14. The centre of gravity of a balance bea^r^ ^ ^ wejght jn 

A 4-lb. weight in one scale pan is req transferred to the first scale pan 

.*t»s d , tz ,ind ,he 

ratio in which the fulcrum divides thc beam. 
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CHAPTER VI 


CENTRE OF GRAVITY AND STABILITY 
42. Centre of Gravity. 

We may consider a body as made up of a very large number 
of particles extremely small in size compared with the body. 
The attraction of the earth on these particles forms a large 
number of equal parallel forces. Since the particles are very 
small the weight w of each particle may be considered to act 
at the position occupied by the particle. 

The weights of any two such particles P and Q may be replaced 
by twice the weight acting at the midpoint of PQ. 


P A Q 



The force 2 w may in like manner be combined with the 
weight of another particle at R. Thus the weight 2w> at A and 
w at R may be replaced by their resultant 3 w at B, such that 

2 tv . AB — zv . BR. 

Proceeding in this manner we see that eventually we arrive at 
a point at which the whole weight of the body may be considered 
to act. 

If the body is moved into any other position exactly the same 
procedure as has been described may be repeated and the points 
A and B, etc., obtained as before. The same point as before 
is arrived at. This point is called the centre of gravity of the 
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CENTRE OF GRAVITY OF A ROD 

The centre of gravity of a body is a point at which the 
whole weight of the body may be considered to act, no 

matter in what position the body is placed. 

The same definition of centre of gravity applies to any system 
of particles or bodies. For convenience in this case, however, 
we may imagine the particles or bodies to be rigidly connected by 
a light framework, so that we can still suppose the system to be 
turned into another position. 

43. Centre of Gravity of a Thin Uniform Rod. 



Fig. 79. 


Consider any pair of equal particles P and Q of the rod 
situated at equal distance from the centre C. 1 he weight o 
the pair of particles may be replaced by a particle at G of weight 
equal to twice the weigh, of each particle. The rod may be 
divided into pairs of particles similar to the above which make 
up the whole P rod, and it is therefore readily seen that the centre 
of gravity of the rod is at its centre G. 

44. Centre of Gravity of a Lamina in the Form of a Parallelo- 


A plane 'lamina is a very thin sheet whose thickness is so 
small that it may be neglected in describing the position of the 
centre of gravity of the lamina. 



Fic. ao. 
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ABCD is a parallelogram. Divide the figure into thin strips, 
such as EFGH parallel to AB. 

The line DM joining the midpoints of AB and CD bisects 
all straight lines, such as EF drawn parallel to AB. 

When the strip EFGH is made extremely thin its centre of 
gravity lies on LM, and its weight may therefore be considered 
to act at this point. 

Similarly, the centre of gravity of all the strips which make 

up the parallelogram lie along LM. 

The centre of gravity of the parallelogram therefore lies along 

LM. 

In a similar way it may be shown that the centre of gravity of 
the parallelogram lies on PQ, the line joining the midpoints 
of BC and DA. 

The centre of gravity of the figure is therelore at the point of 
intersection of LM and QP, i.e., at Gj. 

45. Centre of Gravity of a Triangle. 


A 



ABC is a triangular lamina. AD and BE are medians of the 
triangle which cut at G. 

The median AD bisects all lines parallel to BC, which are 
terminated by the sides AB and AC. 
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Divide the triangle into thin strips parallel to BC. 

The centre of gravity of a strip PQ hes on AD "hen the 

strip is made very thin. . . , . 

Similarly, the centre of gravity of all stnps which mak up 

the triangle lie along AD, therefore the centre of gravity of the 

'"“By'dilTding^he triangle into strips parallel to CA, it may be 
shown that the centre of gravity of the mang e hes along the 
median BE Hence the centre of gravity of the triangle is at 
the point of intersection of its medians, and divides each median 

therefore in the ratio 2:1. 

The Centre of Gravity of a Number of Particles. (Geo¬ 
metrical Method.) 


46. 



Let A, B, C be the positions of three particles of weights 

TL“enUeo"gravity of and «. divides AB at G„ such tha, 

AG, = 

G,B 

Thus the whole weight (»,+»,) of the particles at A and 11 

may Th e e “emrn ofgmvt," 5 K + te 2 ) at G, and at C is a, G, 

such that „ 

G,G 2 _ ^3_ 

G a C (w,+«> 2 )’ 

vz, t zr* =!s.:s vx « - 

centre of gravity of the particles. 



70 


MECHANICS 


It is readily appreciated that the above method may he con¬ 
tinued and the centre of gravity of any number of pahicles found. 

47. Centre of Gravity of Three Equal Particles at the Vertices 
of a Triangle. 



Let three equal weights zv be situated at A, B and C the 
vertices of a triangle, tv at A and tv at B have a resultant 2tv at 
the midpoint D of AB. 

2tv at D and tv at C have a resultant 3 tv at G, such that 

DG _ tv _ , 

GC ~ 2 to ” 

Now CD is a median of the triangle ABC, and since it is divided 
at G in the ratio 2 : 1, it follows that G is the centre of gravity 
of the triangle ABC. Hence the centre of gravity of the three 
equal weights at A, B and C coincides with the centre of 
gravity of the triangular lamina ABC. 

48. Centre of Gravity of a Quadrilateral. 

Let A BCD be a lamina in the form of a quadrilateral. 

Join AC and find G„ the centre of gravity of the triangle 
ABC. Find G 2 , the centre of gravity of the triangle ACD. 

'Fhe centre of gravity of the whole quadrilateral lies on the 
line G 1 G 2 . 

In the same manner if G 3 and G 4 are the centres of gravity 
of the triangles ABD and CBD respectively, the centre of gravity 
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of the quadrilateral lies on G 3 G.. Hence the centre of gravity of 
the quadrilateral is at G, the point of intersection of and 

G 3 G 4> and the only point common to both lines. 



Fig. 84. 


Imagine weights placed at G, and G, proportional to the 
areas of the triangles ABC and ACD respect.vely. 1 he centre 
^ gravity of these two weights coincides with that of the quadn- 
lateral. Hence the centre of gravity of the quadnlateral .s at 
G, a point on GuG.,, such that 

G X G _ zJACD 
GG 2 ^ ABC 

The latter method may be used to find the centre of gravity 
c i ^ laminT made up of triangles and parallelograms, 

of any P 1 ^ " ^ t he quadrilateral A BCD be raised 

Suppose P t sUde Which of the ed ges 

V AD or CD wi Mmatn iTcontac, with the table J Where should 
the centre of gravity of the lamina be situated .f the lam.na can 
be r“sed at B with only the point D in contact w.th the table ? 

49. Centre of Gravity of a Prism of Uniform Density. 

The centre of gravity of a prism whose plane ends are paralle 
may be found ^imagining the prism to be dw.ded mto equa 
lamina, parallel to the plane ends. Let Gt and G,, b«.thecentres 
of gravity of the plane ends of the pr.sm shown m the figure 
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below. The laminae may be replaced by equal weights placed 
along GjGo. The centre of gravity of the whole prism is 
therefore at the midpoint of G X G 2 . 


Fig. 85. 

This argument is not restricted to cases in which the ends of 
the prism are perpendicular to the line GiGo. 

50. Centre of Gravity of a System of Weights in One Straight 
Line. 




Consider a number of weights w lt . . . situated at dis¬ 
tances .Xj, x„ . . . from a given point O in the straight line AB. 

Since the weights tt> lt zo 2 . . . form a system of like parallel 
forces, their resultant is equal in magnitude to their sum 
(rt’ 1 +f0 2 + . . . ). 

The moment of the resultant (h/ x +te 2 + . . .) about the point 
O is equal to the sum of the moments of the weights ce lt w 2 . . . 
about the same point. 

Let R be the point in AB at which the resultant may be 
considered to act, and let OR = .v. 

f(re, + w 2 + . . .) = u’j.Vj + tPnX 2 + . . . 
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W,X, + tv 2X0 + 
x = —— 

1C 1 + tt % 2 + • 


where Zwx means the sum of all products of the kind w*. 

Example .—A uniform been of ««*« /6. 0 /^ 



B 


The support must be placed beneath the centre of grav.ty of the beam 
“"“sumofthe vertical forces acting on the beam 

= (20 +40+ 10+24) = 100 lb. wt. 

Let * ft. be the distance of the support from A. 

Taking moments about A. 

20 x 3 + 40 x 4 + 16x5+24x7 408 =4 . t}8 . 

- - - joo 100 

The support must be placed 4-08 ft. from A. 

51. Centre of Gravity of a Compound Body. 

The method of 

particles in one rtrwght line y PP of grav i ty lie in one 
bodies made up of parts particles of weights 

straight line. B f y respective pfrts at their centres of gravity 

•< «»*■< •- — •< ■“»» •< ■ 

ssa 

the moments of the weig we ight about the 

ZZgZSZX ZZZZL resultant W ei g h. has 

3 
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a zero moment about any point on its own line of action. 

Usually this is the most convenient way of finding centres of 
gravity, but occasionally it is convenient to take moments about 
a point away from the centre of gravity. 

52. Example (1 ).—Find the centre of gravity of the plane lamina com 
posed of rectangles , shown in the figure. 



Area of rectangle A = 2 x 1 sq. in. =2. 

„ „ B=4 x 1 „ =4. 

» „ C = 1 * 1 „ = 1. 

The centre of gravity is at the midpoint of a diagonal. 

Let G, anJ G n be the centres of gravity of the rectangles A, D 
and C respectively. Two units at (J* and 4 units at have a resultant 
of 6 units at G 4 , and 

G,G 4a 4 s 2 
G 4 G 2 2 1 

Again, G units at G 4 and 1 unit at G t have a resultant 7 units at G, 
such that 

o 4 c; 

GG, 


G is the required centre of gravity of the figure. If the point G is 
marked in position by the point of intersection of two threads, then the 
position of G may be checked bv experiment. 

Example (2). —Find the position of the centre of gravity of a lamina con¬ 
sisting nf a rectangle ABCD and an isosceles triangle BCE, as shown in the 
figure bclorc. 

G, and G t arc the centres of gravity of the figures AHC1) and BCE. 
Consider the whole figure as made up of the figures ABCD and BCE. 
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" SM&S? B« duccd " 



The centre of gravity of the tvho.e figure >ies along G,G„ let it be 
at G and let G X G -* in- 

G 1 G.=-G,F+FG,=(2 +JEH in. 

FE* = BE* - BF* = 25 - 9 = 16. 

FE=4. 

GG,=(3J -x) in. 


Therefore 

G,G s = 3i in. 

Taking moments about G, 


24*-12(3j-*) = 0. 

*= 1 * 11 - 


The centre of gravity of the figure U IT 1 in. fro™ G„ or 4 St, ,n. from 
E along*..fine ftS'SilV of ™TSl?^"i- « 
H/lil'a'nd 8?nth6 respectively of the total length of the line. 



Fig. 00. 

<» To divide a line AB tun t^end 

thrLgh the end of the th.rd par. 

to meet AB at C. Then AC : CB-3 . o. 


r-'V 


-O/ 
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53. When the centre of gravity of what remains of a body is 
required after certain parts have been removed, it is usual to 
consider the whole body as made up of the part whose centre o 
gravity is required, together with the parts removed, exactly as 
in the last paragraph. Since the centre of gravity of the whole 
body is supposed known, moments are taken about a point whose 
position is known, whereas in the previous case the position of 
this point was required. 

Example .—Out of a metal disc of diameter 4 in. a hole of radius \ in. 
is punched. The centre of the hole is l in. from that of the disc. Find the 
position of the centre of gravity of the remainder of the disc . 



Consider the whole disc as made up of the part whose centre of 
gravity is required and the part removed. 

Lart G a be the centre of gravity of the remainder. 

Cy x that of the part removed. 

G that of the whole disc. 

The weight of the whole disc is proportional to the area tt2 2 = 4tt units. 

The weight of the part removed is proportional to the area 
units. 

The weight of the remainder is proportional to the area ^ tt units. 

'l ake moments about G, * 

. (J a G - in. GG| =0, 

15 . G a G = 1 'GG, = 1 in.) 

G .C, = y ' c in. 

If a disc iilentic.il with that tunovid is stuck to the original disc with 
us centre along G,G produced at G 3 , such that G 3 G =GG l( is the centre 
of gravity of the new body at G* ? (Neglect the thickness of the discsJ 
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examples XI 

1. Find the position of the cen.rs of gravity of the plane tee-pieee 
shown in the figure and its distance from AB. 






r r,r«vitv of the piece of wood from the 
the distance of the centre of gravity ot me P 

of the triangle. ABCD, 24 in. long and 

3. From a rectangular sheet o ^ ^ , onc and J2 ,n. wide, 
wide, a rectangular piece 



vertex 

1C in. 
is cut, 


. the position of the centre of gravity of the 

as shown in the figure. 1 1 s f rom BC and CD by drawing, 

remainder, and determine itb 
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4. ABCD is a lamina in the shape of a parallelogram, 
parallelogram is cut the parallelogram X\ZW, as shown 


From this 
the figure. 



Find the position of the centre of gravity of the remainder of the lamina. 
If this remainder of the lamina is suspended from D, hnd the angle which 
the vertical through D will make with DC. 


EXAMPLES XII 

1. A uniform plank AB, of length 10 ft. and weight 50 lb., is loaded 
with weights 120 and 30 lb., I and 6 ft. respectively from the end A. 
Find the point at which the plank may be supported by a single prop. 

2. A girder AB carries loads of 2, 4 and 10 tons at distances 4, 8 and 
12 ft. from the end A. Find the distance of the centre of gravity of these 
loads from A. 

3. A piece of metal consists of three cylindrical portions of different 
diameters whose lengths arc 5, 8 and 11 in. and whose weights are 2, 5, 
and 18 lb. respectively. Calculate the distance of the centre of gravity 
of the metal from the end of the cylindrical part of length 5 in. 

4. A sheet of metal of uniform thickness consists of a square of side 
10 in., surmounted hy an isosceles triangle whose equal sides are 13 in. 
long. Calculate the distance of the centre of gravity ot the metal from the 
vertex of the isosceles triangle. 

5. From a rectangular sheet of metal ABCD, in which AB = 16 in. 
and BC=24 in., a triangular piece ABX is removed, such that 
AX = BX = 10 in. Calculate the distance of the centre of gravity of the 
remainder from the side AB. 

6. Determine the position of the centre of gravity of a thin steel 
disc 8 in. diameter through which a circular hole o.J in. diameter, with 
its centre J in. from the centre of the disc, had been bored. How would 
you prove experimentally that the position you had determined was 
correct ? 

7. ABC is a triangle in which AB = 13 in., AC = 13 in. and BC = 10 in. 
The triangle is divided into two parts by a line parallel to BC and 3 in. 
from A. Calculate the distance from BC of the centre of gravity of the 
remainder of the triangle ABC when the part in the shape of a triangle is 
removed. 
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zss%s!=is«!'s: 

cone of height 6 cm. (The \oIun . height and the centre of 
gl^Va soM cT/is“ n.“u.rt« of its perpendicular heigh, from irs 

baS !o. The figure shows a framework made up of six rods equal in 


y — 2 '—I 


Fic. 90. 

length and weigh,. Find the distance of ,he centre of gravity of the 
f, Tt f r^« o, a motor 

and was made in three Ien E<ha “ pin’d the position of the centre 

sponding diameters were 1 J, 2 and ^ m. 

of gravity. _• three hollow tubes each 6 in. 

12. The metal of a telescope com ° r f atio 3 . 4 . 5 , and the centre of 

long, the weights of the tubes„ its ends. When the telescope 
gravity of each tube is m,d V* y k . he end to end in a straight line, 
is pulled out the tubes may be centre of gravity ot this 

Find the distances from the eyepiece to the centr K (O.C.) 

arrangement. a . j: nTTM , t er has in it three circular holes 

13. A circular disc of 8 in diameter has in position of 

each of 2 in. diameter arranged as in the skticn. 



Fig. 97. 
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the centre of gravity of the disc. The centres of the holes are 2 in. from 

the centre of the disc. , r , .... '°: C 

14. ABCD is a square sheet of metal of side 8 in. I he middle points 
of AB, AD are E, F. The triangular portion AEF is cut off. Find the 
distance from C of the centre of gravity of the remaining portion. (O.C.) 

15 Where must a circular hole 2 in. in diameter be cut from a circular 
plate 10 in. in diameter in order that the centre of gravity of the plate 
may be 0-1 in. from the centre of the plate ? (L.) 

16. Define “ centre of gravity.” 

Find the centre of gravity of a 6-ft. plank of uniform thickness but 
tapering from 6 in. width at one end to 4 in. thick at the other. ( G.S .) 

17. Describe two methods of finding the position of the centre of 
gravity of an irregularly shaped lamina. 

A thin uniform metal plate ABCD is 2 ft. square. It is folded so that 
the side AB lies along the line joining the midpoints of AD and BC, 
and the folded part is pressed flat. Find the position of the centre of 
gravity of the folded plate. ( L.M .) 


54. Moments about an Axis. 



W, W ? w 3 

Flo. 98. 


Weights zv x , w 2 . . . act at points P, Q, R . . . along the 
horizontal straight line OB at distances x lt x 2 ... as in 
paragraph 50. 

Let OACB be a horizontal plane, and OA be perpendicular to 
OB. 

Suppose that Wj, zc 2 . . . be made to act at points in the plane 
Pp Qi, such that 

PPi II QQi || OA. 

Then u> x at P,, w 2 at P 2 , have the same moments about the 
axis OA as in their original positions they had about the point O. 


55. Centre of Gravity of a System of Weights in One Plane. 

Let the weights «? lt zv z ... act at points in a plane. O is 
a convenient point in the plane, and OY, OX two mutually 
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perpendicular straight lines 
distances of the weights w lf 


from which the perpendicular 
zv t . • • are J'i), (**. >’*) • • * 



Let the centre of gravity of the weights be (x, y) from 

axes OY, OX respectively. b a light rigid frame 

« T ,r 7§v e then we may consider this frame placed in a 
"pSn We proceed to take moments about the 

axis OY. distance of w, from the axis OY is 

° f - from the ax,s OY is and 
so on for the other ' vc, 8 ht *\ f the resu ltant of the weights 
ahorOY 1 ife^o^Tsumt'the moments of the weights 
about the same^s,^ . . . 

W l X l +VJ ? X 2 + ■ ■■ = ^tox 

w x + zv 2 + • • • 

Similarly, by considering moments about the axis OX, 

_ Zwy 
y== £w' 

It is very important to notice ,hat ^weights -y 

at points in the plane ^ nega tive, taking the moments 

moments of P and Q a £ t ^j ax j s positive moments, 

of weights on the oppos.te side of du. « P d R #hout G X 

Similarly the moments of weights acting 



MECHANICS 


82 

will be negative if the moments of weights acting at points in 
the opposite side of OX are taken as positive. 


Example.— ABCD represents the plan of a square 
40 lb. The four legs situated at E, F. G and H weigh S ib. At Q a -4-lb. 
wt. is placed on the table 1 ft. 6 in. from AD and 1 ft. from AB. Find the 
point in the table through uhich the line of action of the resultant weight 
passes. Find also the least weight supported at one edge of the table which 
would just cause the table to topple. 



Let G be the position of the point of the table through which the 
line of action of the resultant weight passes. Suppose G is .v ft. from AD 
and 3 ’ ft. from AB. The weights of the four legs may be replaced by 
:}2 lb. wt. acting at P. Hence we have 7:! lb. wt. acting at P, the centre 
of the table-top, and the weight acting at Q. 

Take moments about the axis AB, 


•24 x 1 + 7*2 x 2 = (72 +24)3-, 


1G8 

01 ) 



Take mcxnents about AD, 


24 x l j +72 x 2 = OO.v, 


x 


180 

»6 



G is 1 ft. 0 in. from AB and 1 ft. 104 in. from AD. 

Since G is nearest to the axis through E and F, the moment of the 
resultant weight about this axis is less than that about FG, (ill or IIF. 
Hence the table will first begin to topple about the points of contact of 
the legs E and F with the ground. 

It \Y lb. wt. i* the least weight required, then, taking moments about 

EF f 


QQ 

CENTRE OF GRAVITY— TRAPEZIUM 

The table TvUI be on the point of .opphns tehen 0 =*<-">• »'• “ 
pended from the edge AH. gravity of the table-top and 

Note. If the l^repVaced bv an equivalent mast at their 

ST^'enllThe taV.of 

? 0 JSt7, Wt^l'* » t Lfof': y bc centre of r-vi* of these ttvo 
masses. 
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. Centre of Gravity of a Trapezium. 



ABCD is a trapezium 

l XSXrstnps paraileUo AB, " r^ of 

centre of gravity 1«* > jj® Suppo se notv that the trapezium is 
divided “into ttvo triangles ABC and ^ CF ^ ■ are 

"-f trcXfof^tr £ AB-. units. CD-. 
unUs and h units the height of the trapezium. 

AABC=^ units of area, 

A ADC units of area, 

t-i 


Trapezium ABCD=i(« + 4 )* units of area 
The perpendicular distance from G, to AB = 


19 


ft 


»» 


ft 


ft 


»» G 2 »» 


*t 


ft 


h 
3 
2h 
3 
S. 
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Taking moments about the axis AB, 

ah h bit 2 A ( a+b).h 

2 3 + 2 3 2 


Since 


A 2 (d + 26) = 3/i(a + b) . x, 

x _ (a + 2b) 
h 3(a + b) 

EG (a + 26) EG _ a + 26 
EF ~3(a+6)* GF 2a+6* 


EXAMPLES XIII 

Centre of Gravity 

1 The floor of a room A BCD is a rectangle in which AB =22 ft. and 
AD ’ IS ft. Weights of 60, 100, 260 lb. may be considered to be 
supported at points on the floor whose distances from AB and AD are 
respectively 3. I ft.; 8, 10 ft.; 16, 12 ft. Find the distances of the centre 
of gravity of the weights from AB and AD respectively. . 

2. A square board A BCD of side 2 ft. weighs 10 lb. Weights of 
2 3 5 and 8 lb. are placed at the vertices A, B, C and D of the board. 
Find the position of the centre of gravity of the board and the weights 

which it carries. ....... , f c 

3. A triangular board ABC of weight o lb. is in the form of an 

isosceles triangle in which AB=AC=6 in. and Z. BAG =90°. Weights 
of 3 , 4 and 5 lb. are placed at A, B and C respectively. Find the position 
of the centre of gravity of the hoard and weights. 

4. ABCD is a trapezium in which AB is parallel to CD ; AB =3 in., 
CD 6 in., / ABC 'JO 5 and BC =2 in. Calculate the distances of the 
centre of gravity of the trapezium from BC and CD. 

5 . A sheet of tin of uniform thickness is in the form of a square 
ABCD 20 cm. by 20 cm. The triangular piece of tin formed by the 
line joining the midpoints F and F of two adjacent sides AB, AD of 
the square is folded about EF until it rests flat upon the remaining 
part of the tin. Find the position of the centre of gravity of the tin in 

its new shape. „ . . „.. • , 

«». A square board ABCD. 8 in. by 8 in., is divided into sixty-four 

equal squares by lines parallel to the sides of the board. If squares of 

sides 1, 2, 3 and 4 in. are removed at the comers A, B, C and D, find the 

position of the centre of gravity of the remainder of the board. 

7. A circular sheet of metal has a diameter of 14 in. Two holes, 

each of diameter 2 -8 in., are punched out of the metal so that their centres 

are at the same distance from that of the sheet of metal and the line 

joining the centres of the holes, which are 4 in. apart, is 3 in. from the 

centre of the sheet of metal. Find the position of the centre of gravity 

of the remainder of the metal. 

8 A triangular framework consists of uniform metal rods of lengths 


CENTRE OF GRAVITY EXAMPLES 


So 



Ml . 0,1 AC of lengths 2 and 4 ft., arc fastened 

10. Two uniform rods AH and AC. j. ^ ^ ^ wcights arc pro . 

rigidly together at A so 1tha^^ph.cally 'or by calculation the angle 
portional to their leng • rods arc freelv suspended from C. 

made by AC with the vertical sldc 4 ft. and weigh. 48 lb. 

11. A table consists of * squ P f ^ corne rs of a square of side 
The table is supported by f^ 'eP * the diagonals of the table. I he 
3 ft. 6 in., the points of * u PP^ d b wc > h t 13 lb. Find the position of the 
legs are each of length 3 ft. anu weig 

centre of gravity of the tablc^ weight which can be supported 

12. In example 11 "bat ,s > The tabletop may be assumed 

at the midpoint of one edge of the tame 

to be horizontal. . is placed with one edge of the top in 

13. The table in example 1J » P lc What lorce applied 

contact with the door an res horizontal edge will just lift the 

horizontally to the midpoint °^ tht t ®P hat the | C gs do not slip. (Assume 
lower edge from the ground . ^ ^ ^ tQ bc 10 m . below the 

centre of'the ^able-top when the latter is horizontal.) 

14. Define " centre of S r ^J fortn <)f an equilateral triangle of 12 in. 
A uniform board ABC t , and 5 lb. hanging from A and 

side weighs 3 lb and Has we.gim board may be suspended 

S, tffiSn a^niirplanJwhh AH horizontal and C pointing dmvn. 
18 ^centre of grav.ty of jbodj^ 

A square piece of cardboard ABC D. ol^. d rcspcclivcIy . Find the 
2 . 3 , 4 and « gm. at the comersA.^B.j ^ a diayr am showing how it 
centre of gravity of the ^rdb 1 corncr A . (Neglect the mass of the 
will hang when suspended trom ( L.M •) 

cardboard.) . , . m . of gravity of a body ? 

1C. What is meant by tin u . |n x H in. is marked out into 

? is STh &££ ES i 
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17. A circular tabic of radius the tabfe ^horizontal, 

gravity is vertically below the centre v. the Corners of an equilateral 

It is supported by three leps . centre of the table. Determine 

triangle, each leg being 1 ft. 8 «n. f:rom th table, will cause it to 

the least weight which, placed at the eage or be placed, 

topple, and state exactly the positions where the weignt y * LM) 

18. Explain how you would find the centre^^h^ein^knovm- 

up of two different parts, the centre o gra anc j density ; O is 

ABCDEF is a hexagonal plate of ^ nlform C J X j n long The triangles 

the centre of the hgurc, and the “centre of gravity of the 

OAF and ODE are cut away. Where is the centre B (L.M.) 

remainder of the plate ? „ h 6 ^ i ong and of mass 

IT Three uniform rods AB, BC, C D are each o m_ i ^ system 

o iu Thcv are arranged to form three sides of q * _ t-v . _ 

^ suspended freely at A with the plane of the framework vertugl. Dete 
mine either graphically or by calculation the point along BC which 

mass^rnust be attached a, B in order that the frametvoAmay 

rest with the midpoint of BC vertically below'A ? w hich is carried 

20. The figure represents a section of a small gab 



bv the beam AB. If the brickwork of which it is composed weighs 118 
lb. per cub. ft. and is &» in. thick (a) calculate the total weight «rr.cd by 
the beam, (b) find the position of the centre of gravity of the brickwork, 
and ( c) find the reactions at A and B due to this load. 


57. Stability. 

A body is in stable equilibrium if when it is slightly displaced 
and then released it returns or tends to return to its original 
position. 

A body is in unstable equilibrium if when it is slightly dis¬ 
placed ami then released it moves or tends to move still farther 
from its original position. 
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A body is in neutral equilibrium if when it is slightly displaced 
it remains in equilibrium in its new position. 



Fig. iOI- 


Consider the two sets of figures above. 

In the first set of figures a sphere whose centre of gravity is 
at its centre rests in turn on a curved surface concave upwards, 
on a horizontal plane and on a curved surface concave down¬ 
wards. When the sphere is slightly displaced let A be the new 
point of contact with the surface upon which it rests. 

In the first figure, in the displaced position, G is to the left 
of the vertical through A, therefore the weight of the sphere has 
a turning effect about A which tends to bring it back into its 
original position. This is true for any displacement of the sphere 
so long as it remains in contact with the curved surface. 1 he 

sphere is therefore in stable equilibrium. 

P In the second figure, when the sphere is slightly displaced, 
G is again to the left of A, and the weight of the sphere tends to 
turn it away from its original position. In this case the sphere 

was in unstable equilibrium before it was disturbed 

In the third figure, when the sphere is slightly displaced, G 
is vertically above A, and it is therefore again in a position of 
equilibrium. The sphere in this case was m its original position 

in ’'Snsilicr “in'aTmilar manner the behaviour of the right 
circular cone, also shown in three positions on a horizontal 

plane marked respectively as stable unstable and 

librium. The dotted lines in the figure show the path ot the 
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c fVi#* hndv as it takes up new positions during 

cen tre of gravity of J ^ J ^ body ^ - n 

stab e P un“ able, neutral equilibrium the centre of gravity ris« 
"Is on the same horizontal level respect.vely when the 

body is slightly displaced. 

58. Toppling. 




Fig. 105. 


Fio. 108. 


In Fig. 105 a motor bus is shown in elevation upon a 
cambered road. G is the position of the centre of gravity of 
the bus and through G the weight of the bus acts vertically 
downwards. The line of action of the weight of the bus meets 
the road between the two wheels, which make contact with the 

road at A and B. . . » « 

If cither wheel is imagined to be just raised above the road 

the weight of the bus exerts a turning moment about the point 

of contact of the other wheel with the ground which tends to 

bring the first wheel again into contact with the ground 

Consider Fig. 106, in which we suppose the road camber 

to be large and the passengers to be on the top deck, standing 

up and concentrated to the left of the bus. We now see that 

the line of action of the weight meets the road outside the 

wheel track, and there is therefore a moment tending to turn the 

bus about the point of contact A of one of the wheels with the 

ground. Since there is no force exerting a moment to balance 

that of the weight, the bus would overturn. Clearly, toppling is 

made more difficult by having a wide wheel track and a low 
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toppling 

without wlilTprZided that the line of action of ,U 
it tight. 



Fig. 107. 

I, is left as an exercise for the reader to say in which of the 
above figures toppling will occur. 

Example (l).-A ‘ 

Y,TJh t ^tarAt’t^ne if greater, hope < 


and its centre 
/•round, 
ch it can 



o u Ure centre of S ravi,v of the car. A is the point of contact of one 

of « 
through G passes through a. 

,h ' ft'rS“h«»n in the htprre, 


therefore 


/GAC =90° - 0, 
/AGC —9. 
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From the right-angled triangle ACO, 


= 0-75, 


6 =36° 52'. 


Example (2).—Four bricks (each 9 in. x4£ in. x3 in.) arc formed 
into a pile, as shown in the figure, each projecting the same amount, x in., 
beyond the brick immediately beneath it, and the lowest brick projecting 
the same amount beyond the edge of a horizontal table. Find the value 
of x 50 that the bruks may just be on the point of toppling about the edge 
of the table. 



Fig. 109. 


The centre of gravity G x of the first brick is (4} -x) in. to the left 
of the vertical line through the edge of the table. Thus the centres of 
gravity of the second, third and fourth bricks are (4A - 2x) in., (4J - 3x) 
in., (4£ - 4x) in. to the left of this vertical line. 

Any one of these numbers will be negative in the case of a brick 
whose centre of gravity lies to the right of the vertical line. 

Let zv be the weight of a brick. 

'The algebraic sum of the moments of the weights of the bricks about 
the horizontal edge of the table is zero when they are on the point of 
toppling about this edge, and therefore 

ct*(4 $ - x) + w( I} - 2x) -f «•(4 * - 3x) + u(4 \ - 4x) = 0, 

18 - I Ox =0, 
x = 1 J. 

Thus each brick projects 1*8 in. over the one immediately below it. 

AWe.---It may readily be shown that : 

l or o bricks each can project 1 •»th of the length of a brick ; 

•• ° >« .. 1 j ,h 

” ” >» »» •» “ + -j .» » 

EXAMPLES XIV 

Stability and Toppling 

1. Explain what you understand by stable, unstable and neutral 
equilibrium, and illustrate your answer bv diagrams. 

-• A walking-stick consists of a straight cane surmounted at one end 
by a heavy knob. Explain why it is easier to keep it balanced with the 
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Rghter end on the tip of “ JufJ k n‘oh ‘.^co.u^ 

">« 3 8 wJ,y'"s it im^ss“ble to balance a fresh W with ...her of its end, 
^ °4"Two^orks ^.Tmck'imo'a' «rk and the cork is then balanced on a 



. . io .he figure Explain why the body consisting 

rr»?he Sh S £ in'stable «,ui.ibrium. The centra of g-.ry 

**£ E^UiMoThtw a G .i g h.-rope talker —his 
use of a large paper paraso <»?_*>«,'“ co B nIact of the stilts with the 
balance when not moving 1 P 

ground. mav K e j n unstable equilibrium when 

6. Explain how a flower %ase m b make a flower vase less 

water and flowers are placed n p laCc . d in it ? 

likely to topple when w^er dfl j() hody and some lead shot are 

provided l * , ExpUin W by e * heir'use the nre.n.ng of the tenns unstable, 

"‘T 1 / of ztiinft 

plane of angle 30“ with ^‘^"^“ceunite drawing) the length of the 
cylinder M be'on the po,„, of topphng about ns .owes, 

P °" 0 V A motor car has a wheelsman of 5(t£ m-. "^thc car rests 

of the car is symmetrically p x ] cs parallel to the lines of greatest slope, 
on an inclined plane with _ k with the horizontal when the 

£■”*■ “ f — ° f ,htwh ' cls 
with the plane. 1 ... motor omnibus may be made less 

lrah!”to E ^ P 'phnr-d d, Xrf-e , ngets ate no, allowed to stand on the 
top deck of a double-decker bus c ism |f,. ,1 ft x 

, f t| Vnd „ b f' 0 wcigh,"H« lb ,n rlron a boluonu, plane on one of 
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sauare ends. What is the least force that must be applied horizontally 
at the midpoint of one of its upper edges to cause it to topple about an 
edge of its base ? What is the least force which will cause the block to 
topple, where should it be applied, and at what angle to the horizontal i 

12 Six bricks are built into a pile, the first rests on a horizontal plane, 
the second overlaps the first by the same amount that the third overlaps 
the second, and so on. If the bricks are on the point of toppling about 
the upper edge of the bottom brick, find the amount by which each 
brick overlaps the one below it. A brick may be taken as a rectangular 

block 9 in. x 4£ in. x 3 in. . .... . . . 

13 If a heavy body is supported in equilibrium at a single point, 
what positions with regard to this point are possible for the centre of 
gravitv of the body ? Discuss the different cases. 

A bar 4 ft long, which balances about a point 1 ft. from one end, has 
a string 8 ft. long' attached to its ends. The string passes over a rouRh 
nail and the bar hangs from the nail in a horizontal position. Find the 
proportion in which the nail divides the string. (O.G.) 

14. From a body, whose mass and centre of gravity are known, a 

portion, whose mass and centre of gravity are known, is removed. Show 
how to find the centre of gravity of the remainder. . 

ABCD is a square and E and F are points on CB and CD respectively, 
such that CE = " CB and CF -1 CD. A uniform solid pnsm has for its 
cross-section ABEFD. Determine whether it can rest with the face 
whose section is DF in contact with a horizontal plane. (O.G.) 

15. What do you understand by the terms centre of gravity and 

stable equilibrium ? A reading lamp is supported on a single central 
pillar from a square base of 4 in. side and 2 in. thick. If the base^is 
uniform and weighs 2 lb. and the pillar, etc., has its centre of gravity 
12 in. above the centre of gravity of the base, what is the mass of the 
pillar, etc., if the whole is just unstable when tilted through an angle of 
45° about one of the sides of the base ? (L.M.) 

1 U. Point out the conditions which determine whether the equilibrium 
of a body is stable, unstable or neutral. Illustrate your answer by con¬ 
sidering the equilibrium of an egg on a horizontal table. _ (L.Af.) 

17. Discuss the conditions which determine whether the equilibrium 
of a rigid body at rest is stable, unstable or neutral. 

A cylindrical tube 14 cm. long is partly filled with lead and placed 
on a rough inclined plane, which is gradually tilted until the cylinder 
topples over. If the heavy end of the cylinder rests on the plane this 
happens when the gradient of the plane (i.e., the ratio of its height to its 
base) is 1 in 2 ; but if the other end of the cylinder rests on the plane it 
falls as soon as the gradient becomes 1 in 5. Find the position of the 
centre of gravity of the cylinder, assuming it to be on the axis. (L.Af.) 


CHAPTER VI! 

WORK AND MACHINES 

59 'we°t>ciate wo„K with “ “s 

we watch a man digging '\e say remains at rest for even a 

this from his movements. working. A 

short time we say that during a load antl w hcn the load 

crane is “ working ” ™ foneerworking. This idea of work is one 

is at rest the crane is no g movement implies 

which we retain in mechanics. In tact, n 

that NO work is being done. measure an amount of work 

Before considering how we be done slo wly or quickly 

we have to notice t work d one . Suppose that two 

without affecting the a ™ ou b er of bricks to carry up 

workmen each haV * V* f^ght to bricklayers working on a 
through the same vert h do his work without inter- 

scaffolding. The first wor secon d workman may take 

ruption in twenty minutes attention having been 

three hours to finish hts work “X same anroun, of work. The 
called away. The two "ten ^ has no ciTcct on the amount 

time which each takes Acain the first workman may 

of work Which each has *»«■ Aga.nJ ^ ^ quj , c 

exhaust himself b V "°[ k ' « |j one the same amount of work, 
unaffected, and each s on<; partic ular force acting upon a 

Now let us eons'de ho ^ on , he floor . The upward 

body does work. A o-iu. eg weight. No work 

force of the floor on the "uSe f o r ^ Suppose that the weight 
is being done by either o ^ bench through a height of 4 ft. 

is slowly raised from the o raised any higher than 

and is then placed “‘^.^Vce exerted vertically upwards in 
is necessary to do tins rhefon*«* WQrk ^ forc£ 

raising the weight is 5 lbs. wt. n 
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done ? As a comparison we may say, twice as much as if it had 
raised the weight 2 ft., and four times as much as if it had raised 
it 1 ft. The comparison at once suggests a unit of work , viz., 
the work done when a force of 1 lb. wt. acts through a distance 

° f A^crane which is capable of travelling horizontally picks up 
a load, raises it to a certain height above the ground, travels 
horizontally through a certain distance, and finally lowers the 
load into its appointed position. During the hrst part of this 
operation work is done by the tension in the rope which raises 
the load. Whilst the crane is moving slowly in a horizontal 
direction the tension in the rope does no work upon the load, 
which remains at the same horizontal level during the motion. 
Here we see that when the crane is moving steadily and the 
load is moving horizontally the movement of the load does not 
imply that work is being clone on it. Finally, when the load is 
lowered the load itself does work against the tension in the rope. 


60. Units of Work. 

When a force of 1 lb. wt. moves its point of application 
through a distance of 1 ft. in the direction of the force, the work 

done is 1 ft. lb. . 

When a force of 1 ton wt. moves its point of application through 
a distance of 1 ft. in the direction of the force, the work done is 
1 ft. ton. 

These units are the British Kngineer’s units of work. 


Example (1). —In loading a vessel fifty packages, each tLCightng 5 net., 
have to hr raised through a vertical height of 20 ft. Find the rvork done. 

The work done in raising one package through a vertical height ot 
20 ft. is r ^ f 

f> >: 20 ft. lb. = S — ft. tons =5 ft. tons. 


The work done in 
20 ft. is 


raising fifty packages through a vertical height of 
50 x 5 ft. tons =250 ft. tons. 


Example ( 2>. -.1 horse drans a cart through a distance of J mile along 
a horizontal road. The m et age total horizontal tension in the traces is 
SO Ih. trf. Find the tvork done. 

The work done is against the resistance to motion produced by 
friction mainly at the bearings of the wheels. 


UNITS OF WORK 
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Work done = 


Force x Distance through which the point of application 
of the force is moved in the direction of the force. 

= 80 x 440 x 3 ft. lb. 

= 105,000 ft. lb. 

= 47f ft. tons. 

61. In transferring a mass of earth, water or any substance 
from one level to another the shape of the substance may be 
changed. In this case the total amount of work done is found by 
determining the change in vertical height of the centre ot gra\. > 

of the mass in its original and final positions. 

Thus if a wire rope of length 100 ft. .s originally hanging 
vertically from a drum whose axis is horizontal and is hen 
wound on the drum, the work done ,s the same as if the ««! 
mass of the rope were imagined concentrated at a Poutt fh 
below the point of suspension and then raised from ^ position 
to the new position of the centre of gravity when wound on the 
drum If the top of the rope was originally at the same horizontal 
level as the axis of the drum, and the weight of the ropei per foot- 
length is 2 lb., the total amount of work done in raising the rope is 

Weight of rope x Height through which centre of gravity is 
raised is (2 x 100) x 50 = 10,000 ft. lb. 


examples XV 
Work 

height^^l^L^^lo^mucl^owk^s'ilone^y^thc^crane (aj'li^foot- 

pounds, (6) in foot-tons. uniform speed throuRh a horizontal 

2. A horse draws a load of coal alt a unuorm | on {hc cart js 100 

frr and b "“n s .a„ P t , how much work is done by .he 

h °7 A S cwt. MS 

work is done by a wire rope which draws me 

50 fr- * . . r i aeainst a head wind along a 

4. A cyclist rides; 11 ^ an ^, rt ,/| )V the wind auainst the cyclist is 

horizontal road. The force cxc y resistances amounting to 

4 lb. wt„ and he has to these forces. 

3 1b. wt. Calculate the work don > > ^ ja arranRC <j that an 

5. To raise loads from the bo ■ raised. How much work must 

bT P dlrfo C raise* a^TontTd ^"fi.Tthe two ca g es arc exactly e.ua! in 
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weight ? If the weight of a cage is * ton and no counterbalancing cage 

is r^., h r^ns iriy^.dep*. », 

15 ft below the level of the ground. How much work is done in raising 

'■ d00 rk$£23% ^ by a *«., g-w-. 

the track due to the brakes of 230 lb. wt. per ton weight of the traxn, 
ogether with the additional force due to frictional i^ecte a^ parcel 
to the track of 15 lb. wt. per ton. The total weight of the train is 320 

tons Calculate the work done m bringing the train to res J- .. 

8 A machine does 1,000 ft. lb. of work in raising a load of 80 lb. 

vertically. Through what height is the load raised . 

9 A wire rope of uniform cross-section weighs 1 lb. per foot. “ 
180 feet of this rope, which is originaUy hanging vertically, is wound on 

n Hmrn how much work has been done ? # „ t 

10 \ pony is used to draw coal tubs out of a mine. If the average 
force exerted by the pony is 80 lb. wt. and the distance thorough which 
a tub is drawn is * mile, find the work done by a pony which makes five 
iourneys. Onlv the outward journeys arc to be considered. 

11 ' The piston of a steam engine has a diameter of 14 in. and th 
length of its stroke is 12 in. The mean effective pressure during a stroke 
is 120 lb. per sq. in. Find the work done in one minute if the piston 

makes '^^cross-sectional area of a well shaft is 30 sq. ft., and the shaft 
is 56 ft. deep. The earth removed has an average density of 160 lb. per 
cu. ft. Calculate the work done in bringing the soil removed to the 

surface of the well shaft. , u 

13 Fortv tons of water flow over a waterfall every second. How 

much work is the water which flows over the fall in one minute capable 
of doing due to its having fallen vertically through 30 ft. ( 

14 . In excavating a canal bed 10 ft. deep and 20 ft. wide the earth is 
built into an embankment whose cross-section is a trapezium of base 
30 ft. and sloping sides inclined at 45 to the horizon, the width of the 
top side of the trapezium being 10 ft. Calculate the work done per foot- 
length of the canal. (1 cu. ft. of earth removed weighs 150 lb.) 


62. Machines and Work. 

The machines which are to be described are used to do work 
which it is not possible to do conveniently without their use. If 
we attach a “ load ” to the appropriate part of a machine and use 
the machine to move this load, thus doing work ON the load, 
wc have to apply an ** effort ” to another part of the machine 
which does work on the machine. The work done on the load 
by the machine is referred to as the output of work, and that 
done on the machine by the effort the input of work. The 
input of work done on a machine is in practice greater than the 
output of work done by the machine. The perfect machine would 
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efficiency of a machine 

therefore be one which could give an output of work equal to the 
inV n°e { ^Principle of Work » applied ,o machine, state* that the 

wsw* *jr«JrAt=^ 

assssnsess 

63. Efficiency, Mechanical Advantage (Force Ratio) and 
Velocity Ratio. 

The efficiency of a machine is measured numerically as 
follows 0u(put of wo * 

Input of work 

In addition to the efficiency, two other quantities arc of 

importance, these arc : 

Load moved = Mechanical Advantage. 
Force Ratio - gg-, applie d 

Mechanical Advantage is the name used by engineers. 

Distance through which the effort is applied 
Velocity I ^ ATIO " _ Distance through which the load is mo\ed 

ThUS ’ Force Ratio orJdECHANJCAl- Advantacb 
-- Velocity Ratio 

= Efficiency. 

The definition of velocity ratio into.-- 
of the load moved or the effort applied, n act <ic, 
upon the geometrical propert.es of the machine. 


4 
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The mechanical advantage of a machine evidently depends 
upon the velocity ratio, but it also depends upon the frictional 
resistances in the machine, and it must therefore be determined 
experimentally. Moreover, the frictional resistances in a machine 
are not constant, in fact we may anticipate that they increase 

with the load upon the machine. 

If these two ratios are determined for a machine, then the 

efficiency can be found as above by dividing the mechanical 
advantage by the velocity ratio. It has already been stated that 
the perfect machine is one which is able to give an output of 
work equal to the input of work. Thus from the above definition 
of efficiency we see that unity is the greatest numerical value of 
the efficiency of a machine. Efficiency is sometimes expressed as 
a percentage, thus an efficiency of J is equivalent to <5 per cent. 


64. We are able, by various mechanical devices such as are 
to be described, to arrange for the velocity ratio of a machine 
to be as great as we please. If a machine has a high velocity 
ratio the effort must be applied through a relatively large distance 
as compared to the distance through which the load is moved. 

By the principle of work as applied to machines, 

Work done by effort = Work done on the load + Work done 
against frictional resistance 4- Work done in moving parts 
of the machine. 

Thus when the velocity ratio is high the load moved is also 
many times the effort applied, i.e., the mechanical advantage is 
high, and as we have already seen the velocity ratio is equal to 
the mechanical advantage in a perfect machine, for which the 
work done by the effort is equal to the work done on the load. 

65. Pulleys. 

A simple pulley which is used in experiments in mechanics 
consists of an aluminium wheel of about 2 in. diameter, the 
bearings of which are carried by an aluminium framework. The 
groove in the wheel carries the string, which is prevented from 
slipping out of the groove by the framework. If we attach the 
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framework to a fixed support 

ends of a string which passes over g weights is tapped 



lightly downwards the ^‘f^'brougttTo 8 rest by the friction 

afrte “gs°of CS the pulley ^ ^t when thU 

“ rider ” weight to one of , ds it continues to move as 

weight is touched lightly change in speed. This 

long as it meets no obstacle M nearly as possible by 

condition of motion has to “at-e to be satisfied by getting the 
careful observation V > # distance as possible before 

weights to move through as the work on the machine, 

again coming to rest_ ^ ^ )b the weig ht of the nder, 
let each weight be W lb., through a distance * ft. the 

then when the weights eac (W +tc) lb. wt. is 

work done on the machine by the effort (W + 

(W + w) x ft- lb * 

The work done by the machine is 

\V at ft. lb., 

and this is done in raising the load W lb. wt. 
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The part of the input of work which is done in counteracting 
the effect of friction at the bearings of the pulley is wx ft. lb.^ 

In earlier experiments it was assumed that the tension 
throughout a light string passing over a number of pulleys, such 
as that referred to above, was constant for practical purposes. 
We now observe that in the above experiment the difference of 
the tensions on either side of the pulley (W + w) lb. wt. and 
W lb. wt., viz., zo lb. wt., although small in comparison with 
either tension, is yet sufficient to balance the effect of the friction. 
The smaller we can make zv, the more perfect will the pulley 
become as a machine. 



Fig. Il2. 


. , .. Output of work 

Efficiency of pullcv - , . 

Input of work 

Wx 

“ (W + a?)* 

W 100W 

«= or per cent. 

(W+w) (W + to) 

T .oad moved W 

Mechanical advantage = . = ,,,. -r- 

Effort applied (\\ +zc) 
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Distance through which effort is applied = * = j 
Velocity ratio = Di ' tance throU gh which load is moved * 

In the diagram the pulley is on the point of turning m a clock¬ 
wise direction about its bearings. Thus, taking moments about 

the centre of the pulley, 

(W + w)a - W a - Turning effect of friction =0. 

Hence wa = Turning effect of friction. 

Turning effe ct of friction 


a 


thC t 'rthe 

mopiosely does ‘if ?Z 

X used inT^ce is to be found a, a pithead where the 
pulleys are used for raising and lowering the cage. 

Example (Mental,.-;* *+ *£ 

200 lb. through a vertical height of JO ft. JJIM [b calculaU: 

wards pull on the pulley rope required to raise a 



Fig. H3. 


(•) 

(b) 

(c) 

(d) 

(e) 


The output of work. 

The input of work. 

The efficiency of the pulley. 
The mechanical advantage. 

The velocity ratio of the pulley 
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66. The Wheel and Axle, 



It has been shown that by means of this machine a load can 
be raised by a comparatively small effort. 

The distance moved through by the effort applied at the rim 
of the wheel in one rotation is 2-n-R ft. (R ft. is the radius of the 
wheel.) 

If E lb. wt. is the effort applied and L lb. the load raised, 
the input of work is 277RE ft. lb. 

Similarly, the output of work is 2 tjt . L ft. lb. 

Therefore, neglecting the effect of friction. 


Efficiency = 


2mr . L rL 


JttRI- 


RE 


Mechanical advantage = Velocity ratio = = —. 

E 'Irrr r 

Now if there is no friction by taking moments about the centre 
of the wheel (see diagram), rL = RE, 


and 


^ Mechanical advantage = Velocity ratio. 

E r 


Hence the efficiency of the wheel and axle is unitv. This is 
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. _ nncier these ideal conditions of no friction, 

only what we expect un a i to t he input of work, 

for in this case the output of work ^ a diimct er 

If the rope or strrng used m ** e „ into account . 

comparable with that of the ax e 1 . b addc( l to the radius 

st" -x,“ -1.... b. 

Experiment.— Attach a toad to ^^/rimthat it is 
wheel and axle, and apply. “ when touched lightly downwards 

on the point of moYing the load, a d Repeat the experiment a 

it continues to move without gaining tabulatc lh e results. 

nU11 Beiow^is i T^U»ble*of n wn^h 9 obtained in an experiment sinular to 

above :— 


Velocity Ratio =4 


Effort. 


Lb. wt. 
0-25 
0-55 
0-85 
115 
1-60 
1-80 
210 
2-40 

2- 70 
3 00 

3- 30 


Load. 


Lb. 

0 

1 

2 

3 

4 
6 
6 

7 

8 
9 

10 


Mechanical 

Advantage. 


000 
1 82 

2 35 
2-01 
2-67 
2-78 
2-80 
2-92 
2-9G 

3 0 
3 03 


Efficiency. 


0 000 
0-455 
0-588 
0-653 
0-668 
0-695 
0-715 
0-730 
0-740 
0-750 
0-758 


It should be noticed that A* y Jading ^mechanical advantage by 
the mechanical advantage, and ‘ d 8 Wh en the efficiency is plotted 

the velocity ratio the efficiency ^ °“*^ n J hat the efficiency inere«« r«p*rf/y 
against a load base, it will e . comparatively small loads, u 
with the load raised at f irst ‘ . 1 ^’ { ncrea ses more and more slowly until it 
as the load increases the /^! en ^ st ,/, ree loads. The shape of the graph 
remains almost constant for / < variety of machines, 

is similar to that obtained for a wi JY raising a load of - cwt. 

Example (l).-f and that of the axle 2 Neglecting 

The radius of the wheel ,s 10 in. and 

friction, what effort is re< t ulr J t * ,-nuired 
Let E lb. Wt. be the effort requir 0. 
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Work done by the effort in one turn of the wheel-2^ -10 • E in. lb. 
Work done in raising the load in one turn -2 tt . 2 x -24 in. ID. 

Since friction is to be neglected, 

2tt . 10 . E =2tt . 2 x 224, 


E = 


2tt 


2 * 224=44 8 . 


2tt . 10 


The effort required is 44-8 lb. wt. 

Otherwise, since for a perfect machine 

Mechanical advantage = Velocity ratio, 

224 2tt . 10 

E 


= 6. 


2tt . 2 
224 =5 E. 

E =44-8 as above. 

Example (2)—The diameters of wheel and axle in a zcheel-and-axle 
machine are 2 ft. and 6 in. respectively. A load of 200 lb is raised iby an 
effort of 00 lb. tot. What is the efficiency of the machine for this load and 
effort ? What additional toad could har e been raised if the machine had 

/ric,ionle» ? Lo.dmi.ed _200_10 

Mechanical advantage = — 


Effort applied CO 3 


Velocity ratio =‘ 


2-rr . 1 
2tt . 4 


= 4. 


Otherwise 


. Mechanical advantage _ 10. 4 _& 

Efficiency = vT - ; - v 1 “a 

Velocity ratio o o 

= 0-833 or 83-3 per cent. 

. Output of work 

Input of work 


Output of work = 2tt . J . 200 ft. lb. in one turn of the axle. 

Input of work =2tt . 1-GO ft. lb. in one turn of the wheel. 

Efficiency = -" * * ’ “^9 =0-833 or 83-3 per cent. 

If there had been no frictional effect an effort of 60 lb. wt. would have 
raised a load of 60 x velocity ratio lb. =60 x 4 lb. =240 lb. 

The additional load raised is therefore 40 lb. 


EXAMPLES XVI 

Wheel and Axle, Windlass, Capstan, Mechanical Advantage, 

Velocity Ratio, Efficiency 

1. In a wheel and axle the diameter of the wheel is 1 ft. G in. and 
that of the axle 6 in. What is the velocity ratio of the machine ? What 
load is raised by an effort of 4 lb. wt. if friction is neglected ? 
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2. By means of a wheel and axle for wW<*'the" mechanical 

advantage 8 veL^of *ameter * ^ 15 

3 ft. what is the diameter of the axle . i$ f and a load of 320 

3. The velocity ra “° An wt ^ What is the efficiency of the 
machin^ ed W b hat a f n racdon of the effort of 80 lb. wt. is used in overcoming 

the friction in the machine ? o-84 when a load of 168 lb. 

4. The efficiency of a 'twt Theradms of the wheel is 1 ft. 6 in. 

is raised by an effort of ob lb». wt. and the ra dius of the axle ? 

What is the velocity ratio of the m a chin turned by a handle 

6 . A windlass has aJbarrel of raise a load of 45U b. 

of radius 1 ft. 6 in. What ^effort ^ q ^ cffort required is 1-0 lb. 

when friction is neglected • hi for this effort and load . 

wt what is the efficiency of the macnin machine is used in 

« («) If 25 per cent, of ^ *whatl ffie efficiency of the machine ? 

^Ld°,c h thf" 1 '"were no frictional effect, wba. . the 

efficiency of the machine ? Four men a pply equal efforts 

7 . A capstan is used to ha “ J J , cVers a t equal distances of o ft. 

of 1 ft ■ “ ,cu,a " ' c ,cns,on 
i "tlT C a b wSirand-a n xie U cxpcrimcn. the following results were 

« • ft 


9 — 

• 


1 Effort. 

Load. 

Lb. 

Lb. wt. 

2-0 

10 

6-8 

20 

9-6 

30 

13-5 

40 

17-2 

CO 


Effort. 
I.b. wt. 


l>oad. 

Lb. 


210 

25 0 
280 
32-5 
3 ( 3-4 


00 

70 

R0 

00 

100 


Calculate the efficiency a. the ™ r ! t ou * ra ^ D f machine =6.) 
the efficiency on a load base. (V y of 50( , when the effort 
»• A Ufting tnaehtne ts usedw « d ^ raiscd 2 * ft and the effic.eney 

of’.hr^chln h e r ia 1 ft per cent. Find the effort apphed. 

67. Systems of Pulleys. purposes. 
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it is evident that it is at a disadvantage when a heavy load is to 
be moved in spite of its relatively high efficiency. 

Systems of more than one pulley for lifting and hauling 
purposes used in cases where the load is large are easily designed, 
so that by arranging for a high velocity ratio the effort require 
to move the load is relatively small. Such systems of pulleys have 
usually greater internal frictional resistances and are less efficient 

than the single pulley. 

It is now proposed to examine some of these systems or 
pulleys, for they can readily be built up in experimental form 
for demonstration purposes in a mechanics laboratory. 

68. One Movable Pulley. 



Attach a load to a pulley, which in turn is supported by a 
string passing round the pulley and fastened at its two ends to 
two vertical spring balances, so that the parts of the string on 
both sides of the pulley are vertical. When the load is at rest 
the tensions registered by the spring balances are each equal to 
one-half of the load and the weight of the pulley together, as 
one might expect, since the pulley acts as a beam with supports 
at its ends and the load at its midpoint. 

Remove the right-hand spring balance from its support and 
attach it to a vertical string which passes over a fixed pulley and 
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—■ -•*» * - "• “ 

L is on the point of nsing. balances, caused by the 

the tensions registered b> . P f . nulley must be over- 

fact that the friction at the balances, 

come before the load can ?J ble pulley 

leavmg only die pulley sy ^ ^ a ° mac hine for raising L, 

“d Z Sort applied only slightly exceeds half of the weight 

of the movable pulley and the load raised. 

Load raised = Lj 
Mechanical advantage = g-ffortlpph^ = E' 



Fig. 116. 

Let A be the initial position of the end of 
that of the axle of the mova P * engt h PQ on both sides of 

P to Q the string must be taken P * * ^ 

the pulley, and, therefore, if the end a 

F AB-2.PQ. 

Distance through which effort is applied AB . 2 . 
Velocity ratio = Distance through which load is move U 

Output of work ^ L . PQ 
Efficiency = lnput of W ork E . AB 
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Under ideal conditions of negligible friction and negligible 
weight of movable pulley the efficiency becomes unity. 

69. Effect of Frictional Resistance on Efficiency. 

The work done against frictional resistance in a machine 
depends upon the place at which the friction is exerted. Thus 
in the machine which has just been considered, twice as much 
work must be done in overcoming frictional resistance at the 
fixed pulley as at the movable one. Why is this ? It is important, 
therefore, if a machine is to be made more efficient to avoU 
frictional resistance where it is most effective. It should also be 
noticed that frictional effects always oppose motion in whichever 
direction it takes place or tends to take place. Thus if the load 
on a machine tends to “ take charge ” of the machine, as in a 
lifting machine when the effort is removed, the frictional resist¬ 
ances are completely reversed and oppose motion with much 
the same effect when the load is moving the machine as when 
the effort is moving it. 

70. Archimedes System of Pulleys. 



If the string supporting the movable pulley is attached to 
the axle frame of a second movable pulley supported in a similar 
way to the first, it is readily seen that the first system of pulleys 
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may be extended to include as^ many pulley is 

-e ne g lect Action and 

"■'SS.it "■• “ '• 

second string is 4 
” ” third » 

” ” „ ;«th 

” ” L = L 

2 ^ 72 ^ 7 . . n factors 2" 

Thus with n movable pul.eys the effort applied to raise a 


load L is 


Mechanical advantage - L : s 


On 

t ^ -On 

L 


Under idea, conditions a system ofthree movable puffeys has 

a mechanical advantage eq ua h load is raised 1 in.); 

If the first pulley ,s ra.sed 1 .m ( . «h ^ fourth „ in .. 

the second pulley .s ra.sed 2 in. . the 

the n,h pu,ley ^ efor e^ factor i„. 

The dis,i: e through Which the effort is applied is therefore 

2x2x2 ” factors = 2 n in. 


Velocity ratio = 


2 n . 


71. The Single-rope System of blocks , onc 

This system of^ a^ed by nJans of a rope, 

movable and one fixed. nallev in the fixed block and then 

which passes in turn roun P ^ n un til the rope 

round the pulley in the -J^'^^vo blocks. The rope 
has passed once round eac p - ot her of t he two blocks. 

on - - block are arranged side by 


,1 
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side with their axle bearings on the same shaft. In order to show 
how the system works the pulley blocks are often arranged for 



Fig. 118. 




Fig. 12< 
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laboratory experiments as they are illustrated in Fifp 119. 
whereas in practice they are used in the form shown m Fig. 1-0. 
It is usual for the movable block to carry one less pulley than 
L fixed one and in this case the rope is finally attached to the 
tame of the movable block. If the blocks carry equal numbers 
of nullevs the rope is finally attached to the fixed block. 

^Consider the System of six pulleys in which die upper block 
has three pulleys Ld the lower block three. The number of 

-f “r"*' r'S™ “ t s“ rs: 

LSiEts 5 £.’i. • -a»«■ f ■> 

, F ,L s k a ii we say ; hence the total upward force 

which supports the load L lb. and the weight w lb. of the lower 

pulley block is GE lb. wt. Therefore, 

L + tt = GE. 

L 6E-w = 6 _k> 


Mechanical advantage — ^ = £ 


E 


This expression is only correct when the pulleys are used for 
vprtiral load If they are used for haulage in a horizontal 

then ^his^ten^h* c^tao^^U eqi^U>|^taken^up^y^each^otahe^sh( 

ropes supporting the mova P ft (he distance through 

wjtch «re e "load m is ruled Thus 'the effort is applied through 
six times the distance moved by the load, and therefore 

Velocity ratio => 6. 

Similar results to those obtained above hold for the system 
of five pulleys illutttted force exert ed on the 

mov”ble e puUey n bl°tk, neglecting friction, is n times the effort 
applied, and the velocity ratio is n. 
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Example (1 ).—In an Archimedes system of three movable pulleys the 
effort required to raise a load of 64 lb. is 8 lb. tot. The efficiency under 
these conditions is 4. Calculate the velocity ratio of the system. 


Mechanical advantage = 


Load raised 


-s*-s. 


Effort applied 8 
Now, Efficiency = Mechanical advantage - Velocity ratio. 

8 — 

Velocity ratio 

' i x Velocity ratio =8. 

Velocity ratio = 16. 


Example (2 ).—In a single rope system of five pulleys the lower block 
weighs 2 lb. t and the effort required to raise a load of 60 lb. is 15 lb. wt. Calculate 
the efficiency of the system. If there is no friction , calculate the efficiency 
when the load raised is 60 lb. 

... , ^ Load raised 60 . 

Mechanical advantage = - —-—— ; =— = *. 

Effort applied 16 

Velocity ratio = Number of pulleys =6. 

Efficiency = Mechanical advantage -r Velocity ratio 
= 4/6 =0-8, or 80 per cent* 

If there is no friction, then 

6 x Effort =Load raised + Weight of movable pulley block 
= 62 lb. wt. 

Effort = 12-4 lb. wt. 


Efficiency = Mechanical advantage - Velocity ratio 


60 

12-4 

60 



12 *4 x 5 


__ 60 
62 

= 0*07, or 97 per cent, to the nearest 1 per cent. 


Example (3).— An Archimedes system of pulleys has three movable 
pulleys and one fixed pulley. Each movable pulley weighs 2 lb. Calculate 
the effort required to raise a load of 10 lb. and the efficiency of the system 
for this load. Friction is neglected. 

The tension in the first string is A( 10 + 2) lb. wt. =6 lb. wt. 

,» », second ,, i(6+2) „ =4 

.. .. third „ 1(4+2) „ =3 , f 

The effort required is therefore 3 lb. wt. 
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Load raised „ H> 

Mechanical advantage - p-^ ort applied 3 

Velocity ratio- 2» =2x2x2 = 8. 

Efficiency = Mechanical advantage -r Velocity ratio 

3 

_ 10 1 _ 6 ^=0-42 or 42 per cent. 

8 12 

Correct to the nearest 1 per cent. 

72. The Perfect MacUt^ machine ^ (ha , , his 

The definition of the ctticitn machine could 

ratio would become unity (or 100 per cent) ^ ^ . f ^ 

give an output of wor q^ effidency therefore compares the 
machine were perf< ect * .. with lXs output under ideal con- 
output of work of > " weig P hts of moving parts 

ditions of no fnct.on t re ad,ly understood that 

3 “ '• •" “ 

velocity ratio, for in this case 

Mechanical advantage _ ^ 

Efficiency = Velocity ratio 

i.e. t Mechanical advantage = Velocity ratio. 

Now the effort which raises a given load 

= Load raised -r Mechanical advantage. 

Therefore in the case of the perfect machine. 

Effort applied = Load raised 4- Velocity ratio. 

Since the efficiency of a machine is equal to 

Actual output of work- f 

output of work if the machine were perfect 

and both actual load and the theoretical load are moved through 
the same distance, therefore efficiency 

Actual load raised_. 

" Load raised liy the samcelfort if the machine were perfect 
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Again, the efficiency may be measured by 

Input of work to raise a giv en load if the machi ne were perfect^ 

Actual input of work to raise the load 

and since both the actual effort and the theoretical effort move 
through the same distance, therefore efficiency 

Effort required to raise a load if the machin e were perfect 
” Actual effort required to raise the load 


Example (1).— In a lifting machine the efficiency is 30 per cent . 
a load of 50 lb. is being moved. If the velocity ratio of the machine is 10, 
find the effort required to move the load. 

Let E lb. wt. be the effort required. 

On a perfect machine with a velocity ratio of 10, the effort required 
to raise a load of 50 lb. is ^ lb. wt. =5 lb. wt. 


Efficienc = Effort req uired if the machine were perfect 

Actual effort for the same load 


3 =.? 
16 E 



The effort required is 16$ lb. wt. 


Example (2).— A one-rope block and tackle has ttco pulleys in each 
block. An effort of 10 lb. tvt. is required to raise a load tchen the efficiency 
is 0*8. Find the load raised. 

Lot L lb. be the load raised. 

The velocity ratio of the block and tackle is 4. 

The load raised by the effort of 10 lb. wt. if the machine were 
perfect =4x10 lb. =40 lb. 


Efficiency = -- 


Actual load raised 


Load raised by the same effort if the machine were perfect* 



0*8L =40. 



Therefore the load raised is 50 lb. 
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r rmllevs if the five movable pulleys 
1. In an Archimedes system P f r i' cilon calculate the effort re- 
are of negligible weight and ^e^ f t hc five movable pulleys 

qUir l d ^hartnow thtf effort !c qU .red > Ca.cu.atc the mechamca. 

. one-rope system^f 

2 A load of 1-^ lb. is mo - • te the effort required, butc 

six pulleys, under ideal ~ndmons calculate^the ^ * G b 

these ideal conditions. If th the same load. Find also the 

calculate the effort re ^\ re ‘? fficiency in this latter case and the force 

mechanical advantage stationary pulley block. . . • 

exerted on the support of the stt^ an d efficiency of an Archi- 

3. Calculate the mechanical adv an wcigh j lb . e ach when it 

medes system of two J™o\ (Neglect frictional effects.) 

is used to raise a load of 20 sho w that, if friction and the 

4. In an Archimedes system of^p downwa rd forces exerted 

weights of pulleys are neg^ci > " ^ Ueys (beginning at the first 
by the successive strin ^ “J, pu lley) on their support are t, 2E, 4L 

sr- p «c ky sr« sffcs 

^ r \ The efficiency of a system o P.. iq iu w t. Show that tin 

3ffas£" s:ei '*" 

- f *5* STGdiLl. system o, !*£*%£ XT Show Ta,“this 
when at.effort .1 !•£ '«,£ “ul.eys have c„ua. we, g hts. each 

neglected. ca.cu.ate the ve.nc.ty ntt.o 

;;U2 lb If friction is neglected,% cm y ^ ^ Jo yQU nol|CC 

TasTjoes and extend £. a, the .oad increase, » 

cVvcii. the wav in wnicn - 


Load 


Effort. 


0 4 
0-8 
1-2 
1-6 


Mechanical 

Advantage. 

0 

2 5 

3-33 

3-75 


Velocity 

Ratio. 


Efficiency, 


0 

0-5 

0-007 

0-75 


* 

O 


LS C °^ 


SRINAGA 


f \\ 

m // 
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10. A one-rope system of four pulleys is used to raise a 2-cwt. load, 
and an effort of 70 lb. wt. is required and is applied vertically downwards. 
Calculate the efficiency of the system under these conditions. How much 
of the effort is used in overcoming the effects of friction and the weight 
of the movable block ? 

11. The efficiency of a one-rope system of three movable pulleys 
when used to move a load of 100 lb. is £. Calculate the effort required 
and the mechanical advantage under these conditions. 

12. A one-rope system of movable pulleys has six pulleys and is 
used to raise a vertical load of 10 cwt. If the movable block weighs 38 
lb., calculate the efficiency, neglecting friction, and show that the effort 
required is 193 lb. wt. 

13. An effort of 10 lb. wt. is required to raise a load of 40 lb. when 
a one-rope system of five pulleys is used. Calculate the weight of the 
lower block of pulleys and the efficiency of the system. 

14. Make a sketch of a three-sheave pulley block. If it is required 
to raise a load of 4 cwt. by means of such tackle, what effort must be 
applied, assuming it to have an efficiency of 32 per cent. ? 

15. Show that the velocity ratio of the Barton system of pulleys 
shown in the figure is 4, and that no work is lost in moving the pulleys 



A and B vertically. If the weights of the movable pulleys A and B are 
0 lb. each respectively, calculate the load which can be raised by an 
effort of 10 lb. wt. (Neglect friction.) 

16. In the Barton pulley system, shown in question 15, a load of 
260 lb. is raised by an effort of 10O lb. wt. Calculate the efficiency of 
the system. If there were no friction, what load could be raised bv the 
effort of 100 lb. wt. ? 

17. A 12-st. man pulls vertically downwards on the rope of a machine 
whose velocity ratio is 48 and efficiency 50 per cent. If the load raised 
is 600 lb., find the pressure of the man’s feet upon the ground. (The 
forces acting on the man are the reaction of the ground vertically up¬ 
wards, his weight vertically downwards and the tension in the rope of 
the machine which acts vertically upwards.) 

18. A one-rope pulley system of two blocks which have two and 
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two pulleys, and the same sin g ^ ffort Q f 20 lb. wt. is required 
block is suspended from aihejm, ^ ^ lowcr block. Find the 

to support a mass of . 7 , D j ' efficiency of the system. (L.A/.) 

velocity ratio, mechanical ad van g . ratio> mec hanical advantage 

20. What is meant by the: term» Deduce the relation between 

and efficiency as applied to a machine 

them. .. . _ r ui nr i<s the upper one, which is 

A system of puUeys consists < ^ ^ wh ich is movable, two 

fixed, contains three pulleys, an 5* h . sV#tem is used for lifting a 
pulleys. Draw a diagram showng how the system ^ ^ h d 

St ^ab!I 0 b,o 0 i, l wha^theTffic[:nc y of the system I Why, the 
efficiency never 100 per cent. ? 

73 The Differential (or Compound) Wheel and Axle and i« 
appUcation to the Weston DifferenUal Pulley Block. 
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axle to which it is finally secured. The load to be raised is sup¬ 
ported by the pulley, and the effort is applied at the wheel as in 
the ordinary form of the wheel and axle, and turns the wheel 
in the opposite sense to that in which the rope is wound round 
the axle. 

Suppose that the whole wheel and axle makes one complete 
rotation. The rope on one side of the pulley is drawn up¬ 
wards 2 ttR in. The rope on the other side of the pulley is let 
down 2 ttt in. The string supporting the pulley is shortened by 
2 tt(R - r) in., and therefore the pulley is raised tt(R - r) in. 

If a in. is the radius of the wheel, the effort moves through 


a distance of 2 na in. in one rotation of the wheel. 

. . Distance through which the effort is ap plied 

e ocity ratio Distance through which the load is moved 


27 ra 

"Tr(R-y) 

2 a 

“ (R^V 

It is thus easily seen that as the radii of the two parts of the 
axle are made more nearly equal, the denominator of this fraction 
is made smaller and the fraction correspondingly large. In this 
way a very large velocity ratio can be obtained. 

If we neglect the weight of the pulley and the friction, the 
tension in each of the vertical ropes supporting the pulley is ^L. 

Take moments about the centre of the wheel and axle (refer¬ 
ring to the end elevation), 

Ea--R + L r = 0 
2 2 



L(R-r) 

‘>,7 


2aE = L(R — r) 


2 « 

( R - r) 


L 

E 


= Mechanical advantage. 


Thus as the radii of the parts of the axle are made more 
nearly equal the mechanical advantage becomes larger. The 
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small applied effort. 



Fio. 128. 

Fic. 124. 


The principle of «he 

practical application in t e j different radii are ngidly 

block. Two steel "heels of shg chain passes m ^ 

fastened on the same s - • ^ wheels in the same direction, 

round the upper dinning bv properly formed grooves 

and the links are held from spp 8^ carrjcs a pu i ley to which 


velocity ratio 


me umv*- 

_ l since the effort is applied to the wheel of 

R -r 


2R 
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radius R instead of to the wheel of radius a. As in the case 
of the differential wheel and axle, it is advisable in a machine 
of this type to check the velocity ratio by actual experiment, 
i.e., to measure the height through which the load is raised 
and the corresponding distance through which the effort is 
applied. 

Overhauling. 

It is often desirable in practice that a machine should be 
capable of remaining at rest when the effort is temporarily 
removed. If the load on a machine is capable of reversing the 
operation and overcoming the internal frictional resistances, 
when no effort is applied it is unsafe to remove the effort. Since 
the efficiency of a machine is equal to the mechanical advantage 
divided by the velocity ratio, it is clear that the mechanical 
advantage may be satisfactory for moving loads when the efficiency 
is small by virtue of the machine having a very high velocity ratio. 

We are thus able to construct a machine with a low efficiency 
yet capable of giving any required mechanical advantage. Sup¬ 
pose that the efficiency is 50 per cent, corresponding to a certain 
effort and load, then since in a perfect machine the same effort 
would lift twice this load, the effect of friction (neglecting weights 
of moving parts) is equivalent to a load equal to that already 
on the machine. Thus if the effort is removed this frictional 
load reversed is capable of balancing the load on the machine, 
and the machine does not therefore overhaul. If a machine has 
An efficiency of less than 50 per cent., it follows that it will not 
overhaul. In a good deal of modern lifting apparatus the 
efficiency is much higher than 50 per cent., but the machine is 
provided with automatic braking, which prevents overhauling 
when the load tends to take charge. 

EXAMPLES XVIII 

Compound Wheel and Axle, Weston Pulley Block 

1. The rim of the wheel of a compound whccl-and-axle arrangement 
has a diameter of 1 ft. in., anil the diameters of the parts of the axle 
arc o and 3 in. Calculate the velocity ratio of the machine, showing how 
you obtain your answer. 
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If an effort of 3 lb. is required to raise a load of 3G lb., calculate the 
n aic°lt' ,hc vc,o a cUy »r,o f °„ r f S. pulley block in which ,hc 

diameters of the conrpotmd ptiHey are (uJJ^and ^ in.. W \* and tlj'in. ?’ 

W V"& V Weston’ pulley block '.he diameters of «'he compand pulley 

are 8 and 7 in. (a) ^“^''^‘ '^c'cfhcirS'my is'oVpcr cent. (») What is 
(i) neglecting friction, (u) ''hen (<•) What effort would be 

necrSSTo^ise a Cad of i ton, (il neglecting frictron, (U) when the 

' ffi f& 36 .n P axemen. «f P-j*.for wWch ^ 

A Weston pulley block has a 'Clocitv ratio w ^ cwt Exprcss the 

efficiency a! ap^ent^Xd how much work is done against friction. 

and the diameters of the P ar ^* • ., 4 lf a i oac i G f 40 lb. is raised and 

velocity ratio of calculate the corresponding effort . 

the efficiency is then 33J per c i •, diametcr G f the wheel is 2 ft. G in. 

7. In a compound wheel and axle^the diame^^ g ^ Ca|culate the 

and the diameters of the part j s raised by an effort 

velocity ratio of the machme. I «J^the machine for this load. What 
of 4 lb. wt„ calculate the cfticic >’ frictiona | effects in tlie machine ? 

part of the effort is required to’ . pu n cv of a Weston pulley block 

8. The diameters of the of thc arrangement is 32. 

are 8 and 7$ in. Show that the . )() Jb calculate the 

« An effort of 6 lb wt. is the same as if an extra 

efficiency for this load, bhow • were’ no frictional resistances, 

load of 102 lb. were added and there J rc f , machim . 

Show that overhauling cannot take place if the ett.cicncy 
is less than « r >0 per cent. 
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principle of work applied to machines, the work done by E is 
equal to the work done in raising the load vertically plus the 

work done against frictional forces. 

(a) Frictional Forces Neglected.— The work done by the 
effort E is equal to the work done in raising the load vertically. 
Referring to the figure, 

E . AC =■ L . BC. 

I AC 

_ =-= Mechanical advantage. 

E BC 

Hence the mechanical advantage of the machine can be made 
as large as we please by making AC large in comparison with 

BC. _ 

{b) Frictional Forces taken into Account. —Let E x be the effort 

now required to raise the load L. E x is greater than E, the effort 

required to draw the same load L up the plane when there is no 

friction. 

„ . L . BC _ E . AC E 

Efficiency “ ^ AC . AC = E x 

Effort required when there is no friction 

Si _ ■ ■ —■ ■ ■■ _ " — ^f 

Actual effort 

The work done against friction 

= Input of work - Output of work 
-E x . AC-L . BC. 

AC 

Velocity ratio «= —- . 

BC 

Since the velocity ratio can be made very large, the inclined 
plane may be used to raise very big loads with comparatively 
small efforts. 

The inclined plane finds a most important practical application 
in the use of screws as lifting machines, for the screw thread may 
be regarded as an inclined plane wound round and round in the 
form of a helix. 
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„ .wsrrAW «■' - 

efficiency o/ the machine and the work done against/net,on. 

2 

Mechanical advantage = t = ^- 

Velocity ratio =40. (Correct to 1 per cent, accuracy.) 
Efficiency =^=01, or 10 per cent. 

WorK done intg the load -2 * ^ftTons. 

;; friction Z < S 0-’Z£ — 


»» 

19 


EXAMPLES XIX 

A load of 80 tons is " P-'"> » *? ^ 

CalcXeThe work d°o'“e against friction and the efficiency of the 

"T^o'carriages arc STS?^e^Tf 

a slope whose upper end is Y incline is counterbalanced by the 

the load in the carnage moving P carriages each weigh 4 ton, and 
load in a down-moving carriag • arrangement during one journey 

the work done by the engine dri g Calculate the work done 

is 2,400 ft. cwt. when the carnages an 8 -cwt. load and 

by the engine when the’^(Assume the work done against friction 
S e bi P ,-h g eTa g mc empty.) What is the cihc.ency 

of 'S' Sries P--5- " 

of 20 yds. If a load of 8 cwt. is c^ js then :{0 per cent., 

efficiency of the mechanism d 6 friction while the load is being 
calculate the total work done against 

raised. , f e.mnlvine locomotives is conveyed 

4 . The coal in a container us 75 ® t ^ e horizontal, and is 

in trucks up a slope 40 ft. long, • counterbalancing weight of 2 tons 
then tipped into the-“"IfV^ck of weight 2 J tons carries a load of 10 
moves vertically. When a tru . w u: c u raises the truck is «>00 ft. tons. 

tons, the work done by ‘^^^"iction and the efficiency of the arrange- 
Calculate the work done against phica i process may be given.) 

m ' n 6 S r u.K“.nd explain !he " pnnciple of work ” applied to a s.mple 

ma t"a'„ experiment on an inclined pUneit was M 

•» lb. wt„ applied up the Plane and ' P a £ U ^“ “.jon of the plane is 30' 
a 10 -lb. mass slowly up the Pjan^If ^ gravity, ( 6 ) the work 

and its length 0 ft., find (a) th pulled the whole length of the 

X e .. aK What fsffiTc n ffiX e c n y Sth^ plane c’onsid.r.d as a simple machine P 
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6 A cask weighing 3 cwt. is rolled up a plank C ft. long, inclined at 
30° to the horizontal. How many foot-pounds of useful work have been 
done ? Use the principle of work to determine the minimum vrfue of 
the force required to do this if the force is applied (a) up the plane, 

(b) horizontally. * 


76. Screw Threads. 



On a rectangular sheet of paper ABCD draw the diagonal 
BD and cut away the triangle DBC. Wrap the remaining tri¬ 
angle DAB around a circular cylinder of suitable radius so that 
DA is parallel to the axis of the cylinder and AB passes com¬ 
pletely round the cylinder more, than once. 

If we trace the edge DB of the paper round the cylinder it 
is found to describe a spiral curve on the surface of the cylinder. 
The thread of a screw winds round the screw in a similar way to 
that in which the spiral curve winds round the cylinder. If the 
tracing point begins at D x , then the second time it meets the line 
A 1 D 1 , namely, at E x , it has moved parallel to the axis of the 
cylinder the distance DjE x . If the spiral curve represents an 
edge of a screw thread, the distance D,E| is called the pitch of 



lie. 128. 


the thread. Fig. 128 shows a screw with a square thread in 
sectional elevation with a nut, it is seen that if the screw is held 
firm and the nut is given one complete turn, the nut moves along 
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THE SCREW JACK 

the screw a d,stance equal to the pitch of the threadparallej to 
the axis of the screw. If the nut .s held firm and he screw ts 
Riven one complete turn, the screw moves parallel to its axis 
distance equal to the pitch of the thread. 

77. The Screw-jack. 



Fig. 129. 

The drawing shows a 

through a hole in the upper J axis Q f t j, e SC rew is 

into the “bottle’ part o eja hori/ontally> thc screw moves 

vertical when the lever s supported on a metal 

vertically and - -- th not tLm with the screw, 

cap on top of the screw. 1 „ a car in ort j cr that a 

-* U 

the axle to be raised. to bc raiscd vertically. 

S —b'w,' be°.l e effort applied perpendicular to the lever 
horizontallyand a distance « ft- from the ax, of the screw. If 
the lever makes one complete turn, 

Input of work = (2nra) E ft. lb. 

Output of work =/>L ft. lb. 

Since the load is raised a distance equal to the pitch , of the 
thread for every complete rotation of the le%er. 

Efficiency = 
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In certain cases the same effort is applied at both ends of a 
lever which passes completely through the hole in the screw, 
e.g., a book press or rail bender, in which case E in the above 
formulae is replaced by 2E. 



In both cases, 


Velocity ratio = 


2 rra 


If p is made small in comparison with a , the velocity ratio 
becomes very large, and so does the mechanical advantage unless 
the efficiency is very small, since 

j^rr- • Mechanical advantage 

\ elocity ratio 

Example.— A screw-jack has a thread of pitch f in. A load of 1 ton 
is to be raised vertically by applying an effort to the effort lever at a distance 
of - ft. from the axis of the thread in a horizontal direction and perpendicular 
to the lex er. 

(a) What is the velocity ratio of the jack? 

(b) Neglecting friction and the weight of the screto itself, what effort 

would be required ? 

(c) If an effort of 5*6 lb. wt. is actually required to raise the load 

calculate the efficiency of the jack for this effort and load. 

( a ) Velocity ratio = Dista 5S? through which effort is applied 

Distance through which load is moved 

For one complete rotation of the lever the effort moves 2tt x 2 ft. 
Height through which the load is raised when the screw rotates once 

completely is equal to the pitch of the screw, -1- ft. 

48 


Therefore, Velocity ratio 


4 TT 


ITT X 48 


1/48 

= 603 to the nearest unit. 
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/L\ 1 et E lb Wt. be the effort required. 

Work done^by the effort W hen the .ever rotates once 

= 2tt x2 xE ft. lb. 

= 4tt . E ft. lb. , 

, . . 1 r. -2240 x — ft. lb. 

Work done in raising the load through 4g * ■ 48 

. _ 2240 

4wE — 48 - 
2240 


E = 


4tt x 48 


= 3-71. 


The effort required is 3-71 lb. '«■ 24Q , b 6 . 6 lb . wt ., hence fo. 

(c) The effort required to » 

this load mechanical advantage - 5 .g-• 

Velocity ratio = 192tr. 

but . Mechanical advantage 

Efficiency — "Velocity ratio 

_ 2240 1 

_ 5-6 192tt 

=0-603. 

Otherwise , oa d of 2,240 lb. is 6 0 lb. wt. 

The effort required to raise tnc i , 

Output of work =2240 * jg ft - 

Input of work = 2ir x2 x6-0 ft. lb. 

Output of work 
Efficiency - - In ^T 0 f work 

2240^,. x 22 x5 . 0) 

= -4B ‘ ^ 7 

2240 7 

= '48 88 x 6-6 

= 0-063. 

The efficiency h 0-663 correct to three dinita, «•»*» 

78. The Velocity Ratio of “^““^j^that they are in the 
Suppose that two w e narallel to each other. Let the 

«<*«*. - ****« ,oothed 



Velocity Ratio ol Wheel Train = ^ 

Fig. 131. 

by the force exerted by the teeth of one upon the teeth of the other 
in the second case. Consider the case of the friction drive. If 
there is no slipping at the contact when the first wheel (radius a ) 
rotates once, its whole circumference, ‘Ijra, has been in contact 
with the same length of the circumference of the other, and 


therefore the second wheel makes 


In a = a 
'Inb b 


rotations. 


(Thus if the radius of the first wheel is 2 in. and that of the 
second o in., for every complete rotation of the first wheel the 
second wheel rotates 


27r x 2 
277 x G 


= ^ of a complete rotation.) 


When the first wheel makes N rotations the second wheel 


makes N rotations. 
h 


If n is the number of complete rotations of the second wheel, 


, t a 

n = N , 

b 


and 


n a 

N ~ b' 


Number of rotations of the second wheel 
Number of rotations of the first wheel 


Radius of the first wheel 
Radius of second wheel 
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If a third wheel of radius c is placed in contact with the second 

wheel the three wheels form a wheel train. 

When the second wheel makes 1 rotat.on, the third wheel 
makes 4 rotations, therefore when the second wheel makes 


rotations, the third makes £ ** = £ rotations. 


The velocity ratio of a wheel train 

Number of rotations of the last whed 
= N^ibeToTrotations of the first wheel 

Radius of the first wheel 
“ Radius of the last wheel 

If the wheels are toothed wheels. 

Number of rotations of last wheel 
Velocity ratio = Numbcr ’of rotations of first wheel 

Radius of first wheel 
“ Radius of last wheel 

Circumference ot first wheel 
= Circumference of last wheel 

Nu mber of t eeth in fi rst wheel 
= "Number of teeth in last wheel 



Fig. 132. 


a, “he mdh ofr^ dS wheels, "an d' B ^Cand^u"^ ra^i 
of the driven wheels. 


5 
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When the first driving wheel makes 1 rotation, the first driven 


a 


wheel makes ^ rotations. 


When the second driving wheel makes 1 rotation, the second 
driven wheel makes ^ rotations. 

Thus when the first driving wheel makes 1 rotation, the 


second driven wheel makes 


. — rotations. 
B C 


Velocitv ratio = 


£ = P T _ 

D Q ’ R ’ S’ 


The velocity ratio of the whole wheel train if given by 

a b 
B ' C 

where />, q , r, Q, R and are the numbers of teeth in the wheels. 
Suppose that the numbers of teeth are 12, 60, 15, -15, 12 and 84, 

1 

105’ 


.. . . . 12 15 12 

Velocity ratio = — x — x — 
3 60 45 84 


Hence the number of revolutions of the first wheel in a given 
time x velocity ratio of the wheel train = number of revolutions 
of the last wheel in the same time. If the first wheel in the above 
train makes 600 revs, per min., then the last wheel makes 

600 x_L =5-71 revs, per min. 

105 F 


79. The Crab Winch. 

The crab winch is a simple machine which makes use of 
toothed wheels. In a single-purchase winch (see Example 7, 
p. 134) the effort is applied to turn a small toothed wheel, which 
in its turn drives a larger toothed wheel. The winding drum is 
fixed to the shaft of the larger wheel. In a double-purchase 
winch the first toothed wheel drives a second larger wheel, which 
is secured to the same shaft as a smaller toothed wheel, and this 
in its turn drives the toothed wheel on the drum shaft. In 
Fig. 133 below a model crane is shown which makes use of 
a double-purchase winch. 
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Fig. 133. 


Example .—In <><' ?° d '! o“£," ^''** 

wheel makes jj rotations. . , s onc „«»«. the second 

When the second driving w ‘ 
driven wheel makes ^ rotations. 

u -l makes 1 rotations, the second 
Hence when the second dr.ving wheel makes 4g 

driven wheel makes 4g ' l44 rotations ;(il . 1 

Thu, when the effort aW ^ 30 Rations ,he drum m 
mu, ion. and 

Dtsunce .noted advantage 

Efficiency-^- Velocity ratio 

_L'»°-216 

8 

_ 25 «»r 8-7 per cent. 

288’ 
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80. Cranes. 

The Jib Crane .—In a jib crane the jib can usually be raised and 
lowered, and the crane itself can be rotated about a vertical axis 

The Hammer-head Crane .-A hammer-head crane consists of 
a horizontal portion in the shape of a hammer-head which is 
balanced on a central supporting tower. The load is supported 
from the long portion of the “ hammer-head and it can be 
moved along it horizontally or raised vertically, and the whole 
hammer-head can rotate horizontally on the central tower. The 
centre of gravity of the load and hammer-head is kept over the 
central tower by adjusting a balancing weight on the part of 
the hammer-head behind the crane-operators cabin. The 
whole crane can be moved horizontally on rails. 


81. Worm Shafts and Worm Wheels. 

The machine-cut teeth on a worm shaft and 
its associated worm wheel are frequently used for 
lifting purposes, since when properly designed 
they make an efficient combination in a highly 
convenient form, and enable a high velocity ratio 
to be obtained with a minimum of machine 

parts. 

Worm drives are used on motor cars. l ne 
worm shaft is driven at one end by the engine of 




Fig. 134. 


Flo. 136. 


Fig. 137. 
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EFFICIENCY OF MACHINES—EXAMPLES 

y° h^^d'a^rake" which "acts 1 * autoinaticaUy, is necessary to 

prevent the^load^from taking charge when the effort is removed. 

EXAMPLES XX 

Efficiency of Machines, Velocity Ratio, Etc. 

1 . Asc—iacK is OPAWW..-.U 

from the centre line of the jack » ^ ? What effort applied at the 

What is the velocity ratio for the ^ach tQ raisc a load c f 3b cwt. 

end of the lever would be rxqu' be on l y 28 per cent ? _ 

& eJSk^K'^S- - a ,oaJ of 15 cm - if *• ‘ ffic,cncy 

of the jack is 15 per cent. ? . the opposite page, if the 

- iooos .0- no, o^a 

scret 1 ^by*^single'thread'won^(see"Fig. S- Calcula^ 

worm wheel is driven b> ^ WQrm ncccssary to cause 1 / 1000 th 

in. axial travel of the screw- from 3* revolutions 

(u) The travel of the screw that "ould 

(Hi) The'veloci^nitio of ,h. ar,nn B em<n,. 



Single Thread Worm 


IMG. 13b. 


Wheel 
SO Teeth 


Thread Screw 
" Pitch 



L ibr a ^ 
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6 . Calculate the velocity ratio of the following wheel trains : 

(а) Driver, 20 teeth ; driven wheel, 45 teeth. 

(б) Driver, 20 teeth ; first driven wheel, 30 teeth ; second 

driven wheel, 45 teeth. 

0. Calculate the velocity ratio of the wheel trains shown in the figure. 



7. In the hoisting crab winch illustrated, calculate the velocity ratio. 
The diameter of the barrel is 4J in., the toothed wheels have 16 and 80 
teeth respectively, the handle has a radius of 1 ft. 3 in. What load can 



Fiq. 140. 
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efficiency of machines— exampi.es 

be moved with an effort of S^lb 

on^the ^sanve SSTThTLndl? and small toothed wheel are fixed on the 
same shaft. (Neglect friction.) Th e pinwheel 

. ®-.A n.ck .nd ; P.n 1 on»- r *»n e f ^ , £ 0 in. The we.*. 




Fio. 141. 

of the rack and sluice gate* * P t '^.-^calculate the effort 

is 1 in. If the efficiency of the arrangerm nt 

required to raise the gate. insists of a single-threaded worm 

9. A machine for raising weights cons is fixe d to the barrel 

which drives a worm wheel with •*« te<m. 



Fie. 142. 

If the barrel has n diameter 
of the winding drum and has the same aM^ ^ jn cffcC tive radius of 
of 8 in., and the handle turomj * of , l0 lb. wt., the efficiency 

15 in., calculate the load raised b> an effort 

of the arrangement being 0-1 . winch. The effort * ?PP“ ed 

10 Fig. 143 shows a double-purch drum has a diameter 

at theend 8 of a handle of are : A 12 ; *,<*1 

of 10 in. The number of teeth m the winch. If the rfl.uency 

C, 15 ; D. U0. Calculate the velocity rauo 
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of the machine is 25 per cent, when the effort applied is 50 lb., calculate 
the load. 



11. The figure shows the gearing of a machine. A is the motor shaft 
and runs at 480 revs, per min. The numbers of teeth in the wheels are 



as follows: B, 20; C, 80; D, 25; E, 75; F. 20; and G, (50. G is 
keyed to shaft H. Determine the speed of shaft H. 

' 12. A double-purchase winch (see figure of Example 10) consists of a 
barrel 5 in. in diameter, driven from a handle 20 in. long by a train of 
wheels : driver, 14 teeth ; follower, 56 teeth ; driver, 16 teeth ; follower, 
46 teeth. Find the velocity ratio for the machine. During a test on the 
machine the following observations were made :— 


Load Lifted. 

Force applied at 
End of Handle. 

Lb. 

Lb. wt. 

100 

0-8 

200 

7 3 

240 

7-8 

280 

8-3 

320 

8-8 


EFFICIENCY OF MACHINES—EXAMPLES 13 ? 

Calculate the efficiency of the machine at each of these loads, and 

plot a graph to show ^V^^'^Squired to lift a load W £ applied 
13. In a screw-jack Tcirclc of radius 7 in. The pitch 

at the end of a handle which describes card ^ b the 

- i • What is the velocity ratio .1 7 ) 

efficiLcyTan effort of 5 ^ 'lift' 

for heavier loads rises to 33 per cent., wn (O.C.) 

must the efficiency be so low ? k ^ 6 0. Its efficiency is 30per 

14. The velocity ratio of a sere' J j tQn this jack ? (O.CO 

cent. What effort is rfa rope coiled round a drum which 

is routed 

(TequS to Uo-thirds of the weight. Find emte 
advantage and the efficiency. . r0 pe wrapped round a vertical wheel 
A Q )\ r^eaTed b L a a r °h P orizonSr wheel B having 20 teeth. 



A having 70 teeth. B is rotated ^ ^nd^he'velocity ratio, 

of an arSi 6 ft. long, which** g 8 b ^g lifted, friction « equivalent t° an 
W 1 HC d ofTcwt 1 FindAe mechanical advantage and efficiency } 

"nYTH. velocity iSMfSfel 

load of half a ton is 20 percen. friction in lifting it 1 m. ? (O-C.) 

- 35ft - - - a 

pU^fiTA? ?. A i2£l.* « 

The effort required to maintain the^ ‘ , b Calculate the mechanic* 

£KSa jfiSi &m-chi-c « e.ch ,o.d. 

s« 
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19. Describe two different types of machine in which an effort of 
10 lb. wt. would be capable of lifting a load of 42 lb., the efficiency 
being 60 per cent. Illustrate your answer by carefully drawn diagrams. 

(L.M .) 

20. Explain the meaning of the terms mechanical advantage, velocity 
ratio and efficiency as applied to a machine, and show the relation between 
them. 

A screw has three threads to the inch, and the effort is applied at right 
angles to the end of an arm which is 1 ft. long. What force must be 
applied to lift a load of 2 cwt. if the efficiency is 25 per cent. ? ( L.M .) 

21. In a book press the effort is applied at the two ends of a lever of 
length 2 ft., and the screw has a pitch of $ in. The efficiency of the press 
is 42 per cent, when the efforts applied at the ends of the lever are each 
25 lb. What is the pressure per square inch exerted by the table, which 
is rectangular and has the dimensions 12 in. by 11 in. ? 


82. The Law of a Machine. 

Using one of the machines which have now been described, 
such as the Weston pulley block, let us suppose that with no 
load on the machine we apply increasing efforts and note the 
effort which just begins to move the machine. If we repeat this 
a number of times we see that the effort which just moves the 
machine with no load cannot be determined very accurately, 
since only a small effort is required, and it is not easy to decide 
the precise effort which just moves the machine. If we apply an 
effort which is the average of the foregoing results, we may 
assume that we have a machine in which the frictional effects 
and weights of moving parts are just balanced on no load, thus 
an additional effort will enable us to raise a corresponding load. 
When additional efforts of 2, 4, 6 and 8 lb. wt. are applied in 
succession we notice that the loads raised also increase by equal 
amounts. Does this mean that once the frictional effects, etc., 
have been balanced for no load the machine behaves like a perfect 
machine for additional efforts, giving outputs of work equal to 
the additional inputs of work ? If this is so when we divide a 
load raised by the additional effort required to raise it and then 
divide this result by the velocity ratio of the machine, the answer 
should be unity. 

Frictional resistances, etc., are balanced by 1-85 lb. wt. effort 
on no load. 

The results of an experiment with a Weston pulley block are 
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Effort. 

Additional 
Effort = A. 

Load = L. 

LvA. 

Lb. wt. 

1 -85 

3-85 

6- 85 

7- 85 

9-85 

11-85 

Lb. wt. 

0 

2 

4 

6 

8 

10 

Lb. 

0 

18 

38 

57 

77 

96 

_ OO 

9 0 

9-5 

9-5 

9-6 

9 6 


> ClUViv; 

. ^ -,hnve table It will be noticed that when the load 

failed 'is divided by the additional effort the result is very nearly 
constant but that when this latter result .s chv.ded by the 

velocity ratio of the machine the quot.ent 18 t ab le ZwTat 
wtu • +u:e ? Thp fitnires quoted in the above table snow mat 

“The" law deferred™h connects the effort applied with 
, - , a 'c railed the Lvvv of the machine. In the following 

the load tamed .s called THE nAWO . machine and show 

^"brex; h rle“ e or,ened form by means of a simple 

alg teea." APP'V 

as accurately as possible the eltor 9 • with thc effort required to 

sets of readings should be ’h is usuafly possible to determine the 

move the machine on n p.* oa ^* methods: first, by calculation; and, 

velocity ratio of the machme finding t he velocity ratio by expen- 

second, by direct experiment. *» wc ,i with each other should 

ment at least three results which i t y d pr0 ceed to draw a graph in 

be taken. Tabulate «he results as bclow ^ |oads which thcy raIse . 

which thc efforts applied are Plotted again - ( 

Load = L. 


Effort =E. Load = L. 


Lb. wt. 
2-50 

3 2 5 

4 00 
5-26 
6 75 


Lb. 

7 

14 

21 

32 

38 


Effort — E. 


Lb. wt 

6 50 

7 00 
8-25 
9 • 7 5 

11 -25 
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Once the points on the graph have been plotted, we observe that they 
lie fairly accurately upon a straight line, which we now draw to lie as 
evenly as possible through these points. This straight line need not pass 
exactly through any plotted point, but the points must lie equally distri¬ 
buted on either side of the line and as close to it as possible. 

In the above graph the line meets the effort axis at A, and P is any 
point on it. A number of steps have been drawn on the graph to show 
that equal increases in the effort result in equal increases in the load. 
O is the origin corresponding to no load and no effort where the axes of 
the graph cut. 

PN is drawn parallel to the effort axis. 

AN is drawn parallel to the load axis to meet PN at N. 

Pj and N x are two points obtained in a similar manner to P and N. 

Referring to the graph, AO represents the value of the effort required 
to move the machine on no load, and its value may be compared with 
that found by experiment. 

Let AO represent e lbs. wt. (e is a constant number). 

Using the similar triangles APN, AP 1 N 1 ... 


PN _ P 1 N 1 . 

AN ANi 


PN 


Therefore the ratio —^ is constant in value no matter where P ia 
chosen on the straight line. 

If 

and 
then 


and 

Hence, 


E lb. wt. represents the effort applied, 
L lb. represents the load moved, 

PN represents (E - e) lb. wt. 

AN represents L lb. 

PN (E - e) _ , 

__ ==- — = a constant number, say a , 

L 

(E - e) = aL 

E =aL + e. 
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This is the law of thb MACHINE ; it may be written : 

The effort required to move a load 

= a constant number * load +a second constant number. 


First Method of Finding a and e. 

It has already been shown that e is the eflort which moves the 

machine on no load, and from the above graph, e = 1 -85. 

To find a we choose AN to represent a convenient number 

of units on the load scale. In the present case, 

AN represents 50 lb., 

an d PN represents 5-15 lb. \vt. 


PN 

AN 


5-15 =0-103. 
50 


Thus the law of the machine is 

E=0103L + 1 -85. 

From this law we can find the load L if we are given the effort 
E, and conversely we can find E if we are given L. 

83. Second Method. To Find the Law of a Machine from 
Two Corresponding Pairs of Values of Effort and 

Load. 

Referring to the above graph, suppose that we choose two 
corresponding values of the load and effort, and rom these 
results try to find the law of the machine. It is readily seen that 
the law obtained by this method does not in general 
behaviour of the machine as accurately as that found by the above 
methods ; for the straight line joining any two points on. the 
above graph will not as a rule coincide with tb «. ai ^y dra n 
and which should give the best result we can obtain from the ten 
plotted points. As an example, consider the points . 

Effort - 4 lb. wt. Effort = 9 lb. wt. 

Load = 21 lb. Load = 70 lb. 

Assuming that the law of the machine is a straight line law 
of the form 

E“<iL + * 

4 = 21 a+e . • • • (1) 

and 9 = 70 a+e . ■ ■ < 2 > 
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Subtract equation (1) from equation (2), 

5 = 49a 

a = 5 = 0 - 102 . 

49 

Put 0*102 for a in equation (1), 

4 = 21 x 0*102 + e. 
e = 4 - 2*14 = 1 -86. 

The law of the machine is therefore 

E =0-102L +1*86. 

EXAMPLES XXI 

1. Calculate the efficiency of the Weston pulley block from the results 
given in the table and draw a graph showing the efficiency for different 
loads. The velocity ratio is 20. _ 


Effort. 

Load. 

Effort. 

Load. 

Lb. wt. 

Lb. 

Lb. wt. 

Lb. 

3-85 

18 

9-86 

77 

6-85 

38 

11 86 

96 

7-85 

57 




2. From the given table of values determine the law of the machine 
in the form E =a L +e. 


Effort, E. 

Load, L. 

Effort, E. 

Load, L. 

Lb. wt. 

Lb. 

Lb. wt. 

Lb. 

4 25 

14 

10 00 

84 

5-25 

28 

11 -25 

98 

G-50 

42 

12-50 

112 

7-76 

66 

14-75 

140 

9 00 

70 




What load will be raised by an effort of 7 lb. wt. ? 

3. Assuming a law of the form E=aL +e. Calculate a and e, given 
that when E = 5*25 lb. wt., L = 28 lb., and when E = 12-5 lb. wt., L — 112 
lb. From your law find what effort is required to move a load of 50 lb. 

4. The law of a machine is found to be E=0*02W + 1-5. Draw'the 
graph showing the effort against a load base up to loads of 400 lb. If 
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the velocity ratio of the machine is 200 . calculate efficiencies of the machine 
when the load is 50 and 2.»t) lb. 

6 . Assuming a law of the form E = aLn b, where « andftar^constants. 
find the values of u and b from the following table of results . 


Effort. 

I>oad. 

Effort. 

Load. 1 

Lb. wt. 

7 0 

10 8 

14 0 

1S-5 

22-2 

Lb. 

10 

20 

30 

40 

60 

Lb. wt. 
200 

30 0 

33 0 

37 5 

41-4 

Lb. 

00 

70 

SO 

00 

100 


6 . Explain the terms velocity ratio and efficiency in connection with 
m “fcia.ion between the force P and 

— *Tf taTScS. 5n which the velocity ‘ “ •*» 

of 30 lb. wt. will lift a load of MO lb. and a ‘° rct wil , Uft an d lh e 

load of 200 lb., find the load that a force of 80 lb. wt. ; ) 

efficiency of the machine under this load velocity ratio is 42, and 

7 In a mach.ne used for hotsung lo ds ffie veloc.ty , q( ^ 

it is found that an effort of w id. wi. is * M 

at a steady speed. Find thc effic ‘^ c> p * J thc | oa d tv are connected by 
If in the above machine the effort P and the tQ movc the 

a law P=a+btv, and an effort of ,2 \ l lb. wt. v (O.C.) 

machine when there is no load, in . ‘ r jq an j j t i 9 found thut 

8 . A Weston pulley has a veloc ‘hftUds of 28. r .6 and 112 1b. 
efforts of 9, 14 and 24 lb. wt. are nc to |j tt 100 lb., and plot a 

with this pulley, hind the effort ^ , oad What IS ,hc probable 

graph showing how efficiency alt h rk w j]l be done against 

efficiency with a load of 5 cwt., and how muen (O.C.) 

friction in lifting this load through 1 ft. t 

84. The Effect of Friction. 

When the EFFECT OF FR.CT.ON has been I 
we have now seen that equal increases m the effort appl.edto^ 

machine cause equal increases in * e mo ' t) e vnr k 

the work done 

constant The load r ed divhledhydm ve^iry 

ratio of a machine is the effort which would be fXmforJTth^ 
this load if there were no effect of fnetton. and therefore ,f th 
value of the effort is subtracted from ,ts actual value the re.ult 
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is the part of the effort used in overcoming the effect of 
friction. 

Thus F = Effect of friction = E - ~ -—• 

Velocity ratio 

Now F is readily calculated, and it is found that there is a law 
connecting F with the load moved similar to that obtained for 
the law of a machine. In fact, 

F = cL + rf 

where c and d are constant numbers, which may be determined 
by exactly the same procedure as that described when finding 
the law of a machine. 


EXAMPLES XXII 
Effect of Friction 

1. The following results were obtained during an experiment with 
a lifting machine having a velocity ratio of 8 . 


Load Raised. 

Effort. 

Load Raised. 

Effort. 

Lb. 

Lb. wt. 

Lb. 

Lb. wt. 

5 

4-8 

30 

14 

10 

GO 

40 

18 

20 

100 




Assuming ideal conditions for the machine, calculate the loads that 
would be raised by the various efforts. 

Set out on an effort base graphs of actual and ideal loads raised, and 
explain the reason for the differences between them. 

2. An experiment on a lifting tackle gave the following values :— 


Load. 

Effort. 

Load. 

Effort. 

Lb. 

Lb. wt. 

Lb. 

Lb. wt. 

20 

15 

no 

37 

50 

22 

120 

41 

80 

1 

30 

160 

40 


What was the effort when there was no load and when the load was 
150 lb., and what was the load which an effort of 35 lb. wt. could lift ? 

If the velocity ratio of this machine were five, what would be the effort 
required to lift 10O lb. if there were no friction ? What effort would be 



EFFECT OF FRICTION—EXAMPLES 

required to overcome the Motion only of the rn.ch.nt when lifting a load 
of 100 lb. ? , , Draw a yrapli in which F, 

the *ef feet C <ff friction,°is‘plotted aginst ‘aLo 

r ?he Ct ^ph SS the Effort *cwi a load base (E =aL +.). Compare the 
values of d and e when L is zero. _ 


Effort. 

Load. 

L 

V.R. 

F = E v 

Lb. wt. 
2-50 

Lb. 

7 

14 

0-318 

0-036 

218 

2 01 

3*2o 

91 

0-055 

3 06 

4 *00 

— A 

09 

1 -400 

3*94 

5*40 

0*10 

7 00 

8*00 

38 

45 

52 

1 -730 

2 050 
2-300 
2-860 

4*37 
4*9.7 
6 64 
6*39 

9-25 

U d 

3-500 

7*50 

11 00 

13-75 

/ / 

08 

4-460 

9*29 

I 


L 


tk< . of friction and the load, using 

,h« Mh^Ub" velocity ratio of th^tnachinci^O. 


Effort. 

I ,oad. 

Effort. 

Lb. wt. 

4-25 

6-25 

Lb. 

14 

28 

4 •> 

Lb. wt. 
10-00 

11 25 
12-50 

6- 50 

7- 75 

66 

14-75 

9-00 

70 






CHAPTER VIII 


SPEED AND VELOCITY 

85. A body which is changing its position is said to be in motion. 
When the motion of a body is being considered we may take it 
that, unless otherwise stated, the body is not spinning, and for 
convenience its path may be taken to be that of its centre of 
gravity. Thus if the motion of a football is being observed, 
its path may be taken as that of the centre of the ball. 

A train is observed to travel four equal distances of \ mile 
in equal times of 15 sec. each. Suppose that the motion is quite 
steady, not changing in any manner, then the train travels in the 
following way during the 60 sec. :— 

440 yds. in 15 sec., 

440 j . 

-yds. in 1 sec., 

15 

i.e., 88 ft. in 1 sec., 

8-8 ft. in l/10th sec., 

0-88 ft. in 1/100th sec., 

and so on. 

Do the observations of the motion of the train convince us 
that in any l/100th sec. during the 60 sec. it travels 0-88 ft. ? Is 
it not possible for the train during a few seconds to travel a little 
more quickly than the steady motion which has been described, 
as well as a little more slowly during a few seconds, and yet 
travel J mile in any one of the 15-sec. intervals ? To test for 
steady motion we can observe whether or not the train travels 
equal distances in equal times ; the shorter the times are made 
the better will be the test, provided that the distances and times 
can be accurately measured. It is more usual to refer to steady 
motion as uniform speed. 
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Speed. 

The speed of a body is the rate at which it describes its 
PATH. Suppose that the distance described by a body is measured 
from a fixed point on its path, then the speed of the body is 
measured by the increase in this distance per unit time. If the 
path is curved, the increase in the distance is the length of a 
curved line. Again, if the speed is variable the increase m the 
distance described per unit time must be found upon the assump¬ 
tion that during unit time following the instant at which the 
speed is being measured the speed remains constant. 

U nif orm or Constant Speed. 

A BODY TRAVELS WITH UNIFORM SPEED IF FT DESCRIBES EQUAL 

DISTANCES IN EQUAL TIMES HOWEVER SMALL THESE 11 ^ES * 

This definition applies equally well to mot,on m a straight 
line or motion in a curved path ; in the latter case thed.stances 
are measured along the curve and w,ll cons.st of equal lengths of 

"T'JSSm speed of 1 mile per minute is equal to a uniform 

speed of 60 miles per hour, i.e. 9 

1 mile per min. = 60 m.p.h. 

= GO x 1760 x 3 ft. per 3600 sec. 

60x_I760_x 3 ft /sec# 

3600 

Therefore, 60 m.p.h. =88 ft. 'sec. 

Again, 1 m.p.h. ft./sec. = ^ ft./sec. 

27 m.p.h. -27 x^“ ft./sec. =39-6 ft./sec. 

86. Variable Speed. . , • 

If a body does not describe equal d,stances ut 'qual t-mes 
* - • ^ . . • *Atr\ travel with variable speed. I rains 
during its motion it is said to . 1 although during 

and motor cars travel with. v P uniform 9pce ds. 

comparatively short times they may 
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When the speed of a body is changing, it is travelling at a 
particular speed at a certain instant only ; this speed is referred 
to as the instantaneous speed of the body at a certain time. 


87. Average Speed. 

We have seen that if a train is observed to travel 1 mile in 1 
min., we cannot therefore assume that it travels at the uniform 
speed of 1 mile/min. Nevertheless, if the train were to travel 
at the uniform speed of 1 mile/min. it would travel the observed 
distance in the observed time. One mile per minute is in this 
case called the average speed of the train during the 1 min. 
of time that it was under observation. Thus , if a body completes 
a journey in a certain time its average speed is measured by the 
uniform speed with which it would have to travel to complete the 
same journey in the same time. Since the speed of a body is to be 
expressed as the distance travelled in unit time. 


Average Speed 


Total distance travelled 
Total time taken 


Example (1 ).—A motor car travels a distance of 40 miles in 1 lir. 
40 min. What is its average speed (a) in miles per hour, (b) in feet per second ? 

(a) In IS hrs. the car travels 40 miles. 

40 

In 1 hr. the car travels — =24 miles. 

3 


The average speed of the car is therefore 24 m.p.h. 
Otherwise, 


Average speed = T®** 1 . distance travelled (miles) 40 

Total time taken (hours) If 


™=24 m.p.h 


(b) Average speed =T° tal f ^tance travelled (feet) 

Total time taken (seconds) 

_ 40 x 1760 x 3 
* 100 x 60 

= 35-2 ft./sec. 


Otherwise, 


60 m.p.h. =88 ft./sec. 

1 m.p.h. ft./sec. 

60 

QO 

24 m.p.h. x 24 =35-2 ft./sec. 

00 
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Examole (2 ).—Two boys run a race ; the first boy gives the second 
10 yds. start and runs 220 yds. in 30 5*c.. thereby losing the race by 2 sec. 
Which boy runs the race with the greater average speed 7 

The second boy runs 210 yds. in 28 sec. 

Total distance trav elled 

Average speed of the second boy 'Pota! time taken 

_210 x 3 _22-5 ft./sec. 

28 

The first boy runs 220 yds. in 30 sec. 

t 220 x 3 _ QA * t 

Average speed of the tirst boy =—^ -n./sec. 

The second boy has the greater average speed. 

__ . _j tru j n travels from A to D stopping at B and C. 

average speed of the train for the whole journey . 


Station. 

Times. 

Distances. 

A depart 

D arrive 

1.00 r.M. 1 
2.00 „ 1 

A to B, 30 miles. 

B depart 

2.05 „ \ 

B to C, 22 „ 

C arrive 

2.4;> ,, ) 


C depart 

D arrive 

2.50 „ \ 

4.00 „ ) 

C to D, 49 „ 


LMSlilllLC 

Average speed for the journey from A to B Time taken 

= 30 m.p.h. 


i* 


99 


u 


9 * 


»* 


ft 


»* 


•22 « , 
n C “ — -33 m.p.h. 

- $ 

40 

r .. u = 

t# 


n = 1? =42 m.p.h. 

C ” 1* 


For the whole journey, 

Total time taken = 3 hrs, 

n i a . t>«> + 401 — 101 miles. 
Total distance travelled =(•«> ’ 

To I At. DISTANC E TltAVTI-l-EO 

Average ipccd = TOTAL TIME taken 

101 

& 8 

= 87 in.p.h. 
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EXAMPLES XXIII 

1. At what uniform .speed should a body travel if it is to describe 
220 yds. in 10 sec. ( a ) in feet per second, ( 6 ) in miles per hour ? 

2. Two cyclists travel by different routes from a place A to a place B. 
The first cyclist travels 12 miles in 1 hr. 12 min. The second cyclist 
starts 20 min. after the first, and arrives at B at the same time after 
travelling 6 £ miles. Calculate the average speeds of the two cyclists in 
miles per hour. 

3. Using the table given in the last paragraph, show that the average 
speeds for the journeys A to C and B to D are 29-7 and 37 m.p.h. 
respectively. 

4. A belt is driven by a pulley of diameter 7 in. Find the speed in 
feet per second of a point on the rim of the wheel, and therefore the speed 

of the belt, given that the pulley rotates 100 times in 1 min. = 

6 . The belt in the previous question is used to drive a smaller pulley 
of diameter 4 in. If there is no slipping of the belt on the pulleys, what 
is the speed of a point on the rim of the smaller pulley and how many 
times does it rotate in 1 min. ? 

6 . The following is the time-table for the journey from London to 
Paris by the short sea route :— 


Miles. 





— 

London (Victoria) 

depart 

• 

. 11.00 A.M. 

78 

Dover Marine 

| arrive 
(depart 

• 

• 

. 12.35 P.M. 

. 12.65 „ 

103 

Calais Maritime 

1 arrive 
(depart 

• 

• 

• 2.10 „ 

. 2.30 „ 

283 

Paris 

arrive 

• 

. 5.43 „ 


Calculate the average speeds from Ixmdon to Dover, Dover to Calais, 
Calais to Paris, and, finally, for the whole journey. 

7. The records for the 100 yds. championships are held by J. Donald¬ 
son, Australia (Professional)—time, 9 j see. ; F. VVykoff, U.S.A. (Amateur) 
—time, 9 4 see. Calculate their average speeds in feet per second correct 
to three significant figures. 

8 . The greatest air race of 1934 from England to Melbourne was 
won by C. W. A. Scott and T. Campbell Black in 2 days, 23 hrs., the 
distance covered being 11,300 miles. Calculate the average speed for 
the journey correct to one decimal place. (The machine was a D.H. 
Comet.) 

9. The Silver Jubilee train made four world records : 

(a) Twenty-five miles between signposts 30 and 65 in 13 min. 

57 sec. 

(b) Hatfield to Huntingdon, 41 miles 15 chs., in 24 min. 34 sec. 

(c) Forty-three miles at 100 m.p.h. 

(d ) Wood Green to Flctton Junction, 70 miles, in 45 min. 44 sec. 

The first three were world records for cither steam or Diesel traction 
and the fourth tor steam traction. Calculate the record average speeds 
for ( a ), ( b ) and ( d ) correct to one decimal place. 
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10. Two ships A and 

east of B. A steams directly so , P g M Find graphically or 

60° south of east, and the two ships meet at » P.M. r K 

otherwise the average speeds of the two ships. miles 

11. A ship leaves a port P for another port finds that it 

due north of P. Owing to fog 0() o p !^ t of north Q f P. If it has 5 hrs. 
'i w£ch to S ?ea"h Q?ro a m R and it maintains a straight course, at what 

100 yds. in 10 sec. to 

"^Convert («) 72 m.p.h.. (6) 18 miles 600 yds. in 56 min., (0 5 fur. 

3 Cl ?3 ”Tdrin“' “ ft" . P s"e“S”r d » 30 48 cm., prove tha, 1 m.p.h. 

"“4 °Iflft^30 48 cm., express a speed of 60 m.p.h. <»> m kilometre, 

P ' r , h 5 OU ( r o ) ( 6 Vhe?p n e , eTo“mSnVr,T P prox.ma.e ly 1,100 ft./sec. Express 

^(io ?hrsp P e'ed h o°f U h 8 h, is approximately 186.000 mi.es/sec How many 
,im ? as fas^as soun^does t^raveK ^ hc suggests that to gam a 

knowledge of pace an athlete should attempt : 

S3 T r h h : SS 3S # s a scc 

® 8E ^ a SS m“ i nt* race in 2 mim 65 sec 

to a T n h /w)“ C mr,per S hrr»rrect P ,o one decimal place. 

a heat B by 20 yds. and C can beat B 
17. In a quarter-miles race A can bea y > this j, stance 

by 2 sec. If A and C were matched against each o ca£e is 00 sec f ? 

which would win and by what distance if A s time in (L.A/.) 

(Answer to the nearest foot.) 


88. Distance-Time and Speed-Time Graphs. 

The two graphs on the next page show : . 

(1) The distance travelled by a tube train p 11 c 

(2) TheTpe^dof the trait, plotted on a time base. 

The two graphs are so arranged that 
time the total distance travelled by the tram and the », 

train at this time can be read at t ic same statements arc 

When we consider the distance-t.mc graph, as stateir 
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made about the speed of the train they should be checked by 
referring to the speed-time graph, and vice versa. 

The graphs are divided into four main parts : 

AB(A,B,), BC(B,C.) and 00(0,0,). 

OA and O x A x .— The part of the graph OA corresponds 

to the time during which the train is gaining speed. 

Thus, in the first \ min. the train travels 0 02 miles. 

„ second £ „ » »> 0 03 t™! 68 * 

„ third \ „ *» .» 0 05 miles. 

These readings show that in equal times the distances travelled 
by the train are increasing. We also notice the very important 
property of the distance-time graph, viz., the increasing speed of 
the train is shovm by the increasing slope or gradient of the giaph, 
i.e., where the distance-time graph is becoming steeper the train is 

moving with increasing speed. . 

AB and A X B X .— At A the graph has become almost a straight 

line, and remains so until B is reached. If we examine the 

“ steps ” drawn on the graph we see that equal distances are 

travelled in equal times, moreover, if the steps are made smalie 

this remains true. AB therefore corresponds to a period dunng 

which the train is moving with uniform speed. On the■ 

time graph constant slope indicates uniform speed On the^speed- 

time graph uniform speed is shown clearly, A,B l being a straight 

line parallel to the time axis. 

BC and B,C„ CD and C,D,.-The distance-time graph from 
B to E shows a continual decrease in the slope of ,' h e graph and 
consequently a corresponding continual decrease in the speed of 
the train. The speed-time graph bears this out, but P 
information about the way in which the speed change whtch 
cannot be readily seen from the distance-tune graph. Thus from 
the speed-time graph we see that from B, to C, the speed l.s 
decreasing steadily, but a, quite a slow rate in cornpa i on with 

the rate at which it changes from C, to ,. n ac travels 

the very different circumstances under which the train tra 

these Jo parts of its journey. From B, to C, the train is a e, 
ling under no motive power and is free-wheeling where^ 
from C, to D, the brakes are applied and, of course, the 
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train loses speed at a much greater rate than "hen it is 
free-wheeling. 

89 Determination of Speed from the Distance-Time Graph. 

89 'l Uniform Speed .—AB is the part of the graph which 

corresponds to uniform speed. From the smaller step, 
corresponds “ r t h at the train travels 

which have been drawn, it wil , 9 •. per m j n 

0-26 miles in 0-5 min. This gives ..speed ofO-52 miles per m,m 

or *11-2 m p h A better value of this uniform speed is obtained 

S =2 

instantaneous Speed .-Let us suppose that the speed ot 
the train is required « die P™n« ^ ^'^'^J^ed'tounTfonn 

Si rtr rr 3 t 

r u 4. o pjr there fore a tangent to the curie ai i . 1 

graph at P. PL J uniform at P the distance-time 

speed of the tram had been umforn .at t- ^ pL ^ j p 

graph would have consisted , find instantaneous 

continued. It has been stated in unit tim e 

speed we must determine js rcqu i re d upon the 

following the instant at wh . P stant during this unit time, 

assumption that the speed re therctore equa i to the uniform 

The instantaneous speed at 1 general, on 

speed as given by ^SninVspeeds'the 

a graph the bigger th « « u ]n the ca5e „f the graph we 

more accurate will be the r . ■ ■ ^ ^ MN is the time 

are considering a time base o travelled 

base, and LM represents the distance tmelled. 

LM 

Instantaneous speed at I 


2-1 
C 


miles per min. 


.= 0-35 x GO m.p.h. 

= 21 m.p.h. 

with the speed as given by the speed 


This result agrees 
time graph. 
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much greater rate than when it is 


train loses speed at a 
free-wheeling. 

89 Determination of Speed from the Distance-Time Graph 

Uniform Spee -.-AB * the * of th^^aph -hie,, 

corresponds to uniform speed ^ ^ ^ trajn travels 

which have been /aw , 0 -52 miles per min. 

sun S' =2 

31-5 m.p.h. T et us suppose that the speed ot 

2. Instantaneous p • At p the spee d is increasing 

the train is required at the point P. At for uniform 

and is therefore not to be found > curve of the 

speed. At P a straight line is drawn to touch die curve of 

graph at P. PL is therefore a tangent to the curve * 

speed of the train hadbeenundorm ^ P ^distance, ^ 

graph would have cons,st ^ . ortler to find instantaneous 

continued. It has been f™**«*^£ ^veiled in unit time 
speed we must determine t d . g ired upon the 

following the instant at which P Huriniz this unit time, 

assumption that the speed r '™!^™ fore equa , to th e uniform 
The instantaneous speed at r general, on 

speed, as given by the Sni^eeds'the 

a graph the bigger the ‘ t " he case „f the graph we 

more accurate used. MN is the time 

are considering a time nase u 

base, and LM represents the distance traielled. 

LM 

Instantaneous speed at 1 =■ 

e= 21 miles per min. 

G 

«=()-35 x 6U m.p.h. 

=f21 m.p.h. 

This result agrees with the speed as given by the speed- 
time graph. 
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3. Average Speed .—Consider the distance represented by the 
line QR on the graph and the corresponding time represented by 
the line PR. In the time PR the train travels the distance RQ, 
therefore the average speed during the time PR is given by 


' Average speed = 


RQ (miles) 
PR (mins.) 


miles per min. 


0-56 

-miles per min. 

1-2 


= 28 m.p.h. 

As the point Q approaches P, Q always being on the curve, 
the ratio of RQ to PR becomes more nearly equal to the ratio of 
LM to MN, and PQ becomes more nearly parallel to LN. Hence 
the smaller the time interval PR the more nearly is the average 
speed for this interval equal to the instantaneous speed at P. 

Let the distance travelled by the train at P be 5 miles, 
the time taken to travel this distance be t hrs., 
the increase in distance RQ be As miles, 
and the increase in the time PR be At hrs. 


Then the value of the ratio ~ when At is made smaller and 

At 

smaller is the instantaneous speed at the time t. 

4. Average Speed for the Whole Journey. —( a ) The average 
speed for the whole journey is given by 

Total distance travelled 2-35 
Total time taken 6 

2*35 


miles per min. 


x 60 m.p.h. 


— 23*5 m.p.h. 

A uniform speed of 23*5 m.p.h. is shown on the speed¬ 
time graph by the straight line EF. 
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/i\ c: nce t he speed of the train is represented by the “ height 
of specd-time^graph, the average speed for the whole .nterval 
of time fs equal to the average hetght of the graph. width _ 

First divide the area mto a number o^ strips 

parallel to the speed axis. Thus the strip 1S 

(« *e -P^J. scale > “XT speed axis corresponding" to 

bounded by ,1 " e8 „P*” „ at , min is written down. We now 

*7” ££ heights and divide the result by the number of 
heights ta^n (winch is also equal to the number of stnps). 

Taking strips of “ width i min., 

Average speed 

fi + 16 + 24-8 + 28-2 + 3 x_3^29^+28 + 2W+23 : 5 + 12 

- - - - 12 

284-0 

12 

= 23-7 m.p.h. 

6. re Find *. Tune - iSKSi 

fs'Tm.p'T VheTinc ST is drawn with a slope given by the 

ratio , 

TU (miles) = 2 1 = 21 of a m ii e in 1 min. = 21 m.p.h. 

SU (min.) 6 60 

Parallel to ST a line is drawi .%££££ 

in the figure. The l >0 ' nt 0 b|( ?° c " rr o r is possible in estimating its 
great care, since consider. j is 21 m.p.h. is repre¬ 
position. The time at which the speedy is P a second 

seated by PW and is 1 ^' n fr ° value, but this position 

position at which the speed has this same 

has not been shown on the grap 1 f Distance-Tune 

6. To Dram ,he Spced-1 nnr Grafi. .«« ' abov£ thc sp eed 

Graph.—\i : « ^ Th ' 

at any time may be lounu 
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speed-time graph may be drawn by plotting the speeds so found 
on a time base and connecting the points by means of a continuous 
curve upon the assumption that the motion is not jerky. 

Another method which may be used to obtain the speed¬ 
time curve from the distance-time curve is as follows : 



For small intervals of time the average speed of a moving body 
is nearly equal to the instantaneous speed at the midpoint of this 
interval of time. Thus by dividing the increase in distance in a 
given interval of time, by this interval of time the result is very 
nearly equal to the speed at the midpoint of the interval. Refer¬ 
ring to the graph shown above, this means that the chord AB 
is nearly parallel to the tangent to the curve at C. If a graph is 
drawn in which the values of the speed so calculated are plotted 
against the times at the midpoints of the time intervals, a speed- 
time graph is obtained by connecting up these points by a curved 
line. 

Consider the distance-time graph on p. 152, for which the 
following table gives corresponding values of distance and time. 
The table is arranged downwards so as to enable the subtractions 
to be carried out with the greatest ease. 
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1 

Distance. 

Time. 

Increase 

in 

Distance. 

Increase 
in Time. 

Average 
Speed 
(Miles per 
Hour) 

= Speed 
at Mid- 
interval. 

Time at 
Mid- 
interval. 

Miles. 

000 

Min. 

0 0 

Miles. 

Min. 





0 05 

0-5 

GO 

0-25 

1 

0 05 

0-5 







014 

0 5 

16 4 

0-75 

010 

10 


_ 1 





0-21 

0 5 

25-2 

1-25 

0-40 

1 *5 







0-24 

; 0-5 

28-8 

1-75 

0-64 

2 0 

| 




.. 


l 

0-26 

; »-5 

31-2 

2-25 

0-90 

| 2-5 ! 

1 





0-25 

0*5 

j 30 0 

2-75 

115 

3 0 


1 

1 




0 24 

0-5 

I 28-8 

3 25 

| 1 -39 

3-5 



I_ 

• 

1 


_ 

| 0-24 

0-5 

28-8 

3*75 

| 1 63 

4 0 


_ 

- ■ 1 — * - 



The speeds found by the above method may be compared 
with those shown on the speed-time graph. 
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EXAMPLES XXIV 

1. From the distance-time graph shown, find the speed represented 
by OA and by BC in miles per hour. Explain the shape of the graph AB 
and find the average speed for the whole journey, occupying 75 min. 



Fig. 150. 

2. The distance-time graphs OABCDEFG and OG are those of a 
cyclist and a pedestrian who complete the same journey of 20 miles in 
T hrs. From the graph find the times at which the pedestrian passes 



Fig. 151. 

the cyclist and the times at which the cyclist passes the pedestrian. What 
is the average speed of the cyclist ? When are they the farthest distance 
apart, and what is this distance ? 

3. A pedestrian walking at 4 m.p.h. passes a certain point in a road. 
'I'en minutes later a motor oar travelling at 20 m.p.h. in the same direction 
passes the same point. Draw a distance-time graph, showing the distances 
travelled by the pedestrian and the car during the 15 min. following the 
instant the pedestrian passes the certain point. From your graph find 
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when the car passes the pedestrian. How far are they apart ( 1 ) •> nun. 
before the motorist overtakes the pedestrian ; (..) at the end of the 

lnterval^of 15 ftun^? destrian start together along the same route. 

tix k 

.peed-time graph, |>-,ng ^ distances .-veiled "ptie's 
Sf^dS and"at Iwch r^hstTasses the pedestrian. After what 

time ^them be no more meertngs ■ ^ b sta ,i„ns 

corresponding to tL« measured from the beg.nn.ng of the journey 


Distance. 

Time. 

Distance. 

Time. 

Miles. 

0 00 

0 05 

018 

0-40 

0-65 

Min. 

0 0 

0-5 

10 

1-5 

2 0 

Miles. 

1 15 

1-63 

1 -80 

1-88 

1-90 

Min. 

3 0 

4 0 

4- 5 

5 0 

5- 5 


train 

rval 


of time the speed of the tram .s approx.™,cly ungj’™- llUTVab of half a 

graph hnd when the 

speed of the train is 2o m.p.h. x f fr „ nt a fixed point were dcu r- 


4 
4« 


mi^T^»" f s—nMrC; fhe tahies =- 

Time in seconds . • ^ i o? 

Distance in feet . • u 

Draw the distance-time graph for the body, am 
find (i) the average speed in the interval t - 1 • 
of the body at the end of 2-8 see. 


.> 

75 


from your graph 
4 5, (li) the speed 


g 6 The distances fallen hy a parachut iat .„ certa.n t.mcs ,s g.vrn 


in 


UWU1K • 



— 

Distance. 

'Time. 

Distance. 

Time. 

Ft. 

0 

100 

240 

400 

680 

960 

Sec. 

0 0 

2-5 

40 

5 0 

7 0 

10 0 

Ft. 

1,240 

1,300 

1,440 

1,520 
1,600 

Sec. 

15 

20 

25 

30 

35 


6 
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Draw the distance-time graph, and from it find (i) the greatest speed 
acquired by the parachutist, (ii) the constant “ terminal speed ” of the 
parachutist. 

9. The distance s fallen by a body in time t in a vacuum at a certain 
place are given by the formula s = 16- It 2 . Calculate the values of s corre¬ 
sponding to f =0, 1, 2, 3, 4, 5, and draw the distance-time graph. From 
your graph find the speeds of the body at / = 1-5, 2*5, 3*6, 4*5, and draw 
the speed-time graph for these values. Do you notice anything special 
about this graph ? 

10. The following table gives corresponding values of distance s 
and time t for a piece of sliding mechanism :— 


s . 

t. 

s. 

t. 

In. 

Sec. 

In. 

Sec. 

mm M 

0-0 

3-62 

0-7 

nor. 

01 

4-90 

0-8 

019 

0-2 

6-14 

0-9 


0-3 

7-12 

10 

0-90 

0-4 

7-78 

11 

1*50 

0-5 

8-00 

1-2 

2-47 

0 6 




Draw the distance-time graph, and from it find the maximum speed 
of the sliding piece. Describe the motion as fully as you can. 

11. During the launching of a cruiser the distance s travelled by the 
cruiser down the sliding ways is given, together with corresponding 
times in the following tabic :— 


I 1 . 

t. 

s. 

t. 

Ft. 

Sec. 

Ft. 

Sec. 

0 00 

0 

173 

24 

0-04 

4 

246 

28 

5 00 

8 

320 

32 

27-00 

12 

402 

36 

04 -00 

16 

484 

40 

112 00 

20 




From the distance-time graph find the speed after 12 sec. and the 
speed when the distance is 100 ft. Find also the time taken to acquire 
half the final speed. 

12. In the table below s represents the displacement of a piston from 
one end of its stroke, and t represents the time measured from the begin¬ 
ning ot the stroke :— 
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5. 


Ft. 

0 000 
0 041 
0-158 
0-343 
0-575 
0-834 
1-100 


r. 

s - 

t . 

Sec. 

Ft. ' 

Sec. 

000 

I -352 

0-35 

0 05 

1-575 

0-40 

0-10 

1-757 

0 45 

015 

1-892 

0-50 

0-20 i 

1-973 

0-55 

0 25 

2-000 

0 00 

0*30 




90. The Area Beneath the Speed -1 line Graph Represents 
the Distance Travelled. 


15 


10 


T5 S 
<y J 

O- 
XTi 







Unitor 

-w 

U 

</> 

IE 

•d 

c 





V O 



G F 

TS7S -'T/ 

i.i 

S R 

,E 



Yt' ‘ ‘ ‘ * 1 * - 

0. 1 

2 

3 


B 


I* 1C- 1 

/,-n Uniform Speed .—Consider the above speed-time graph, 
(a) Unijorm opera. ,« h if CB is measured 

in the units of the time scale. «... nunutes. then CB ^® 
represents the time for the whole journey m hours. OC « 
in the units of the speed scale represents a speed of^ 13 m.p.h., 
which is uniform during the whole t.me of the journey. 

CB x OC represents the total distance travelled in 


Therefore 


miles, for we have multiplied the uniform speed in miles per 

hour by the time taken in hours. , 

If OE is taken as a unit of length along the time base, and 
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OG the unit of length parallel to the speed axis, then OEFG 
represents a unit of area. If a body moves with the uniform speed 
represented by EF m.p.h. for a time represented by OE min., 
the distance which it travels is represented by the unit of area 
OEFG. Hence the area OEFG represents the distance travelled 
by a body which moves at 1 m.p.h. for a time of 1 min. 

That is, area OEFG represents 1/60 mile. 

Thus the area OABC measured in units equal to the area 


OEFG represents a total distance of miles. 


That is, (min.) x OC (m.pJi^) t ] ie total distance 

60 

travelled. 

The area in units equal to OEFG multiplied by 1/60 is equal 
to the distance travelled. Again, suppose that it is more con¬ 
venient to estimate the area OABC in units equal to one small 
square. SR, the side of a small square parallel to the time base, 
represents l min., and the adjacent side SP represents a speed 
of 1 m.p.h. The area of a small square is now taken as the unit 

of area, which therefore represents a distance of 1 x _~ miles. 

60 x 5 

Hence if the number of small squares in the required area is 
found, ami the result is multiplied by 1/300, the total distance 
travelled (in miles) is obtained. 



F G 

Time in secs. - 
i*io. li»3. 


(b) Variable Speed .—Suppose that a body is travelling with 
variable speed. The speed-time graph for such a case is shown 
above. It is required to tind the distance travelled during a time 



AREA OF SPEED-TIME GRAPH 


165 


represented by AB. Through A and B, AC and BD are drawn 
parallel to the speed axis to meet the curve at C and D respec¬ 
tively. AB is divided at F, G . . into a number of equal parts 
and through F, G . . ., parallels to AC which meet the curve 

at P, Q • • • are drawn. 

CLFA is a rectangle whose area has now been shown to 
represent the distance travelled by a body which moves at a 
uniform speed AC ft./sec. during a time AF sec. Similarly the 
area of the rectangle PMGF represents the distance travelled by 
a body which moves during FG sec. at a uniform speed of FP 
ft /sec In this manner the sum of the areas of all the rectangular 
strips represents the distance travelled by a body which at the 
time OF suddenly increases its speed from TL ft./sec to 
Hsec and at the time AG suddenly increases its speed from 
GM ft /sec to GQ ft./sec. and so on. If the number of rectangles 
U made larger the sudden increases in speed become smaller, 
li ft is readily seen that the greater the number of rectangles 
taken the more nearly does the jerky motion become the con¬ 
tinuous motion shown by the curve of the graph - Now he 
greater the number of rectangles becomes the more neariy is the 

therefcM^^see thaT^he^area*AC^B^b^eath^the^curve^ represents 

tHC ^rt'ZTl Distal Travelled*'JEqual <o the Average Speed 

*4r* * “ ssssz —■ a 

found by dividing the total detail average speed 

rngV^r::; h w'e ttS z - - - — 

travelled, for , . 

Distance travelled » Average speed x Time taken. 

91. Methods of Finding the Area Beneath the Speed-Time 

show e s d fow fhtm n e,h':dis £ rea.lv the'application of 
(3) below when the strips are of equal width. 
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2. Divide the area to be found into rectangles, triangles 
and trapeziums, the sum of the areas of these parts is the required 
area. 

3. Use rectangular strips alone and balance the parts of the 
strips which fall outside the required area against the parts of the 
area not included in any of the rectangles. This method is capable 
of giving very satisfactory' results. The figure used in the second 
worked example explains the method. 

4. By the counting of small unit areas, each of which repre¬ 
sents a known distance. 


Example (1). —The speed-time graph below is made up entirely of 
straight lines. 



To find the distance travelled dining the interval 1 to 3 min . 

The distance travelled is represented by the area of the rectangle ADPD 

= AD . DP =2 x 30 =60 units. 

1 unit represents the distance travelled in 1 min at 1 m.p.h. =1x1 miles. 

Therefore 60 units =60 x ^ = i mile. 

The distance travelled by the train in the interval 1 to 3 min. is 1 mile. 
To find the distance travelled during the first minute . 

The distance travelled is represented by the area beneath the speed- 
time graph. 

The distance travelled in the first minute is represented by the area 
of the triangle ADO. 

Area of triangle ALO ~ i . OL . AL = J x 1 x 30 = 16 units. 

16 units = 15 x -1 = J mile. 

oO 
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The distance travelled is represented b> the 
BCMN - 15 „ 1 

Area of trapezium BCMN = i ( 20 + 10) x i units = 4 go 


Therefore the distance travelled is 16 miles. 


Average speed in the interval 4* to *1 min. 

Distance travelled __ J_ . = — x 240 = 15 m.p.h. 
Average speed = Time^taken 16 ' 240 16 

Example (2,.-Fma. ■*.*-+*- ^ 

and the total distance trav elled. 



Time (mins.) 
Fig. 165. 


into five strips, the sum of the heights at the mean 

Dividing the W. * j P ud 

times is equal to the su 

* .-v «-» . ilk) * 1 I In 


nes is equal to me .. 

10-5 + 24 +27 +26 5 + 15 ^ 104_8 _ 20 ,. JG =21 m.p.h. 
Average speed -- 5 6 


1 per cent., which may be taken as a satisfactory 

Correct to the nearest p kind of graphical work, 

standard of accuracy for the p shown to b e equal to the area beneath 

Total distance travelled has he b al to 

the speed-time curve, and this in 


_104-8 
Average speed x '1 ime 6 


x _ — 1 -75 miles. 

00 


(Correct to second decimal Pj“ cc -> , distancc amounts to the assumption 
This method of finding th Rth is the sum of the dotted lines 

that the area of a strip. Vlto the required area. This can be 

and width that of one st "P* J? * q whosc . heights are the dotted lines, and 
tested by drawing the ' of these rectangles outside the rcc l>j‘ red 

noticing how the area of P arca nQt covered by any rectangl . 

area balances that of the parts oi 
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EXAMPLES XXV 

1 . The speed of a body at certain times is given in the table below. 
Draw the speed-time graph and find the distance travelled by the body 
during the first 5 sec. of its motion. 


Time. 

Speed. 

Time. 

Speed. 

Sec. 

Ft. /sec. 

Sec. 

Ft./sec. 

0 

00 

4 

180 

1 

4-5 

5 

22 •» 

2 

00 

6 

270 

3 

13 5 




2. The speed-time graph for a moving body is given below. From 
the graph find the distance travelled by the body during the journey. 



3. The speed-time graph for an underground tube train is shown in 
the figure below. Find the distance represented by one small square 
and the total distance travelled by the train. 
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4. A train is brought to rest from a * pe ^. ° f datable below. 

dlsunce travcHcd dunns 

the whole interval of 1 min. 


Speed. 

Time. 

Speed. 

Time. 

M.p.h. 

340 

33-5 

33 0 

310 
l 29-5 

Sec. 

0 

6 

12 

18 

24 

M.p.h. 

25-0 

16 5 

7-0 

0-0 

Sec. 

30 

42 

54 

60 

_ 


a the bob of a pendulum in radians per 
5. The angular speed A ° f * where t is the time measured 

second is given by the form«J^ cs through the vertical position, 
from the instant the p f rm , t-0 to t 3 - at intervals of 

Plot the angular speed against the rune fro,., « -0 I2 

- sec. From the grapfi find the average angu.ar speed of ,fie pendulun, 
72 

during the ^ sec. 

6 The speeds of a piston at times n g^ C ^ c f im?'graph and 

-veiled and the average speed ot the 

piston. ___ 




1 according to the following table, in which 
7 A steam train travels accordirg __ 

times, distances and speeds arc rcco • ' ' 

6 a \ ^ L o 



A K ■ 


shin 1 

Min 
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Time. 

Distance. 

; 

Speed. 

Time. 

Distance. 

Speed. 

Min. 

Miles 

M.p.h. 

Min. 

Miles 

M.p.h. 

0-0 

0-00 

0 0 

3-5 

1-32 

35 0 

0-5 

0-04 

8-5 

4-0 

1-61 

35-5 

10 

0-13 

15-7 

4-5 

1-91 

35-8 

1-5 

0-2S 

22-2 

5-0 

2-21 

36-0 

20 

0-50 

280 

5-5 

2-51 

35-7 

2-5 

0-75 

32 0 

6-0 

2-78 

26-0 

3-0 

1-03 

34-0 

6-5 

2-91 

0-0 


Plot the distance-time and the speed-time curves, (a) Describe the 
motion of the train by referring to the graphs. ( b ) From the distance-time 
graph find the instantaneous speed of the train 1* min. after the start, 
and check your answer by means of the speed-time graph, (c) From the 
speed-time graph find the distance travelled in 2 min. (d ) On the speed¬ 
time graph draw the line which represents a uniform speed equal to the 
average speed for the whole journey. 

92. Velocity. 

The velocity of a body is equal in magnitude to the speed of 
the body, but to completely describe the velocity it is necessary 
to state the direction in which the body is travelling. Thus 
the speed of a ship is 15 knots ; the velocity of a ship is 15 knots 
in a direction 30° south of east. 

Note. —1 sea mile = 6,080 ft. 

If a ship travels along a line of latitude until its own latitude 
has changed 1°, it travels a distance equal to 1/360th of a meridian 
line which, passing through each of the poles, completely encircles 
the earth. When the ship changes its latitude by 1' it travels 
l/60th of the latter distance, and this is the distance which is 
equal to 6,0S0 ft. 

1 KNOT = 1 SEA MILE PER HOUR. 

\\ hen the motion of a body is in one straight line the definitions 
of UNIFORM SPEED, VARIABLE SPEED, SPEED and AVERAGE SPEED 
are equally true if we replace the word speed by the word velocity. 

It is very important to notice, however, that whereas speed 
can change in magnitude only, velocity changes (1) if its 
magnitude changes, or (2) if its direction changes. 

It is, of course, quite usual for both the magnitude and the 
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p “VS ":vs;~t ...!«"... 

arsi e*it 

it is therefore travelling with variable velocity. 

”a D S^ uniform veioci.y if i« ^cribes e^af 

may be“ n" -veiling with uniform 

velocity moves in one straight line. 

“ ■SSS'J"—, .... ~>X‘“ 

..«... rk.««.. 

gramophone turntable rota axis through the centre 

be satisfactory for most recor ) • of the disc ; most 

of the disc and perpendicular to.the p\ wheels, 

machines make use of rotating parts, such as 

PUll 7 e LtTTTlr"Twy -.* about Us «* 9, ro.a.ion is calM 

Cr s WerthT y rlbon°tf .he earth, which is shown in 


I 

COv 



l B 


Fio. 16 »- 
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Fig. 158, with its axis vertical. APB is a great circle of 
longitude passing each of the poles A and B. Let us suppose 
that when the sphere turns about the axis AB, the great circle 
APB rotates into the position AQB. The points P, C and F on 
the surface of the sphere rotate into the positions Q, D and G 
respectively, and K, a point inside the sphere, turns into the 
position L. These points all describe circular arcs, and it is 
readily seen that the arcs subtend angles PMQ, CED, FHG and 
KML at points along the axis of the sphere. Moreover, all of 
these angles are equal. Hence in any rotation of a rigid body 
about a fixed axis, all points of the body turn through equal angles. 
If we now refer to Fig. 150 we see that the angle turned 
through by the point P as it moves from P to Q is equal to the 
angle through which the radius MP turns, in fact the angle 
through which a point such as P turns is defined as the angle 
turned through by the radius drawn to the point, and the angular 
velocity of P about M is equal to the rate at which the angle 
PMQ is changing. 

Suppose the body is turning steadily so that all the points 
P, C, F and K have constant speeds ; speeds which are not as a 
rule equal to each other, for it is easy to see that the lengths of the 
arcs described by C, P, F and K in the same time are not equal 
to each other. Since these points turn through equal angles in 
equal times, they have the same angular velocity. 

95. The Measurement of Angular Velocity. 

Consider the angular velocity of the point P about M. We 
shall take the simplest case in which the radius MP turns through 
equal angles in equal times, that is, the case of uniform angular 
velocity. 

Angular velocity of P about M in degrees per second 
Angle turned through by MP (in degrees) 

Time taken (in seconds) 

^ Angle PMQ (in degrees) 

Time taken (in seconds) 

Again, it is reasonable to measure the angular velocity of P 
by giving the number of complete rotations which it makes about 
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M in 1 sec. The usual method of measuring angular velocity 
makes use of a unit of turning called the radian. An ang e o 
1 radian is the angle which an arc of a circle equal to its radius 

subtends at the centre of the circle. 




Chord AC 
AOC 


radius r 
60° 


radians. 


Fio. 159. 

Referring to .he figure above it is readily aPP-dated *■“« 
an angle of 1 radian is a little less than 60 . In fact, 

1 radian = 57° • 

The measure of the angle which an arc of a circle subtends 
at its centre is 

Arc 
Radius 

In particular, 

1 complete turn =360 pT^ius 

1 complete turn -360-=2tt radians. 

Thus if a point describes an arc of a circle with uniform 

angular velocity about the centre of the circle. 

Angle in radians turned through per second 

M Angular velocity 

Arc described per second 

Radius 

_ Speed of the point 


Cir cumf erence = 2rrr ra( , ians 


T~> _ J 
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If co radians per second is the angular velocity, 

v ft. /sec. is the speed of the point along the circumference, 
and r ft. the radius of the circle, the result may be expressed, 


v 

co = - 

r 

or v = Tto. 

Example. — A pulley rotates 100 times per min . If the pulley has a 
diameter of 3 ft., and it is used to drive a belt : 

(a) What is the angular velocity of the pulley : 

(1) Iii turns per second , 

(2) In degrees per second , 

(3) In radians per second ? 

(b) What is the speed of the belt ? 

(c) What is the speed of a point 1 ft. from the centre of the pulley ? 

(a) (1) The pulley turns 100 times in 60 sec. 

Hence it turns times in 1 sec. = 1$ times per sec. 

bO 

Angular speed = 1? turns per sec. 

(2) The pulley turns through ~ x 360° per sec. =600° per sec. 

o 


(3) 1 turn =360° =2 tt radians. 

lj turns per see. x 2 tt radians per sec. 

= 10-47 radians per sec. 

(6) Angular velocity of the pulley radians per sec. 

Speed of a point on the rim of the pulley is equal to the speed of 
the belt = Angular velocity of the belt x Radius 

- 1ChT x? 

3 X 2 

= 15*7 ft./sec. 


(c) Speed of a point i ft. from the centre of the pulley 


= Angular velocity x Distance from axis of pulley 



= 10*5 ft./sec. 


EXAMPLES XXVI 

1. Express in radians (a) 600°, (5) 12*25 complete turns. 

2. Express in degrees (n) 20 tt radians, ( b) 20 radians, ( c) 40 complete 
turns. 
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3. Express the following angular velocities in radians per second 

(а) 100 turns per min. 

(б) 480° in 12 sec. 

_s- msi: ass - “S 

flywheel, 3 in., o in. and 1 ft. 1 from its axis its ax i s i n 24 hrs., find 

6. Assuming that the «■£>• 'urns (i) jn radian5 pe r hour. 

^r,Ee a cnc,e 

miles about the sun a, centre once in f*£; g and the speed of 

velocity of the earth about the ?£ * ct fQ lhre e significant figures.) 

the earth in miles per minute. ( - pac kages from one end of a 

8. A conveyor Jr moun,,packaR^ If it rU ns on 

workshop to another. The *P* . ; _ by a pulley of diameter 1 ft. bin 

SlcJTam theSr^gular* speeds of the rol.ers and of the pulley in radian 

per second. 


CHAPTER IX 


ACCELERATION 

96. Acceleration. 

If we describe the motion of a car by saying that it is “ speed¬ 
ing up ” or “ slowing down,” we have stated in ordinary language 
that the car is travelling with an acceleration or with a retardation. 

When the velocity of a body is changing it is said to travel with an 
acceleration. 

The acceleration of a body is the rate at which its 
velocity is changing. 


Uniform Acceleration. 


When the velocity of a body increases by equal amounts in equal 
times , however small these times may be , it is said to travel with 
uniform acceleration. 

If the velocity of a body travelling in a straight line increases 
from 10 to 25 ft./sec. in 5 sec. and its acceleration is uniform, 
then we may describe this acceleration by stating that the increase 
in velocity in 5 sec. is 15 ft./sec. 

It is usual to express uniform acceleration as the increase in 
velocity in unit time. 

In the above instance, therefore. 

Acceleration = 15 ft./sec. in 5 sec. = 3 ft./sec. in 1 sec. 

= 3 ft./sec./sec. 

The notation feet per second per second is usually written more 
briefly, ft./sec. 2 , but it should be read as ft./sec./see. 

Again, 


15 x 15 

Acceleration = — in.p.h. in 5 sec. 


15 x 15 

:— x 12 x 60 m.p.h. per hour 


90 


“ 7363 t T r m.p.h./hr., or 7363 T 7 T m.p.h. 2 

It is readily appreciated from the two results obtained above 
that for accelerations of motor cars and trains, and, in fact, of 
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»> 


n 


n 


D 


» 


most bodies with which we have to deal in everyday life it is 

c =*J= 

motion has been considered above after the elapse of 7 sec. 
Velocity a, the end of the fits, second -10 + 3 

third „ =10 + 3x3 ft./sec. 

seventh = 10 + 7 x 3 ft./sec. 

*» ” ” =31 ft./sec. 

jSsrS SfAsr « 

is moving in a straight line. 

create fry equal amounts in equal times it is saia 
variable acceleration . 

Instantaneous Acceleration at t j ic e nds of successive 

Suppose that the veoc^ ^ The increases in velocity 

minutes is 10, 30, 40, •/ It wou id therefore be 

in successive mimics a ^ ^ any instant for this train is 

wrong to state that th unit time following this instant, 

equal to the increase n J l ^ travem „ g m ,//, variable 

Average Acceleration. travelling in a straight 

a-aZSS”<«™ -”“«■ 

“• * .f 

Average acceleration Time taken 
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Thus, in the instance of the train given in the last paragraph, 

20 

Average acceleration for the first minute 




II 


* > 




I) 


II 


1) 


*1 


2 min. = 


60 

30 




120 

23 

180 


= £ ft. /sec. 2 
= £ ft./sec. 2 


= 0*128 ft./sec. 2 


Example (1 ).—A train begins to ascend an incline with a speed of 
40 m.p.h., and during the ascent, which takes 10 min., it has a retardation 
of 0 02 ft. I sec. 2 It then proceeds down an incline, and upon reaching a 
level stretch has acquired a speed of 50 m.p.h. in 4 min. With what accelera¬ 
tion does the train descend the incline ? ... . . . 

Since the retardation of the train up the incline is 0-02 ft./sec.*, the 
decrease in speed in 10 min. is 

0 02 x 600 = 12 ft. /sec. =12 x =8iV m.p.h. 

The speed of the train at the top of the incline =31,^ m.p.h. 

Down the second incline the increase of speed in 4 min. is 


(60 - 31 *) =18^ m.p.h. 




80 


The increase of speed in 240 sec. = — ft./sec. 

The acceleration is therefore 

= ^-r‘ 240 =®? x_L =0111 ft./sec.* 
3 3 240 


Example (2 ).—A body moving with uniform acceleration 6*4 ft. I sec . a 
reaches a speed of 48 ft./sec. after 4 sec. What is its initial speed and the 
time after starting with this speed which it takes to reach a speed of 100 
ft. I sec. ? 

Increase in speed in 4 sec. 

= Acceleration in ft./see.* x Time (sec.) =0*4 x 4 =25-6 ft./sec. 
Initial speed + Increase in speed = Final speed. 

Initial speed = 48 - 25*6 = 14*4 ft./sec 
Total increase in speed when the final speed is 100 ft./sec, 

= 100 -14-4=85-6 ft./sec. 

Increase in speed in 1 sec. =6*4 ft./sec. 

Time for the speed to increase 85-6 ft./sec. 

= 85-6H-6-4=*L£ = 13| gee. 

t>*4 
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EXAMPLES XXVII 

A body i. travelling wirt. f ''' SCC '’ “ 

it starts from rest, what is its S P*.£ acceleration increases its speed 

2. A body moving with A a i cu i ate the acceleration of the body, 

from 20 to 60 ft./sec. in * "J 1 "* u 5fonnly at 0 025 ft./sec.* How long 

3. A train is accelerating fo^^ 10 to 50 m.p.h. ? 

does it take for its speed to the sa me direction on parallel lines 

4. Two trains arc traveHmg together at a certain instant 

with speeds of 10 and 15 ft./sec.= respectively, after what 

If their accelerations are 01 - _ soee d and what is this speed ? 

time are they travelling at the s “" acceleration of 1 ft./sec.-for i min. 

5. A train travels with a uniform accci for 2 2 sec., after which 

“fs * Of .hi .rain and the .vra.es. speed 

“ t^prSThe f„«ng unlS .cra.cra.ions in fee. per serand per 
second :— 

(n) 10 m.p.h. in 20 sec. 

(6) 300 ft./min. in 3 sec. 

(«) 825 m.p.h. in 5 sec. 

a r; is und 22 sec. are *>, i/, 

7. The speeds of a body at tones 0 , s and limes consistent 

and 52-8 ft./sec. respectively. Are tne I 

““"“eierabon of 0,00 m-P-h, - ~ ~ 

second. f o 100 m.p.h.* in centimetres per 

(6) Express an acceleration of 
second per second. 

r in /sec * in yards per minute per 

9. Express an acceleration of 30 cm./scc. 

minute. (1 ft. = 30-48 cm.) 

i is travelling with uniform acceleration 

98. Suppose that a body » bser ^ ed its speed is u ft./sec. 

/ ft./sec. 2 , and 'hat ^ be found as follows 

The speed of the body after t sec. n y 

The speed a. the beginning of the first second - « 

The speed at the end of 1 sec. ^/^ec. 

t " ={u + tf) ft./sec. 


a 

a 


a 


a 

a 


»> 

a 


If e ft./sec. is the velocity a. the end of « sec., 

v = u +ft* 
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From this expression, 


and 


v-u =//, 
#_(«-«) 


Example. — A train moving with uniform acceleration increases its 
speed from 10 to 25 m.p.h. in 9 sec . 

(a) Find the acceleration of the train in feet per second per second. 

(b) If this acceleration is kept up for another 6 sec. t calculate the final 

speed of the train. 

Let u ft./sec. be the initial speed, 
and v ft. /sec. the speed after t sec. 

If/ft./sec. 2 is the acceleration of the train, 

(-) /«feLz2>. 

v -u= ??(25 - 10) =22. 

15 

* =9. 

The acceleration of the train is 2-44 ft./sec." 

(b) Again, 

v =u +//. 

‘>2 


t = 15. 


OO 



oo 

10 + ““ X 16 = 
9 


154 

3 ' 


The speed of the train is 51$ ft./sec. = 


154 

3 



-35 m.p.h. 


99. The Determination of Acceleration from the Speed- 
Time Graph. 

l'he acceleration of a body along its path may be obtained 
from the speed-time graph by much the same method which 



181 
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has already been used to obtain the speed of a body from its 
distance-time graph. 



W VnVtom Acceleration. On '-c speedW 
above, equal increases m' s P e £ .. g „ draWn on thc 

* tfer*/*" a straight line, the corresponding motion of body 

is that of uniform acceleration. 

Acceleration during the time ) sec. 

BA (ft./sec.) = 15 = j ft./sec.* 

OB (sec.) 45 
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(6) The acceleration is greatest where the slope of the graph 
is greatest. 

(c) Zero acceleration, *.<?., uniform speed is shown on the 
graph by a straight line parallel to the time axis. 

(cf) Instantaneous Acceleration. —The instantaneous accelera¬ 
tion at a certain time is found by drawing the tangent to the curve 
at the point on the graph corresponding to this time. The 
instantaneous acceleration is measured by the increase in speed 
in unit time, following the instant at which the acceleration is 
required, upon the assumption that the acceleration is uniform 
during this unit time. Hence the uniform acceleration which is 
found from the slope of the tangent is the required acceleration. 

The instantaneous acceleration after 75 sec. is found by 
drawing the tangent at the point P on the graph and is equal to 

SQ (ft./sec.) _ 26-5 _ 0 . u7 ft/sec _, 

RS (sec.) 180 

The instantaneous retardation after 4 min. is 

W (f'./secj _ 40 _ 0 . 476 ft /sec , 

VW (sec.) 84 

(e) To Find the Time at which the Acceleration has a given 
Value. —Suppose that it is required to find the time at which the 
acceleration has the value 0-147 ft./sec. 2 

A line is drawn on the graph to represent an acceleration 
(uniform) of 0-147 ft./sec. 2 , and parallel to this line a tangent is 
drawn to the curve. The point of contact of this tangent with 
the curve (in the example given this would be the point P) gives 
the instant at which the acceleration has the required value. 

(/) To Find the Average Acceleration during any Interval of 
Time .—Since the average acceleration during any interval of the 
time is given by 

Total change in speed 
'I'ime taken * 


the average speed in the interval from 15 sec. to 3 min. 15 sec. is 

0-103 ft./see.’ 

CE (sec.) 180 



Acceleration ft./sec./sec. 
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100. The Acceleration-Time Graph. 

If the accelerations of a body are known at times during its 
motion, the acceleration-time graph tor the body may be dn n. 

Since it has now been shown that the instantaneous accele - 
tion of a body may be found from the speed-time graph Jt s 
readily seen that the acceleration-time graph may be drawn 

^ tl duration of a body is uniform *' 

s'ed'of'the todtSTe'ca": oT^^rm^d^adon, and wten 

in speea. v oc r . . _ x . re travelled.) 
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The accompanying ex^in^d 

from the speed-time graph on p. 181, and 
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together with the speed-time graph. Notice that a retardation 
is represented on the acceleration-time graph below the time axis. 
This is readily understood from the fact that a retardation is 
decrease in speed in unit time, whereas acceleration is increase 
in speed in unit time, and to represent these on the same graph 
a retardation must be regarded as a negative acceleration. 


Summary of the Properties of the Graphs 



Slope or 
Gradient. 

Area Represents 

Distance-time graph . 

Speed-time graph 

Acccleration-time graph 

Speed 

Acceleration 

... 

Distance travelled. ! 
Change in speed. 


Example. —A body starts from rest and accelerates uniformly for 
200 ft. It then traz els at the speed acquit ed, IT* m.p.h. for a further 600 ft., 
and is finally brought to rest tvith uniform retardation in 150 ft. Find 
the time taken and draw the speed-time graph for the complete journey. 



The speed-time graph consists of the three straight lines OA, AB 
and BC. 

OA represents the part of the journey when the body is accelerating 
uniformly. 

AB represents the part of the journey when the body is travelling with 
uniform speed. 

BC represents the part of the journey when the train is retarding 
uniformly. 

Referring to the speed-time diagram which is at first drawn, to show 
the type of motion, and is not intended to represent accurately the motion 
of the body. 
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The area of the triangle OAD represents the distance (2U0 ft.) travelled 
while the body is accelerating. 

AD = 15 m.p.h., or 22 ft./sec. 

If OD represents t\ sec. 

*1 x 22 =200. 


200 

* 1= 7T sec - 


Therefore 

Again, ABED represents the distance travelled while the tody is 

moving with uniform speed. 

Let DE represent t% sec., then 

t% x 22 =000 

‘• = Ti° sec - 

Finally, if sec. is the time during which the tody travels with un.fom, 

retardation . „ .>•> 

?L _ ^ = 150. 

2 

150 

fl S 

The total time is therefore 

/200 300.150\ =59 , sec . 

v n + tt + ii; 

The speed-time graph may now be drawn accurately to scale. 

exampi.es XXVIII 

r _ ; s timed over successive distances of 

1. A train starting from rest is turn 

220 yds., with the following result . 


Distance. 


Yds. 

220 

440 

(300 


Time. 

Distance. 

See. 

Yds. 

45 0 

880 

g:)0 

1,100 

78-0 

1,320 


Time. 


Sec. 
900 
100 o 

110 2 


30 m.p.h. ? , d and t i m e for a train are given in the 

,ab,c sssrss. 'Sr s* — f 

its miles in attaining a speed of 50 m.p.h. 
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Time. 

Speed. 

• Time. 

Speed. 

See. 

M.p.h. 

Sec. 

M.p.h. 

0 

0-0 

200 

48-3 

50 

24-6 

250 

51-3 

100 

36-3 

300 

53-5 

150 

43-7 




3. A body starting from rest moves in a straight line, and the following 
observations are taken :— 


Time. 

Distance. 

Time. 

Distance. 

Sec. 

Cm. 

Sec. 

Cm. 

0 0 

0 00 

10 

13-2 

0-2 

0-55 

1-2 

18-5 

0-4 

210 

1-4 

23-7 

0-6 

4-80 

1-6 

290 

0-8 

8-50 




Plot a graph showing distances attained on a time base. Determine 
as nearly as you can the velocities of the body in centimetres per second 
at the middle of each interval of time. What conclusions do you draw 
as to the nature of the motion ? (O.C.) 

4. Derive an expression for the distance moved through in t sec. by a 
body possessing uniform acceleration f ft./sec. 1 and an initial velocity 
of u ft./sec. 

A train starts from rest and moves with a uniform acceleration or 
0 in./sec. 2 for 1* min. It then travels at a uniform speed for another 
4 min., and is brought to rest again with a uniform retardation in 450 yds. 
Draw a velocity-time graph of the train and use it to find the total distance 
the train travels. Verify the result you obtain by calculation. (L.Af.) 

5. If a curve is drawn showing the velocity’ of a body at each instant, 

explain how the distance traversed in any interval may be obtained from 
it. An electric train accelerates uniformly from rest and attains its 
maximum speed of 35 m.p.h. in 30 sec. It travels at this speed until the 
brakes are applied, when it is brought to rest in 25 sec. If the time allowed 
between two stations is 85 sec., what is their distance apart ? ( G.S .) 

0. Explain what information can be obtained from a graph in which 
speed is plotted against time. 

A train starting from rest accelerates uniformly until it has traversed 
1J miles ; its speed remains constant for the next 2 miles, and the brakes 
then produce a uniform retardation, bringing it to rest after a farther 
j mile. If the whole journey takes 7$ min., find the maximum speed 
in miles per hour. ( G.S .) 

7. A body starts from rest and is uniformly accelerated for 250 ft. 
It then travels at the speed acquired, 7-5 m.p.h., for a further 500 ft., 
and ia finally brought to rest with uniform retardation in 200 ft. Find 
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, he time taken, and draw the velocity-,inre graph for the complete 
10 'T'A train starts from rest a, a shrtnm A. witlwn 

lft./sec. 2 ; it acquires a maximum spee t rctardat ion of 9 in./sec.* 

rn g dst S o e p?at d B tat i? apart, calculate the tune £ the 

journey- sterts from " ne ' ^ 

following table shows the d.stances s tra% ellecl ^ g 6 

t (sec.) . * '' J 8 18 32 48 64 

t a 'graph' of the mot,on, plot.mg distances vertically and 
times horizontally. 

% !-"'d fly f rom r .'h b e ^.TspP-bna.cly, the velocity a, the end of 

„ The S speedometer readmgs .of a motor car, taken a. i-min 
interval^ are recorded in the follow,ng t able _ 

I 

Speed. 


1 Time. 

Speed. 1 Time. | 

Min. 

0 

4 

1 

14 

2 

24 

3 

34 

M.p.h. 1 M“»- 

a * 

5 1 5 

10 I r, i 

16 1 6* 

174 1 

20 | 7 

224 | 


M.p.h 

25 

274 

30 

30 

30 

15 

0 


Plot the velocity-time « ra P h e ^^^^eration at time 4 min (&) the 
From the Kraph detern,me^ «) the * c in each case how the 

total distance travelled m 7 mm. n. I (O G 

value is got from the « ra P^ ■ found to have travelled in a stra g 

11 A body starting from rest is 

line, according to the following table ._ 


Time. 


Sec. 
0 0 
0 2 
0 4 
0 6 
0 8 


Distance 
from Start 

Cm. 
00 
0-7 
2-8 
6-3 
10 5 


Time. 


Distance 
from Start. 


Sec. 

10 

12 

14 

1-6 


Cm. 

14-7 

18-2 

20-3 

21 0 


MECHANICS 


188 

Plot a graph showing time horizontally and distance vertically, and deter¬ 
mine from the graph the maximum velocity and the velocity after 1 *3 sec. 
What do you infer from the graph as to the nature of the acceleration ? 

12. Explain the terms velocity and acceleration. A ball rolls down an 
inclined plane, and the total distance travelled at the end of each second 
is given in the following table :— 

t (sec.) ... 1 3 5 7 ® 

s (ft.) . . . 0-2 1-8 5 0 9-8 16-2 

From the information given, construct a graph which shows that the 
ball rolls with uniform acceleration, and find the value of the acceleration. 

(L.Af.) 

101. Uniform Acceleration. 
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The speed-time graph for a body which travels with uniform 
acceleration is a straight line of constant slope. The speed-time 
graph shown in the above figure is that of a body which has a 
speed of u ft./sec. at the instant it comes under observation 
(i.e. y at zero time), and whose speed at the end of t sec. is v ft./sec. 

Suppose that / ft./sec. 2 is the acceleration of the body, then, 
since this is uniform, 


Acceleration = 


Total change in speed 
Time taken 


Referring to the graph, 

. . . BC (ft./sec.) - , 

Acceleration = —- ft./sec.' 

AB (sec.) ' 


ft =v -u 
V = U + ft. 


Therefore 
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From the graph OA represents u ft. /sec. _ OA 

If AB is drawn parallel to OD to meet CD at B, then BD-OA. 
Since DC = DB + BC and DC represents v ft./sec., it follov 

that O B DU £ b P i= t ££5 HP is drawn parade, to OA to meet 

AC i at L been shown that the area beneath the speed-time 

by the Ja Of the trapezium ODCA expressed m the proper 

UnitS Area of trapezium - 1(0A + DC) . OD. 

Now, OA represents u ft./sec. 

DC „ v ft./sec. 

OD „ * sec - 

■ffs.'ssrss:■, . -«- 

result may he written 

s = \(u+v)t. 

»x irtt d .ivs; ™.s 

particular CG = HA. 1 hus ’ •.( nnCA 

rectangle ODGH = trapeztum ODCA. 

Now Distance travelled = Average velocity x Time. 
Therefore EF 

t sec. Hence l f a > g interval is equal to the speed of the 
average speed during a > . ^ } a! to t } ic average of 

body at the mean time, and this is also equ 

the original and final speeds. ^ 

therefore ’ «. + .) - JC + «’/0 = « 2 “ ^ ^ 

Thus, since 5 -!(«+»)*. 

5 _(a + i//)f = u/ + i/' 2 . 

*-ut f i ft 2 - 
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It should be noticed that \ft 2 represents the extra distance 
travelled by the body due to the fact that it is accelerating, ut 
representing the distance that the body would travel in time t 
with uniform speed u. 

Since 

2 r = (w +v)t, 

and 2fs = (u +v)ft . . . - (1) 

But ft = (v-u). 

Hence putting (v -u) for ft in equation (1), 

2 fs = (u + v){v — u)=v 2 — u 2 
v 2 -u 2 = 2 fs, or v 2 = u 2 f 2fs. 

If the initial speed is zero, i.e., u = 0, the above formul® 
become, 

v=ft 
s = \vt 
s = \ft » 
v 2 = -2fs. 

Formula: for uniformly retarded motion. 

When a body is retarding, i.e., is losing speed at the rate of 
/ ft./sec. 2 , it is easy to see that the velocity after time t with the 
same notation as above is given by 

v = u-ft, 

the distance travelled by 

5 — Ut — \ft 3 , 

and that v 2 = u 2 - 2fs. 

r Fhus these three formulas differ from the formulae for uniform 
acceleration in that / is replaced by -/. 

Example (1).—-I train rrurces from rest tcith uniform acceleration 
1-6 ftfsec* for 30 sec. 9 after which it moves with uniform speed for 2 min. % 
and finally is reduced to rest in 20 sec. What is the total distance travelled 
during the motion and the average speed for the whole journey in miles per 
hour (assutning that the retardation is uniform while the train is being 
brought to rest) ? 
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The motion of the train may be divided into three parts 

The period of uniform acceleration, 30 sec. 

The period of uniform speed - nun. 

The oeriod of uniform retardation. 

DuringThe firs, 30 sec. the ,m,n .ravel, with uniform -e,era.,on. 

1-5 ft. /sec.*, therefore, since 

Increase in speed = Acceleration xTime, 

Speed at the end of 30 sec. = 1 5 x 30 =45 ft-/*ec. 

t v Time _(0±48) x 30 = 675 f t . 
Distance travelled = Average speed x I ime 2 

During the next 2 min. the speed is uniform, and 

reduced from 45 ft./s’ec. to zero. 

and since the retardation is uniform, 

ii A 45+0 x 20 =450 ft. 

Distance travelled- 

H - " " - - - - «• 

Average .peed for .he journey , g 

Total distan ce trave lled _ ggfg ft . 

= -TTi_ 170 


Time taken 

Example (2 ).—A tram c “ r , (l£ ^ distant 

VSTyS. 'ZAuTnai m.p>,. Find the total distanc 

through which the tram car has f la t 20 sec. 

Consider the motion during thetas 

Let w ft./sec. be the initial spec ^ 

Final speed = 15 x_ =2- ft./sec. 

Average speed = i(v + 22) ft./sec 
Dis.ance ...ve iled -Average speed * Tune. 

6f.0 = 4(u + 22) X 20. 

60 =v + 22. 

V = 44 . 


/c „ r x ' =26-2 m.p.h. 

/sec. 170 22 


Consider .he mo,ion during .he fin,, 25 sec. 
The initial speed »* z *£ 0 - 

The final speed .» 44 f,.iscc „ , 5 

Distance travelled 41 ' 

• . % 


r. r 


50 ft. 


Distance -- — 

The distance .ravelled («» « «**» »*' ’ " 

Example Wf, - -^ 

with uniform acceleration 5 /«./**«• 
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during the 5th sec. of its motion. Find also the distance travelled by tht 
body in the t-th sec. of its motion. 

Let s ft. be the distance travelled in t sec., 

u ft./sec. be the initial speed, 

/ ft./sec.* be the acceleration. 

Using the formula s=ut + kft\ 

s = 20/ + ?/*. 

•h* 

3 

In the first 5 sec. the distance travelled =20 x5+- x 6* = 137$ ft. 

In the first 4 sec. the distance travelled =20 x4+? x4* = 104 ft. 

2 ? 

The distance travelled in the 5th sec. is (137$ - 104) =33-5 ft. 

4 

The distance travelled in t sec. =20* + ft. 

The distance travelled in (* - 1) sec. 

= 20(1 - 1 ) + |(/ - 1 )» 

= 20/ - 20 + ?/* - 3/ + ? 

2 2 

= ?/ a + 17/ - 18J. 


Therefore, 20/ +;J/ a - ( + 17/ - IS*) = 3/ + 18J ffc. 


3 


is the distance travelled in the /-th sec. 
If / = 5 we see that 


3/ + 18-5=3 x 5 4-18-5 =33-5, 
and this checks the previous result. 

EXAMPLES XXIX 

1. A train starts from rest at a station, and for 30 sec. it travels with 
uniform acceleration 1-2 ft./sec. 3 What is the speed of the train at the 
end of 30 sec., and how far has it travelled ? 

2. A body moves from rest with uniform acceleration, and in 10 sec. 
acquires a speed of 45 ft./sec. What is its acceleration, and how far 
has the body travelled in the 10 sec. ? 

3. Two racing cars start from rest side by side and both accelerate 
uniformly. The acceleration of one car is twice thot of the other, and 
the cars are 484 yds. apart in 44 sec. Find their accelerations and their 
speeds at the end of the 44 sec. 

4. A motor car travelling at 30 m.p.h. is brought to rest with uniform 
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retardation in .5* sec. What is its retardation, and what distance has it 
travelled in this time ? be brought to res t in a distance 

of 26o A yd? m With 'what unifom retardation should travel and how 

‘ 0n |. W r ^celerates ^for^ly Jo, 

torest*with°re tar d a t i on* *2* ft! "sec ^ hfod the to,a, d.stance travel.ed 

from rest to rest. hend in a road starts on a straight 

7. A car after travellmg nrund - bend ^ f 15 scc 

S."p h eed Ho" far has ,, travelled the ... sec., and 

"nV^XX'ceVds a Slope with l^a 

in 45 sec. At the bottom of the slope he free wheels ^ J brought ^ 

S' ».i>, ■«. .he ,o P «f..... h... a nd 

thC tram* car a'ccele rates uniformly £r 30 sec. I--, 

next 25 sec. it moves with . un, '°^' n . ‘ p ind ,hc total distance the car 
300 yds., and its final speed is 10 m.p.h. » 

has travelled. . v.*llintz i n opposite directions pass each other 

10. Two cars A and Btra vcl 1 in8 PP ve , Thc y are both moving 

with speeds of 10 and lo m f P h ^JP ^ othcr for 20 sec., during 

with uniform accelerations aftet P y hM acqu j rc d a speed of 30 

which time A has travelled - > cnd n f 20 sec., and at what 

m.p.h. How far arc the cars apart at the cnci 

speed arc they separating • an interval of 10 sec. for a 

11. Draw the speed-time curve , scc and an acceleration of 

body which has an initial sp<-«■ * j „f the body after 5-5 sec. and 

2 cm./sec. 2 From the graph find th P Fin a from the graph the 

the time at which the speed scc . 

distance travelled on the time internal * ^ hQW far a body travels 

12. By using the formula is 10 ft . /sec . and its 

in the 6th sec. of its motion if it* ‘"itiai » 

acceleration is 1*3 ft./sec.- ,, j by a body where initial speed is 

13. Prove that the distance- jrayiHcd by a ^ ^ of ii molIon is 

u cm./sec. and acceleration / ««•/, + A ft- (2) by using the formula: 

„ +/(t _ J) (1) by using the formula s —ut \ iJ‘ • 

. (U rf) , 
t; = M » ft and 5 - -g— - 

14. A body travelling w * t J ti “" ,f °Show iha/'the^nitia, speed of the 
38 ft. in the 5th sec. of its motion. 

body is 20 ft./sec. . , on PP . 1 H 8-00 to solve the followinc 

15. Use the algebraic formula on pp. 

problems :— 

* \ m _ *i f zzz t find v and s. 

(а) Given m *• ' \., find / a nd t. 

(б) Given «/ — 1 -, v — », * ln c -,ch case Mate the p.oblem 

The units are centimetres and secon -»• 
which you are solving in words. 
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10 . Two cars A and B are racing abreast round a track at 70 m.p.h* 
when B decides to stop and change a wheel, B comes to rest with a 
uniform retardation of ft./sec. 2 , takes 37 sec. to change the wheel and 
then accelerates at 4? ft./sec. 3 to attain a uniform speed of 75 m.p.h. 
What time elapses before B is again abreast of A ? ( L.M .) 

17. Two trains start from rest at a station A at 12 noon and proceed 
in opposite directions to stations B and C respectively, which are 13•- 

miles apart. _ 

The first train just acquires a speed of ho m.p.h. as it passes station 

B, having accelerated uniformly at 2 in./sec.* 

The second train accelerates at half the rate of the first. What is the 
speed of the second train as it passes station C ? 

At what time do the trains pass through their respective stations ? 

{L.M.) 

IS. What is meant by the statement that " a body is moving with a 
uniform acceleration of 5 m.p.h. per sec.’* ? What is this in feet per 

second per second ? . 

A body has an initial velocity of u ft./sec. and is subjected to an 
acceleration of / ft./sec. 2 Find an expression for the displacement after 


/ sec. 

A body has an initial velocity of 15 m.p.h., and is uniformly accelerated 
at the rate of 1 yd./sec. 2 for 1 mile. Find, in feet per second, the velocity 
it acquires. (L.M.) 

19. A motor car travelling along a main road at 40 m.p.h. approaches 

a village which is 1 mile long. If the driver retards in order to pass 
through the village at 10 m.p.h., and then accelerates to 40 m.p.h., how 
much extra time does his act of courtesy put on the journey if the accelera¬ 
tion and retardation is 4 ft./sec. 3 ? (L.MJ 

20. Two particles moving in the same straight line pass a point O 

at the same time ; one is uniformly accelerated with an acceleration of 
5 ft./see. 2 , and passes over a certain distance in 12 sec. The second 
particle is travelling with a uniform velocity of 24 ft./sec. and travels 
over the same distance in 19 sec. Determine the velocity of the first 
particle in passing the point O. Also determine when and where the 
first particle will overtake the second. {L.M.) 

21. A car is timed to take 15 sec. over 220 yds., and 10 sec. over the 

next 220 yds. Assuming constant acceleration, what is the speed of the 
car at the end of the observed motion ? (O.C.) 

22. The driver of an express train travelling at 60 m.p.h. sees on the 

same track 200 yds. in front of him a slow train travelling in the same 
direction at 20 m.p.h. If the slow' train cannot increase its speed, what 
is the least retardation that must be applied to the express train so as 
to avoid a collision ? {O.C.) 

23. The brakes on a train reduce its speed from 00 to 20 m.p.h. while 

it runs 220 yds. Assuming that they exert a constant retarding force, 
find how much farther the train will run before coming to rest and how 
long it will take. Justify any formula? you employ. (G.«S.) 

24. What is meant by “ speed,” “ velocity,” “ acceleration M ? If 

the speed of a lift is not allowed to exceed 10 ft. sec. and it is 
accelerated and retarded at 4 ft./sec. 2 , find the least time required to 
ascend 60 ft. from rest to rest. (G..S.) 

25. A train capable of a maximum speed of 40 m.p.h. accelerates and 
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retards at a uniform rate of 1-5 ft./sec 3 , what is the least time required 

to travel between two stations 1,000 yds. apart . . . _ } ' ' 

26. A car travelling at 40 m.p.h. has its speed reduced uj 2-a* see. ^to 
10 m.p.h. Assuming the retardation to be uniform, what distance^g^ 

C ° V 27. d Obtain the expression for the distance travelled by a uniformly 
accelerated body in terms of the initial and final velocities and its 

acceleraUon. moves from rest wi th a uniform acceleration of l-Sift ,sej.‘ 
After what time and distance will its speed be 30 m.p.h. i .o.) 



CHAPTER X 


FALLING BODIES 

Aristotle (384-322 b.c.) is described as the most famous of 
the Greek thinkers. He was a disciple of Plato and was tutor 
to Alexander, who afterwards became Alexander the Great. 
He compiled a work in which he recorded the knowledge of his 
times, and his greatness may be judged from the respect with 
which scholars have regarded this work. We are here concerned 
only with Aristotle’s ideas related to mechanics. We are able 
to understand the meaning of his statement that “ heavy bodies 
tend to their proper place in the universe more strongly than 
light bodies,” but are surprised to find that he believed that heavy 
bodies fall to the ground more quickly than light bodies ; that, 
in fact, a 10-lb. weight falls ten times more quickly to the earth 
than a 1-lb. weight, the distance fallen through being the same 
in each case. It is still more surprising to find that this belief 
was not proved false until 2,000 years later when Galileo Galilei 
(a.d. 1564-1642), in about a.d. 1500, showed in his famous experi¬ 
ment at Pisa that heavy and light bodies fall to the earth with 
equal rapidity (allowing for the error caused by the different 
effects of the resistance of the air upon the bodies). In this 
experiment Galileo allowed a 100-lb. shot and a 1-lb. shot to 
fall simultaneously from a height of 100 ft. It was observed 
that the bodies reached the ground practically together.* The 
building used for the experiment was the Leaning Tower of Pisa. 

Galileo argued, moreover, that if Aristotle’s views were correct 
a heavy body and a light body tied together would fall to the 
ground less rapidly than the heavy body, since the light body 
would act as a drag upon its motion, but Aristotle’s belief required 
that the two bodies together being heavier than either body 
separately should fall to the ground more quickly than either. 

* The 100-lb. shot reached the ground 2 in. ahead of the 1-lb. shot. 
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Thus Aristotle’s view led to an obvious contradiction. We are 
familiar to-day with the idea that sc.ent.fic progress islargels 
dependent upon faithfully carried out experiment, and it is 
important to notice that great progress in science took pUcem 
and after Galileo's time chiefly because of the fact that this; dea 
was put into practice by such men as Galileo, Kepler' 
and Tycho Brahe. These men paved the way for the greatest 

penius of all. Sir Isaac Newton (a.d. 164--17-/). > 

8 In the present connection we may refer to Newton s Gumta 

rf U th d e air Newt™ cncloTed the feather and the guinea in a^vertical 
cylindrical ^ to “fTfronZ 

height in equal tirjies. 

Experiment— Allow .he following pairs* objects to fall -1- 
ously from the same height to the ground . 

(o) A tennis ball and a cricket ball 

$ ^ 1 a S S"i , hfs C ma^rc C e r oV’ d pap:'rTnside the thimble and drop .he 
thimble open end experiments and give your reasons 

for ^the ’differences ^n^beh’aviour^of^he Ejects in the three cases 

102 Having shown to his own satisfaction* that Aristotle s 
ideas concernitfg the -tion of^htlltng bod.es were no. enttrely 

morticcumm.; ^“rst ^ 

•There were many, some ^7 convinced 'that Galileo was correct, 
experiment at I’isa, who vve c r- mnate habit of ridiculing his opponents, 
Galileo is said to have had an un - , h o still supported Aristotle s 

and on this occasion he w™'* °^“f M ft in the 2 in. In 1091 he 
view that they sought to nnd ^ Professor of Mathematics at lisa, 

was forced to resign his posi offence by his behaviour, 

having given considerable cause for offence by n 
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falling body was proportional to the distance through which it 
had fallen from rest. He finally rejected this assumption, a fact 
which will be readily understood when we consider how he 
showed that his next assumption could actually be verified by 
experiment. This latter assumption was that the speed of a body 
which falls freely from rest is proportional to the time ; in fact, 
that a body which falls during 2 sec. acquires twice the speed 
which it acquires during 1 sec. This is the motion which we have 
now described as uniform acceleration. We are therefore in a 
position to compare Galileo’s argument with those which have 
been used in describing the same kind of motion. 

1. Let it be assumed that the speed of a body A which falls 
from rest is proportional to the time ; then the time taken by A to 
fall through a given distance is equal to the time taken by a body B, 
which moves with uniform speed equal to half the final speed of A, 
to travel the same distance. 

Suppose that A is travelling with half its final speed at a 
certain instant. We consider the motions of A and B before and 
after this instant. At a given interval of time before this instant 
the speed of A is as much less than that of B as it is greater than 
that of B at the same interval of time after the given instant. 
Thus Galileo argued the way in which B is gaining distance 
over A in the first instance is exactly balanced out by the way 
in which it is losing distance in the second instance. This is 
true during the whole of the motion and therefore the above 
proposition is proved. 

2- The distance travelled by the body A is proportional to the 
square of the time which it takes to fall freely through this distance. 

If the speed of A increases g ft./sec. in each second and t sec. 
is the total time, then by (1) the total distance travelled by A 
is equal to that travelled by B, which has a uniform speed of 
gtj2 ft./sec. 

Therefore the distance travelled is 

g L < - igr- ft. 

Since g is constant the distance is proportional to the square 
of the time. 
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103. Galileo’s Experiment. 

The time taken by a body to fall to the earth is very short 
for distances which can be conveniently used in a laboratory 
experiment, and Galileo had great difficulty in measuring such 
times accurately. In order to make his experiments cover onger 
intervals of time he assumed that if a marble ,s allowed to roll 
down a straight groove cut in a piece of wood which is inclined 
to the horizontal, the effect of the attraction of the earth would 
be lessened, hut that the laws connecting distance, speed 
time which he was seeking to test would remain unaffected. 
His method of measuring times was to allow water to flow from 
a small hole in a vessel of very large cross-sect,onal area. 1 he 
rate of flow of the water was kept almost constant, for the amounts 
of outflow were very small in comparison with the “"tents of the 
reservoir the surface of which remained practically unchanged. 
The times of outflow were thus proportional to the outflow. In 
fact the weight of water collected in a certain time could be 

as a measure of that tune. 



sequently marked the positions P . n f i . 4 • q / <• 

‘opinio, a. distances in ffie proton ^ 

from the top point to these positions. He achieved y 



200 


MECHANICS 


releasing the marble and taking his finger from the hole in the 
reservoir simultaneously, and replaced his finger as the marble 
rolled past the mark on the groove. The weights of water 
collected in this way and the distances travelled are tabulated 
below :— 


Distances 

Travelled. 

(Proportion.) 

’ Weights. 

(Proportion.) 

Squares of 
Times. 
(Proportion.) 

1 

1 

i 

4 

2 

4 

0 

3 

9 

16 

4 

16 


In this way Galileo tested his assumption, and showed that 
his experimental results supported his working hypothesis. 



*04. LxpiiHiMENT. Repeat Galileo’s experiment, using a stop-watch 
vh.ch measures times to onc-hfth of a second. The inclined plam* with 
a groove in it, may be replaced by u glass tube secured to an inclined 
>lane. Again, two stiff wires stretched parallel to each other inav be used 

balVVs u?ed. hC ,ncI,ncd P ant ' and the Rroovc > P rovide d that a fairly light 

If the distances travelled bv the hall in 1 *> 1 „ i 

Ihoul'd h raUOS | f ! h h° distances to the squares of the’correspondhigYimi 
should be equal it the motion of the ball is one of uniform accekra!S“ 

• ■ .U eS K iU ?, d * lt ' arc ptVcn ,n t,u tab,c bt ’lo'v for an experiment 

similar to the above, from the table the values of s/t* agree satisfactorfw 

\\c may also show that s varies as the square of t bv drawing a eriph* 
in which 5 is plotted against K a ^ ra P h 

The points are found to lit on a straight line, and we deduce that 1 
acS^emtTom V “* ™ ' hnt thc motion of the b *l> one of uniform 
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s (cm.) 

t 


20 

2-8 

2-66 


40 

40 

2-50 


GO 

4-8 

2-60 


80 

5-6 

2-55 


100 

0-2 

2 GO 


120 

0-8 

2-50 


I 

Suppose that/ft./sec. 9 is the acceleration, then 


s = A ft 2 , and ~ - h /• 

From the above results taking the average value of f 2 as 2-57, 

\f = 2*57, and/-• r >14. 

The acceleration of the ball is 514 ft./sec. 9 

105. To show .ha, .he Acceleration doe ,o Gravi^ is Con 
stant and to find its Value. 

- vs izzr. izszsxstz 

S'——- - 

able to find its value with fair accuracy. 



l ies. !»>•>■ 


,-v 

tuning-fork is arranged , - •"*. of 9Cn ling-wax. is in contact with a 

prongs by means of a l»gh P* h vel ,,cal face of a heavy board. ijIik 
S moked-glass plate without friction If the fork « made 

is free to fall between vertical ^ fa j| freely from rest, the »ri-J e 

to vibrate, and the board is‘ «J£" c f the smokc d glass without impeding 
describes a wavy line on the > u " which afTects the accuracy required 

the motion of the board to an 
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from the experiment. If the fork makes a large number of vibrations 
per second, then the times taken by the board to fall through different 
distances can be found by counting the number of complete waves 
described by the fork. In the experiment, for which the results are given 
below, the fork made 384 vibrations per second. The time for one 
complete wave was therefore 1/384th sec. It is found that the waves 
at the beginning of the motion of the plate are so closely packed 
that counting them cannot be satisfactorily carried out. Moreover, 
when the plate is released, whatever method of releasing the plate is 
used, such as burning through the string supporting the board, the 
initial motion of the plate is described freely under gravity. For these 
reasons we shall not attempt to make use of the first waves registered on 
the plate. 


12 Vibrations 

AA AAA/V\AAAAA/\ AA. 

U cj Tk/scc. AB- S jsns. B 


»2 Vibrations 



cm/sec. afCcr t secs . 


Fig. 167. 


Consider the above record of the path of the bristle on the smoked 
glass. 

Let A be a point at which the waves become normal in shape, t.e., 
of the continuous wavy-line shape. 

u cm./sec. is the speed of the plate at A. 
r cm. sec. is the speed of the plate at B t sec. later. 

If the acceleration of the plate is uniform and equal to / cm./sec.*, 

v =u + ft. 

Since, Average speed = Distance travelled 

Time taken * 

v -f u AB 


V + u 


2AB 



it.. 


2 u t ft = 


2AB 


(r ft.) 


• A° f VU,,kn °' Vn c ?" s * ant - therefore the graph of the right-hand 

hoard f U h a f cquat , ,0n W,H bc a ^raight line if the acceleration of the 
board is constant and Us gradient will be the value of g. The waw line 

is therefore marked of! in equal numbers of complete waves (groups of 

l«ed fmm C the C nhT «P c ™ent)and the values of (r 4 u) arc calcu¬ 
lated from the above expression. These results arc plotted on a time 

base as shown on the graph below, and it is seen that the points arc in 

one straight line, thus showing that the board falls with constant accclera- 
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Q R 

„ / 46 «\ 

I'Q =2 08 *■ (-py- )• 

2 08 /466v» 

*~~3 ' '2 1 


inon cm./see.* 
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106. While he was still a student at the University of Pisa, 
where he was afterwards Professor of Mathematics, Galileo 
noticed that the times of successive swings of a swinging 
candelabrum in the cathedral were equal whether the candelabrum 
described large or small arcs. He timed the changing swings 
by his pulse. It is appropriate that the following experiment 
for determining the acceleration due to gravity makes use of the 
pendulum and the fact referred to above, originally discovered 
by Galileo. 



Experiment. —The apparatus consists essentially of a pendulum 
which for small swings takes exactly equal times. The time of one com¬ 
plete oscillation (i.e., from one extreme position to the other and back 
to the first position) may be altered by changing the position of a weight 
attached to the pendulum at a point in its length. The pendulum is 
pulled aside through a small angle, and is kept in a position displaced 
from the vertical through its point of suspension by a light thread which 
after passing round a smooth peg at A and over another at B supports a 
small plummet, which just touches the straight-edge of the pendulum 
when the latter is in a vertical position. 

When the string is burned through the pendulum and the plummet 
arc released simultaneously, and the time taken by the pendulum to swing 
into a vertical position is so arranged that the plummet strikes it near its 
lower end In order that the mark of contact may be clearly shown the 
edge of the pendulum is blackened with soot. The vertical distance 
through which the plummet falls is measured as accurately as possible, 
ihe pendulum is then made to oscillate, and the time for 50 or 100 
complete swings is observed. 

If the experiment is repeated three time, for each new period of 
oscillation, and the average value of t/f is calculated for each new period 
of oscillation, by comparing the average values of s'f we may show 
that the acceleration due to gravity is constant. 
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The following is the result obtained in an experiment similar to that 
described. 

Distance through which the plummet falls -4 ft. 1 -5 in. 

Time required for 50 complete swings = 100-8 sec- 

i complete swing =0-604 sec. 


Since 


s 

8 


igt*. 

2s _ 4-125 x 2 
t* 0-504= 


= 32-5. 


One value of ? is not sufficient, however, and the experiment should 
be repeated at hast three times, and the average value of g may be taken 
as that found from these three results, provided that they are in fairly 

close agreement tvtlh each other . 


107. Vertically Downward Motion under Gravity. 

It has now been shown that when a body falls freely to the 
earth the motion is one of uniform acceleration if the resistance 

of the air is neglected. 

The increase in velocity (v ft./sec.) of a body which fal s 
freclv from rest in t sec. is given by 

v=gt, 

and the distance through which it falls by 

* - k**- 

The value of g is different at different places on the earth’s 
surface, since its value depends upon the force of attraction of the 

earthy ^ units the valuc of R in vacuo at Greenwich is 

oo.jc) ft /sec. 2 

In centimetre-second units the value of g in vacuo at Green¬ 
wich is 981-2 cm./sec. 2 _ . V 

(g i s 32-09 at the equator and 32-25 at the poles.) 

Since for uniform acceleration 

v 2 = u 2 + 2fs, 

the velocity acquired by a body which falls from rest through 
h ft. is given by 


v z — 

v - V^gh, 
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If a body is thrown vertically downwards with initial velocity 
u ft./sec., then in t sec. 

v = u +gt, 

S = Ut 4- Agt 2 , 
v 2 = u 2 + 2gh. 

h being the height through which the body falls. 


Example (1 ).—A stone is dropped from a bridge into a river, and it 
is observed by means of a stop-watch that after 2-4 sec. the stone strikes 
the water. What is the height through which the stone falls and the velocity 
with which it strikes the water ? 

The height, h ft., through which the stone falls is obtained from the 
formula 

h = lgt>. 

Taking g as 32, h = 16 x 2-4* = 92-16. 

The required height is therefore 02 ft. 

(Since g is only correct to a little less accuracy than $ per cent., the 
nearest foot is a reasonable accuracy for the height.) 

I^et v ft./sec. be the velocity with which the stone strikes the water, 

v =gt =32 x 2-4 =76 8. 

The velocity is 77 ft./sec. 


Example (2 ).—A stone is dropped from the top of a cliff 262 ft. high. 
After what time does it reach the foot of the cliff ? What is its velocity 
when it has fallen 100 ft. ? 


I.ct t sec. be the time taken by the stone to reach the foot of the cliff 


Using 


* = }g'\ 


262 = 16/*, 



t 


/262 

V 16 


= 4 05. 


T he stone reaches the foot of the cliff after 4-05 sec. 

If f ft./sec. is tlie velocity acquired after falling 100 ft., 

t>* = 2gh = 64 x 100, 


t> = \ x 6400 =80. 

The velocity acquired is 80 ft./sec. 


Example (3 ).—A stone is thrown vertically down a well M0 ft. deep, 
with initial speed 40 ft.'sec. If the speed of sound is 1,100 ft./sec., find 
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t ITJXaTZ £$ SMT « 

strikes the water. 


/r\ Cm 



Fig. 170. 


The total ^^omVfthewcIl. and that required for the sound of 

the^lash'to travel from the bottom to the top of the u. 

L., , « c . he the time for -he stone to reach the bottom o, the well. 

, .. j =11/ + hn'-, 

u 8 110 = 40/ s + 10/ J . (*=32), 

8/ s +20 1 -55 =°- 

Solving this quadratic equation, 

g =r 1 *655 see. 

, I,,. of / which is a solution of the equation, is negative 

to reach the too o, 

the T we C .l ime ftte’nV 'sound .» trace, ... ft. - M«® 

' ^Th^taTtime required is therefore 1*76 sec. 

Let « ft./sec. be the velocity with which the stone strikes the water. 

then using . „ . 

v t=„-+2ah, 

u =40 and It = 1 l'», 

v * =40 2 + 2 x 32 x 110 = 1000 + 7040 = 8040. 

V =V'«040=93 0. 

Otherwise, since the time for the stone to fal, 1 lb ft- * s 1 -01*5 sec. 

V =U +gt =40 + 32 X 1-655=93. 

The stone strikes the water with velocity »3 
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EXAMPLES XXX 
[g =32 ft./sec. 3 or 981 cm./sec.*] 

1. A atone is dropped from a window and strikes the ground after 
l-o sec. Through what distance does the stone fall ? 

2. A brick is let fall from the top of a building and reaches the ground 
in 3 sec. How high is the building and with what speed does the brick 
strike the ground ? 

3. A stone is projected vertically downwards with a speed of 12 ft./sec. 
How long does it take to acquire a speed of -14 ft./sec., and through 
what distance has it then fallen ? 

4. Ballast, thrown overboard from a balloon which is at rest, reaches the 
ground in 10 sec. With what speed does the ballast reach the ground 
and what is the height of the balloon ? 

5. Calculate the distances through which a body falls from rest in 
the 1st, 2nd. 3rd, 4th and 5th sec. of its motion. How far does it 
fall in the nth sec. of its motion ? 

G. A stone is dropped from a height of 100 ft. How long does it take 
to reach the ground ? 

7. A stone is dropped from a height of 144 ft. Find the time which 
it takes to reach the ground and the velocity of the stone after 2 sec 

8 . A stone is dropped from a height of 196 ft. Calculate the distances 
through which it falls in the 1st, 2nd and 3rd sec. of its motion. With 
what velocity will it strike the ground ? 

9. How long does it take a body, which is allowed to fall freelv to 
acquire a speed of 80 ft./sec. ? How far has it fallen, and how much 
farther will it fall before it acquires a speed of 120 fr. sec. ? 

10. A body is released from a balloon which is descending with a 
velocity of 20 ft./sec. and it reaches the ground in 10 sec. With what 
velocity does it strike the ground ? How high was the balloon when the 
body was released ? 

11. A parachutist releases a pen-knife when he is descending vertically 

I'n f. U?rfn 0f 8 °. ft - /sec - and at a height of 2,400 ft. Show that the 
Imfe takes 10 sec. to reach the ground. 

, n \ 2 ' is 30 7 1 - hc «R ht . calculate the time taken by a stone to 

tall from the top to the bottom of the cliff J 

what £ the hHght o°"hc chST Br ° Um ' ,he f ° ot of th ' "»• 

, . ] !‘ A S, u n *L isdro PPed down a well 04 ft. deep. How long does it 
take to reach the bottom ? If the speed of sound is 1,120 ft /fee how 

long after the stone is first released does the sound of its striking the 
water reach the top of the well ? ng znc 

30 fY 5 ; A St °A ne iS pr ° jcc , tcd down a weU sha * 624 ft. deep with a velocity 
30 ft */®ec* Assuming that the speed of sound is 1,100 ft./sec., find the 

sonnH f n ? SCS f rom the instant of projection to the instant that the 

of the well. h S 6tnkln e the bottom of the well is heard at the top 

10. A stone is let fall and a second stone is thrown after it 1 sec 
later with an initial velocity of 60 ft./sec. Find where and when the 
second atone passes the tirst. VJ,L 
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17. A stone is dropped from the top of a tall scaffolding, and 1 sec. 
later another stone falls from a platform 112 ft. vertically below. If the 
two stones reach the ground simultaneously, calculate the hcieht ol the 
scaffolding and the velocity with which each stone reaches the ground. 

18. Draw the velocity-time curve for a body projected vertically 
upward from the ground'with a velocity of CO ft. /sec. from the graph 
find the time at which the body strikes the ground again and using the 
value of this time calculate the maximum height reached by the body. 

(g = 32 ft./sec.*) . , . . (°-7 > 

19. Describe a laboratory method of measuring the acceleration due 

to gravity A fiat steel strip, fitted with an inked brush at its upper end. 
is clamped vertically in a vice, and a fiat hoard carrying a paper <tr. P 
falls freely past the spring so that the brush makes a wavy trace on the 
paper. From a particular wave-crest the f °J l “ w ‘ r l K . d r l ? 1 ta . nce i." c [ c 
measured for successive crests : 3;7, 9 o, 1 <-3, _/ 3, 39-4 .id «. Discuss 
to what extent these readings indicate a uniform acceleration. '■/•> 

20. Describe the motion of a freely falling body, assuming *-•*- 
ft./sec.* A tape-measure is hung vertically and a bu let dropped from the 
zero mark. A snapshot of the falling bullet is taken, and shows that 
while the shutter is open the bullet falls from the lb-fr. mark to 10 ft. 4 in. 

21. Show that if a body is thrown vertically downwards with an imtia 
velocity u ft./sec. and the acceleration due to gravity is g, it will fall 
u +at n _l) f t . in the nth sec. of its motion 

A body falls through 90 and 122 ft. in the 3rd and 4th sec. of its 

descent Find its initial velocity and the value of g. . 

22 A stone is dropped into a well and reaches the bottom with a 
velocity of 96 ft./sec. The sound of the splash on the water reaches the 
top of the well 3 : " 0 sec. from the time the stone starts. Find the velocity 

of sound. (# = 32.) 


108. Bodies Projected Vertically Upwards. 

When a body is projected vertically upwards its speed decreases 
at the rate of g ft./sec. 2 Hence the time taken for the initial 

speed to be reduced to zero is u/g sec. 

The time to reach maximum height is therefore^ sec. 

Otherwise, using 

V = u //, 

0 = u-gt. (/=-.?)• 


t 


u 


g 


It is important 
height reached has 


to notice that at the top point of the path the 
a maximum value, the speed of the body is 
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instantaneously zero, and that during the whole of the motion 
the speed is decreasing at the constant rate of g ft./sec. 2 

t sec. after projection the velocity of the body is given by 

v=u-gt t 

and is vertically upwards. Thus when t is greater than u/g, v is 
negative, *.<?., the stone is moving vertically downwards. When 
the stone again reaches the point of projection its velocity is 
equal to — u ft./sec. measured in the vertically upward direction 
and it passes through every point of its downward path with the 
same speed with which it passed upward through the same point. 

Maximum Height Reached .—Let h be the maximum height 
reached. 

Since Distance travelled = Average velocity x Time, 

/» = (' <+0 )/ = (“t U ) 11 = li l 

2 2 g 2 g. 

Otherwise, using the formula, 

t> 2 = u~ + 2fs, 
v * — u- - 2gh, 

0 a = u- - 2gh, 



General Formulev .— 

v = u-gt, 
h = ut - hgt 2 , 
v 2 = u~ — 2gh. 

It will be seen that when these formulae are used, the direction 
in which velocity and distance are considered as positive is the 
vertically upward direction, and if negative answers are obtained 
for velocity or distance when these formula? are applied to a 
problem the meaning of the sign must on no account be overlooked. 
Thus a negative answer for velocity means that the body is moving 
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downwards, and a negative answer for distance means that the 
body is below the point of projection. 

Example .—A stone is thrown vertically upwards at the edge of a chjj 
with a velocity 100 ft./sec. 

(a) How long does it take to reach its greatest height ? 

Time to reach greatest height =“ ^ = sec - 

(b) What is the greatest height reached ? 

Using v*=u s - -gh, 

0* = 10U* 04 h, 

ioo«m = i 5Gi 

04 

The greatest height reached is 1561 ft. 

(c) After what time is the stone 150 ft. above the edge of the cliff 

Let t sec. be the time to reach a height ot 150 tt. 

Using s== ut -ift\ 

,= 150./= -g, a = 100, 

150 100r - 10f, 

8f* - 50/ + 150 0, 

(4t - 13X21 -5) =°- 

4 1 ~ 15 =0, i.e., t = 3j, 

2, -5=0. i.e., t =2|. 

*. stone is m-Hm. "^"mes* "ppot, 

the time for greatest heigh, is their averse, 

i.e., 3$ sec.) 

(d) What is the position and velocity of the stone after 8 rer. f 
Let h ft. be the height above the point of project.on after 8 sec., then 
using _ 

h = 100f - 10/* = 100 x 8 - 16 x 8* -800 - 1024 = - 224. 
Supposing that the projectile passes over the edge of the cl,IT. it will 
b ' velocity of the stone after 8 sec., 

v=u +ft = 100-32 x8 = - 156. 

The velocity of the stone is 1.16 ft. /sec. vertically downward,. 


Either 
or 


in 
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EXAMPLES XXXI 

Motion under Gravity ; Bodies projected Upwards, etc. 

[g = 32 ft./sec.*, or 981 cm./sec.*] 

1. A stone is thrown vertically upwards with a speed of 96 ft /sec 
Calculate its speed after 2 sec. and after 4 sec., and the height of the 
stom above the ground in each case. 

2. A stone is thrown vertically upwards and returns to the point of 

projection after 4-8 sec. Calculate the velocity of projection and the 
maximum height reached. 

3 - A stone is thrown vertically upwards with a velocity of 100 ft. sec 
Calculate the velocity of the stone after 2 sec., and find the maximum 
height which the stone reaches. 

4 A stone is thrown vertically upwards with a velocity of 90 ft /sec 
Calculate the times at which the stone is 125 ft. above the ground 

A stone is thrown vertically upwards with a velocity of 60 ft sec 

SCC \' at ' r * 3ec P nd sto r ne is L thr °wn after it with the same initial 
velocity^ I'ind the velocity of each stone when they pass each other. 

6. Draw the speed-time graph for a body which is allowed to fall 
freely under gravity, and from it deduce the distance travelled in 3 sec 
• \ L J er,vc an expression for the distance moved through in t 'sec 

Of /‘l P° s f e ««ng uniform acceleration/ft./sec.* and an initial velocire 
ot u tt./sec. A body is projected upwards with a velocity h$ ft. /sec Draw 

fSSZ* 9 i h T° W1 f K 8 thC V if l0Cit ^ a " d L thc Portion of the body at subsequent 
times. Use the graphs to find the velocity- of the body when it returns 

kar&M there* ft ' °' C * hC ground and thc timc ‘hat has elapsed before 

8. A stone is projected upwards with a velocity of 120 ft. /sec^frim 
the end of a pier 64 ft. above the sea-level. How long must elapse before 

° n f 1S dr ? ppcd ov . er the s,de of the pier so that both stones 
reach the water at the same instant ? fMn 

for L A ,i S '°"u iS d T PP u ed u int , 0 3 wcl * * ft * dee P- Write down an expression 
for the time (r sec.) which elapses before the sound of the splash is heard 

b> the observer at the top of the well. Calculate to the nearest 1/lOoS 
100 144 V ?9 U 6 C3 ft Plm r a C or 0n b*? 8 h° thc folWin 8 values of * : 36. 64, 

for aTSTSS whi r ch r< ?“q\;a“ d 2.3T?« 

ii°s MW’s'sr ^T,^.r sume that thc 

,,.4 8 C a r/LTat n ?iwh Cel . Crat ' 0n u at ‘if' ° f ,h ' i> nearly 

calculate (a) the time taken by a projectile starting vertically 

rifum d t S fr <° m the surfa ? c of thc moon with a velocity of 120*ft /sec to 
return to its starting point, and ( b ) the maximum height reached' 7 How 

do th«e results compare with those upon the earth’s furface ? (Z. U) 

aftei fisec Dete 3 j!? r °"? up " ard * and returns to the ground 

J = 981 Si./fec.*) m,tiaI VC ‘ ,OClty and lhe neatest height reached. 

12. A balloon ascends from rest with uniform acceleration 
stone 13 dropped from it after 6 sec. The stone d , 

4 sec. after being released. Find the acceleration of the ha'loon and^he 
height from which the stone fell, (g = 32 ft./sec.*1 (L U* 
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13. A balloon is ascending vertically, and at a height of i,500 f t a 
stone is released. If the stone reaches the ground in 10 sec., find th 
velocity of the stone at the instant of release and the height to which the 

P^«c«rf r vTrIS5y upwards from a point and a. the 
same time ^Tsecond^stone is allowed to fall from res, verttcaHy' 

Ke S r.t stone W^f« 

s,on f ■* Tsi % 

mken by the smne to reach the foot of the cliff and the velocity w.th whtch 
it strikes the foot of the cliff. 



CHAPTER XI 


THE PARALLELOGRAM OF FORCES 


109. The Graphical Representation of a Force. 

\Y hen the forces acting upon a body have been considered in 
the previous pages, the body has often been drawn in elevation 
and the forces have been shown in position and direction. If 
we wish to describe fully the way in which a force acts upon a 
body, it is necessary to state : 

(1) Its magnitude. 

(2) Its direction. 

(3) 1 he point of the body at which it acts, i.e ., the position 

of the line of action of the force. 

We may include these three pieces of information on the same 
diagram by drawing a line, which represents the force in position 
and direction of length proportional to the magnitude of the force. 
It is often convenient to represent a force in magnitude and 
direction only , in this case the first point of the line which repre¬ 
sents the force may he taken as the point in the body at which 
the force acts. 



In the figure on the left above the forces acting on the weight 
P. which is suspended from Q by a light string QF, are : 

214 
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(1) The tension T in the string. 

(2) The horizontal force F. 

(3) The weight of the body W. 


On this figure the forces are shown as they act on the body 
in position and direction. If T = 5 lb. wt., F = 3 lb. wt. and 
W = 4 lb. wt., these forces may be represented in magnitude and 
direction but not in position by the three lines AB CD and hi- 
drawn to the same scale , such as 1 in. to represent 1 lb. wt 

It will be noticed that, following the usual procedure, an 
arrowhead on the line, which represents the force indicates the 
direction in which the force acts. It is not enough to show the 
direction of a force by a line of given slope, thus, for example, 
the tension in the string PQ acts upon the weight in the direct on 
PQ taken in the direction of the letters, ,.e. from the point 1 
towards the point Q, whereas the tension ,n the string acts at Q 
in the direction QP, «>.. from U towards P. When a force is 
represented by a straight line, such as AB in the above figure, 
it is to be understood that the force acts from A towards B. 

In a force diagram the arrowheads showing the directions of 
the forces represented on the diagram should „ever he omitted. 


110. Three Forces in One Plane Acting at a Point. 

I, has been shown by experiment that the effect of a force 
upon the body on which it acts is the same at whichever point 
of the line of action of the force it is considered to act. 

Two forces which act upon a body have equal and opposHe 
effect upon the body and are therefore in equilibrium if the 
C ^ 1 in magnitude opposite in direction and have 

the^LTline' of aaio'n^Two fJZ which do n- fulfil all t.wse 

rest acted upon n> force may be introduced 

to balance the combined effect of the first tuo In 1 g. in, 
if the string U cu, tlw 'vduch ^ 

r" .“LTnihin^ effect of theseVwo latter forces is balanced 
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by the third force T. In fact, the combined effect of any two of 
the forces is balanced by that of the third remaining force. 
Suppose that the lines of action of two forces are produced and 
meet at a point, then the two forces may be considered to act at 
this point. If the line of action of a third force, which acts upon 
the same body and is in the same plane as the first two forces, 
does not pass through the point of intersection of the lines of 
action of the first two forces, it cannot balance the resultant of 
the other two. The three forces cannot therefore keep the body 
at rest, and it is not possible for them to be in equilibrium. 
Three non-parallel forces acting in one plane on a body can be in 
equilibrium only if llieir lines of action pass through one point. We 
shall show at a later stage, where the above fact is treated more 
fully, that this can be demonstrated by experiment. We proceed 
by examining experimentally the simplest case of three forces 
acting at a point, viz., that in which three forces act along three 
strings knotted together at a common point, as shown in the 
figure below. The three forces act upon the knot in the string. 
The second of the figures below shows the forces acting at the 
end of a jib in a jib-and-tie arrangement. If the three forces 
acting at the end of the jib are not in equilibrium the end of the 
jib cannot remain at rest. 



111. Exi'khimunt. - -Three strings are knotted together at a common 
point O, and arc attached to weights nt their other ends. One string 
hangs vertically downwards, whilst the other two pass over smooth 
pulleys in the same plane. The common point O is kept at rest by the 
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THREE FORCES ACTING AT A POINT 

tensions in the three strings, arranged as shown in the foUowing h«ure. 
(An alternative arrangement using two spring balances is also shown.) 
When the k^iot is disturbed it should return to its original pos non 

wmsmm 

are uniquely determined, h the trianele that anv two sides arc 

r 0 h g l c , h h “S2r*s z sss 7 A <> f p »p„ »■ <>„. 




. > I «•! 

1-1G. 


plane vertical board ^ the three gn^-ctoje 

to them as possible <- the ,fncs of action of the th.ee tensions are 
accurately as possible, an f j kcd po i n ts immediately behind 

zZLt° x d a ;»« zrwxz 

distances <>A, OB 

Along the lines drawn ori the sneet i f ^ T> tQ a 3U1 , a ble scale, 
and OC to represent the three ok .. 

Complete the parallelogram O.WU. 

OA represents 'l , 

OB .. ,[> 

OC u 13 . 

T* T and T, are in equilibrium. 

Since the point O is at rest. a knot at O is balanced 

by T, ana T.. 
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A force equal to T s , hut acting in the opposite direction at O, would 
be in equilibrium with T s . 

Thus a force equal to '1', acting vertically upward at O has the same 
effect as the combined effect of T, and T,. 

When the diagonal OD of the parallelogram OADB is drawn, it is 
found that D, O and C arc in one straight line, and that the diagonal OD 
represents, to the same scale as that used for T,, T, and T a , a force equal 
in magnitude to T a , but acting in the opposite direction. 

The diagonal OD represents a force which has the same effect as the 
combined effect of T, and T*. Hence OD represents the resultant of T, 
and T a in magnitude and direction and position if O represents the position 
of the knot. 

The experiment may be carried out for a number of different values 
of T,, I’, and T 3 . Within the limits of experimental error we have 
demonstrated the Parallelogram Law for Forces :— 

If two forces acting at a point O are represented in magnitude 
and direction by two adjacent sides OA and OB of a parallelogram 
OADB, their resultant is represented in magnitude and direction 
by the diagonal OD of the parallelogram. 

Example (I). —Two ropes OA and OB are attached to a point O of 
a barge, and the ropes are pulled by two horses which walk along opposite 
banks of a canal in the same direction. If the tensions in the ropes OA and 
OB are 15 and 25 lb. wt. respectively and /AOB is 30°, what is the magnitude 
of the resultant force on the barge and xohat angle does its direction make 

with OA? 
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THREE forces acting at a point 

A 



Fig. 1*3. 


Draw OA, OR so that /AOB -30°. 

Aion S «A niark^off OH e q ual ,o M on. » £ lb r 

anJ 

"‘"Sfe the drawing OK - IW-, and represent, W lb. Also 

Example (2).-ABC .. « /I u^a.'ed »ZJ 

BC the tie. A load of 10 cwt. ts «'g> y ) resultant of this force 

ca. 



Draw PQ parallel to CO and etp.nl to >0 cn. ...Represent .0 net 

Through P draw PX / K. CA. and m ' p x a, K. 

Through Q draw QR / / «> 11 

Complete the parallelogram Ql<*- 
From the drawing, PS ' ,• _ 7 . 4 cwt . 

But PS represents I . t ^re , ore j loatl of 10 cwt. 

PR represents the resultant of I ana 
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PR = 14-6 cm. 

The resultant force along the jib CA is 14-6 cwt 

This force is balanced by an equal but opposite force exerted by the 
jib AC, as indicated in Fig. 176. 


112. Resultant of Two Forces Acting at a Point by Calculation. 



Consider the figure on the left above. 

AB and AD represent two forces P and Q acting at a point 
in magnitude and direction. AC represents their resultant. 
0 is the angle between the lines of action of the forces. 

The resultant of the forces P and Q is completely known 
when (1) its magnitude is known, (2) the angle which its line of 
action makes with that of a given force is known. 

Let CE be the perpendicular from C on to AB produced. 


Tan CAE = 


CE 

A ; 


CE 

AB + BE 


BC sin 0 
AB + BC cos 0 

Q sin 0 
P + Q cos 0 



BE 

BC 


= cos 0 


N 

! 


By the extension ol Pythagoras’s Theorem for the obtuse- 
an^’ed triangle ABC, 

AC 2 = AB 2 + BC a 4- 2 . AB . BE = AB 2 4 BC 2 4 - 2AB . BC cos 0. 
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Consider the figure on the right. 
AE = AB -EB 


= AB - BC cos CBE 
= AB + BC cos 0. (Cos CBE = -cos 0.) 

By the extension of Pythagoras's Theorem for the acute- 
angled triangle ABC, 

AC* _ AB* + BC"- - 2AB . EB - AB* + BC* + 2 . AB . BC cos 6. 

Hence, for both cases, 

R 2 = p 2 + Q* -r 2PQ cos 0, 

Q sin G 

and tan C A E " p+'Q cos 0' 

„ 0(e . These 

perpendicular to each other t P f ; s casJ , to calculate, 

a rectangle, and the resultant of «htwof ore's J ^ a im 
Suppose that two forces of 4 and In■ (he ^ OA 

are represented m ^ ! '8"' t “ e '"| eir resu l t ant is represented in 

diagonal OC of the rectangle. 


AB . BC cos 0. 



Me. I7i» 
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From the right-angled triangle OBC, 

* OC 2 = OB 2 + BC 2 = 25 4-16, 

OC = \/ 41, or R = 6*40 lb. wt.. 

TanCOB =OB = 5=°- 8 - 

/COB = 38° 40'. 

The resultant is a force of 6-40 lb. wt. inclined at 38° 40' to 
the 5 lb. wt. force. 

113. Resultant and Equilibrant of a Number of Forces 
Acting in One Plane upon a Body. 



Fig. 180. 


Suppose that a number of forces P, Q, R, S and T, acting in 
one plane upon a body, keep the body at rest. The forces arc 
therefore in equilibrium. Of these forces consider any one force, 
such as P. The effect of the force P upon the body balances 
the combined effect of the forces Q, R, S and T. The force 
P is the Equilibrant of the forces Q, R, S and T. 

If the combined effect of a number of forces acting upon a body 
/, balanced by the effect of a single force , the single force is the 
equilibrant of the original number of forces. 

Now the force P, referred to above, is in equilibrium, with 
an equal but opposite force having the same line of action, hence 
this latter force has the same effect upon the body as the combined 

effect of the forces Q, R, S and T, and is therefore the Resultant 
of the forces Q, R, S and T. 
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RESULTANT OF A NUMBER OF FORCES 

If the combined effect of a number of forces acting upon a body 
is the same as that of a single force, the single force is the resultant 

of the original number of forces. 

The resultant and equilibrant of a number of forces are equal 
in magnitude , opposite in direction and have the same line of 

action. 


114. The Resultant of a Number of Co-planar Forces. 

Let P Q R S . . . be a number of forces acting in one plane 
upon a body. To find their resultant we may proceed as follows. 
Find the resultant X of the forces P and Q by producing their 
lines of action to meet at a point and then using the parallelog 



1«'ig. 1*1. 


law Find the resultant V of X and R in a similar manner and 

so on. In this way the re ii direction and position. Since 

forces may be found in mag ^ appl.ed if the lines of the 

the parallelogram law can ^ Je used when the resultant 

forces meet, the above meth This difficulty is 

of two parallel forces must be determined. 1 Ins difficulty 

dealt with later. 
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EXAMPLES XXXII 

1. Find the magnitude of the resultant of two forces P and Q whose 
lines of action are inclined at angle 0. State also the angle a which the 
line of action of the resultant makes with the force P. 


(*) 

(b) 

(c) 
0 d ) 
(e) 


P = 5 lb. wt., 

P = 100 lb. wt., 
P = G gm. wt., 
P = 5 cwt., 

P = 4 tons wt., 


0 = 30°, 
0 = 45°. 
0 = 70°. 
0 = 110 °, 
0 =170°. 


Q = 7 lb. wt., 

Q — 150 lb. wt., 

Q = 10 gm. wt., 

Q = 3 cwt., 

Q = 5 tons wt., 

2. Find the magnitude of the resultant of forces of G and 8 lb. wt* 
which act on a particle when the angle between their directions is 
(a) 0°, ( b ) 45°, (r) 90% ( d ) 135°, (e) 180°. How docs the magnitude of 
the resultant change with the angle between the forces ? 

3. A weight of 4 lb. is suspended by a string AB from a point A. 
'The weight at B is drawn aside by a horizontal force of 2 lb. wt. Find 
the force exerted on the support at A in magnitude, and the angle which 
1 he string makes with the vertical. 

4. The resultant of a force of 10 gm. wt. and another force P gm. 
wt. acting at a point is a force of 15 gm. wt. acting at an angle of 30° 
to the force of 10 gm. wt. Find the magnitude of P and the direction 
its line makes with the force of 10 gm. wt. 

5. A load P lb. wt. is supported by a wire rope and pulley arrange¬ 
ment. If the forces exerted on the pulley towards A and B are each 

A B 



Plbs. 

Fig. 182. 


cqi \l to l.uoo lb. wt. and the angle between the inclined parts of the 
rot e is I Go . calculate resultant force which supports the load P. 

0. A barge is drawn by two horses attached to the ends of a rope 

which passes round a smooth pulley on the barge. It the force exerted 

by earn horse is equal to Jl>. wt. and the angle between the two parts 

l L lc ™P C at , find the resultant pull on the barge. 

i. Two forces of 5 and 7 lb. wt. act at a point. At what angle to each 
other should they be arranged to act so that their resultant may (a) have 
its least possible value, ( ) have its greatest possible value, (c) act at right 
angles to the o lb. wt. fore •. In each case find the resultant of the two forces. 

8 . A load ot 100 lb. wt. is raised by means of a rope which passes 
? v £%, a s ™ 00 t l “ h * cc * pulley. If the angle between the parts of the rope 
is o ) , calculate the magnitude and direction of the resultant force exerted 
on the pulley. 

9. Find by calculation the resultant of the forces 5 and 12 Jb. wt. 
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whose lines of action are at right angles to each other. Test your answers 

by To * Forces' ofToTnd 20 lb. respective* act at an angle 0 with each 
other Ohtain graphically or otherwise their resultant (R) for \alues of 
6 -0°' 4?^ 90° g 135°, and 180°. Tabulate your results and plot a graph 
to~dernonstrate them. From the graph find the value of 6 when R =20 lb. 

and l F n tS?e y the r theorem known, as the parallelogram of forces, and 
describe an experiment in venficat'on. a int> show how the 

sga a*. m 

resultant of the three forces given in the figure. 



115. Components of a Force 



e 


In the figure OB represents a force I>, and parallelogram 
is drawn, having OB “ represents the resultant of 

By the pam Wogram of forces Ol ^ force ^ „ P , 

OB t’Thl diagonal. The forc es X and Y are called the 
components of P in the direct.ons OC and OA. 

8 
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116. It is important to notice that the components of a force 
may either or both be greater than the force itself. If, for example, 
a vertical load is carried by a pair of shear legs, the greater the 
angle between the legs the greater will be the components of the 
load taken by the legs, as shown in the figures below. 



Example (1).— A vertical load of 15 cwt. is taken by two shear legs 
AB and AC. Calculate the forces exerted by the shear legs along Ad 
and AC on their supports B and C respectively . 


X 




P and Q are the components of the load of 15 cwt. along AB and AC 
respectively. 

Let the forces exerted by the shear legs AB and AC on their support* 
B and C be P and Q cwt. respectively. 

Draw XV to represent 15 cwt. 
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Complete the parallelogram XZYW in which XZ is parallel to AC 

and XW is parallel to AB. w rpnre , ents P 

Then XZ represents Q and XW represents r. 

P =7-8 cwt., Q = H O cwt. 

Example force of 50 ft. y 0 '"f Q^pmaUdVo 

iK z q- 



30° 

v 






Fig. 188. 


. - , .n. lorct of 50 lb. wt., or, conversely, 
the^orcc of as the resultant of the two forces 

P 3 Draw XY to represent V °Yz’in^Sih XW is parallel to the 

Complete the paraMe oyram i ^ 

Une of P and XZ is parallel to the line ot Kl 






t.e 


Also 


Fig. 189. 

# force P and XZ represents the force Q. 

XW represents the force t 

By calculation, 

XZ =cos 30° (Right-angled triangle ZY.) 

XY 

Q r/i3 30° and Q ~ ->0 x 0-800 «43-3 lb. wt. 


Z X=sin30“, ie , 
XY 


9in 30. or P-50 x0 5^25 lb. wt 


G' 
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EXAMPLES XXXIII 
Components of a Force 

1. A force of 10 lb. wt. acts along a line OA. Find its components 
along the lines OB and OC in the following cases :— 

(a) /BOA =30°; /AOC =30°. (6) /AOB=30°; /AOC =60°. 

(c) /AOB =110° ; /AOC =45°. 

?. The ends of a cord 5 ft. long are fastened to two points 4 ft. 6 in. 
apart and the same height above the ground. A weight of 20 lb. is 
suspended from the centre of the cord. Find the force the cord exerts 
on each support supposing it does not stretch. What difference would 
it make if the cord stretched by 20 per cent, of its original length ? 

(G.S.) 

3. A load is originally on a ledge at A, and is to be transferred to the 
opposite side of a vertical shaft. A rope is knotted to the load at D, and 
one end is fastened to a support at B, the other being pulled along DC. 



Find the forces exerted at B and C when DB and DC are inclined at 
30' and 15° respectively to the vertical. 

4. A load of 1,200 lb. hangs at a point B by a pair of ropes BA and 
BC, fastened to points A and C. Each rope is 10 ft. long. Rope BA is 
horizontal. The point C is S ft. higher than A and B. Find the pull 
in each rope. 

•*>. The force exerted along the connecting rod on the crosshcad C is 
4,000 lb. wt. Calculate the force on the piston rod and the thrust on 
the guide bar. 
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0. In a jib-and-tie arrang«ncn« the jib ACJO ''^'I'he'j'ib^l'break 
and the post AB, which' “L, 10 “V calculate the greatest load tvh.ch can 
£ d "p\nd"d' SSTc^thl.'S? jlb'naay no. tahe ntore than half „s 

brea 7 ki A 8 loadof 1 ton is carried by a &«*&*&£* 

I t , 1 'he P . U nU n ^ve- Sr5E"s *» <h ' PU “ ^ ” 

I ton ? 



* I v». — - 

. •„ fuMirr calculate the forces 

due^, I t" l HOo"l, C r n pSc^ Ta along All and at C along BC. 
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9. A rectangular mirror ABCD is supported by a string ANB, which 
passes over a nail N. The strings and mirror are in a vertical plane, and 
AB is horizontal. If the mirror weighs 20 lb., what is the resultant force 
on the nail ? If AB is 2 ft. and the string ANB is 4 ft. long, find the 
tensions in the two parts of the string NA and NB. If ANB is shortened 
in length, show, by comparison of parallelograms of forces drawn to the 
same scale, that the tension in it is increased. 

10. ( a ) The resultant of two forces each equal to P is also equal to 
P. At what angle do the forces act ? 

(6) If two equal forces P are inclined at an angle 0, show that their 

0 

resultant is 2P cos -. 

11. Forces P and 2P act at an angle of 60°, show that their resultant 
is \/7 • P and is inclined at an angle 6 to the force P , such that 

tan 0 =^-. 



CHAPTER Xll 

THE TRIANGLE OF FORCES 


117. The Triangle of Forces 

D 



/ 


Referring to the figure used m and direction, 

gram of forces, OA represen 1 of the parallelogram 

AD =OB, since they are opr ■ magnitude and 

OADB, therefore AD represents T* 

direction. that D, O and C are in the 

It has been shown by exp T in magnitude and 

same straight line, and that DO represen 

direction. . , 0 \D OA, AD and DO represent 

Consider the triangle - » acting at a point. 

the forces T x , T 2 and 1 demonstrated in a number o 

Now the above result % at o were giver, different 

different cases when the result as follows 

values, hence we may sta ^ equilibrium, they ca 

If three forces acting at a p . ,/,« t )xree sides of a 

be represented in magnitude and direction > 

triangle taken in order. 

231 
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Conversely , if three forces acting at a point can be represented 
in magnitude and direction by the three sides of a triangle taken in 
order , then the three forces are in equilibrium. 

118. Since any two sides of a triangle are together greater 
than the third side, any two of three forces acting at a point 
which are in equilibrium are together greater than the third 
force in magnitude. 



It should be noticed that the arrowheads, which indicate 
the directions of the forces in a triangle of forces, follow each 
other round the triangle. 

Any side of a triangle of forces represents the equilibrant of 
the forces represented by the other two. In fact, if it is desired 
to find the equilibrant of two forces P and Q acting at a point 
we have only to draw two sides of a triangle in order to represent 
the two forces, e.g., AB and BC in the above figure, in magni¬ 
tude and direction, and the third side of the triangle CA, following 

■he same order as AB and BC, represents the equilibrant in magnitude 
and direction. 

Thus any side of a triangle of forces taken in its proper 
direction represents the equilibrant of the forces represented by 
the other two sides. J 

It follows from the last statement that the resultant of the 
forces represented by two sides of a triangle taken in order is 
represented by the third side of the triangle reversed. Thus AC 
represents in magnitude and direction the resultant of the two 
forces represented by AB and BC. 


Example. AB and AC are ttco light strings of lengths 4 and 5 ft. 
respectively , knotted at A and fastened at B and C to two points on a 
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horizontal beam 6 ft. apart, 
a string. Find the tensions in 
direction. 


At A a weight of 10 lb. is suspended by 
the strings AB and AC in magmtude and 



vgz£ -.■" 

r s—"" “ 

of the vertical string supporting th g .... 

Along DA produced mark off AE to represent 10 lb. tv...a m. In, t . 

• . • - a c as it acts on the knot A, 

Draw EF // T, the tension in AC as ac 

FA II T, the tension in AB as it acts on the knot A. 

Hence AEF is a triangle of forces. 

EF = 2-83 in. Therefore T, =5-66 lh. wt. 

F A =3-76 in. T, =7-52 lb. wt. 

9 , =34-25°. e, =48-75°. 

T, and T, are inclined at 34-25 and 48-75° to the vertical. 

It should be observed that in the f^ e pT ££Znd ActpSrfi/ that the 

8 a 
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119. 


Experiment with a Jib-ant>-tie Arrange 




srr. 



Fig. 197. 


In the apparatus shown above, AB is the jib, BC is the tie. 

The steel pin at A is supported horizontally and is secured in position 
by the capstan block. This pin takes the force acting along the jib, and 
the magnitude of the force is registered by the spring balance fastened 
to the pin at one end and to the end of the jib at its other end. The jib 
and spring balance are in one straight line. 

Consider the forces acting at B. The load W acts vertically down¬ 
wards ; the tension T in the tie BC acts along BC; the force F in the jib 
acts along AB. The three forces act at B as they are shown in the figure 
below. 



The force along the jib is difficult to obtain accurately from an experi¬ 
ment of this kind, tor in order to read its value directlv, as given by the 
reading of the spring balance at A, we have to neglect the weight of the 
jib. To keep the error as small as possible the values of the load should 
be made as large as the apparatus will reasonably allow. 

Draw XY to represent Y\\ YZ to represent T, and, finally, join ZX. 

From the triangle of forces XY Z, ZX represents the equilibrant of 
W and T. 
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Measure ZX, and hence find the force which it represents. 

Compare the force along ZX in magnitude and 
magnitude of the force registered by the spring balance at A and the 

direction of the jib. 


120. The Inclined Plane. 




Fig. 199. 


The above figure shows a form of inclined plane which is 

convenient for a number of experiments. It consists of a pane 
convenient which carries a smooth pulley at U. 

below we make use of a soli y f. me work which 

a light frameworkbv n«ns of P- to^he ft.—, ^ ^ 

act as bearings for the t i n cvlindcr mav he held at rest 

c„ am r 0 pl k ane y .n m :“ S d"s,^d A i. cu. in the p.anc 

so that the string may be passed through the plane. 

121 . Experiment.—A rrange the Jg^der. on jhe mcl^ ^ pulley at 
that it is held at rest by the strinR, wc i K ht W is adjusted in value 

B and is then attached to a we g • j- force, which is applied to 

until the cylinder responds equally to a sligm 

it either up or down ihe plane. 
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The cylinder ia now at rest under the action of three forces : the 
we ,g ht of the cylinder vertically downwards ; the tension in the string 
I, which is arranged to act parallel to the plane ; the force exerted by 
the plane on the cylinder, or the reaction of the plane on the cylinder. 



this^eight Y 11 Hne ° f aCt, ° n ° f tbC WC ' ght ° f the c >' ,inder « and ^ represent 
tudf— YZ 11 line of action of ‘he tension T, and to represent it in magni- 
Join XZ. 

ZX represents the reaction N of the plane on the cylinder. 

Notice that the angle YZX is very nearly equal to one right angle, 

thus indicating that the reaction of the plane on the cylinder is perpendicular 
to the plane. 


If we now assume that there is no frictional force at the pin 
hearings, then the reaction of the plane on the cylinder may be 
assumed to he perpendicular to the plane. In this case, from the 
ripht-angled triangle XYZ, 


XZ 

cos a = 

XY 


N 

W’ 


N = W . cos a. 


Sin a — 


YZ T 
XY W’ 
T = W sin a. 


Thus N balances the component of W perpendicular to the 
plane, and T balances the component of \Y parallel to the plane. 

Experiment Arrange the cylinder so that ,t held at rest with the 
string horizontal, as shown in the figure, and by drawing the triangle of 
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forces, using the known forces W and 1 , show that the reaction of the plane 
on the cylinder is again perpendicular to the plane, and find its magnitude. 

A 


N 



W- 

W/eight of 
cylinder 



N - Reaction of 
plane on 
cylinder 


T-Tension in string 
Fic. 202. 

Let it be supposed that the reaction is perpendicular to the plane, then 
using the right-angled triangle ABC, 


Again, 


122 . 


W = N cos a and N =W sec a. 

tan a , 

\V 

T = W tan a. 


np T 

AB =tan 



We may further demonstrate that the reaction of the r !ano 
on the cylinder is perpendicular to the plane in each of the last 
Uvo experiments, for The cylinder may he just nnsed from the 
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plane by means of the tension in a string attached to the frame¬ 
work, as shown in the figure. Compare the tensions in the string 
which replace the reactions of the plane, with the reactions as 
found by the previous experiments. 

123. Simple Frameworks. 

The laws which have been described as the Triangle of Forces 
and the Parallelogram Law are the basis of the methods used for 
calculating the stresses in the “ members ” of frameworks used 
in structures such as cranes and bridges. According as a member 
of a framework is in tension or compression, it is said to act as a 
tie or a strut. If a member of a framework is acting as a tie 
only, then it may be replaced, so far as the stress which it has to 
take is concerned, by a rope or chain. 




Fig. 205. 


Consider the simple framework of three rods shown in the 
figure above. 

The weights of the rods will be supposed too small to take 
into account in comparison with the stresses which the rods are 
called upon to bear. 

The rods are of equal length and are freely jointed at A, B 
and C, i.e., there is no friction at the hinges. A simple pin- 
joint of this type is shown. 

The framework is supported at C and carries equal loads at 
A and B. 

AB is acting as a strut, and is in compression. The arrow- 
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heads on the figure show the direction in which the rods act 
on the hinges. Thus the rod AB acts on the hinge B with a force 
P along the rod towards the hinge. At A the same rod acts with 
an equal force P along the rod towards the hinge. AC and BC 
are in tension and are therefore acting as tie-rods. The rod lit 
acts at B with a force Q along BC away from the hinge. I he 
same rod acts at C with an equal force Q along the rod in the 
direction CB, away from the hinge C. I he hinge B is therefore 
acted upon by three forces W, P and Q which are in equilibrium. 
If the force W is known, and the directions of P and Q are known, 
as in the above case, the triangle of forces may be drawn for these 
three forces, and the magnitudes of P and Q can therefore be 

found. 

Example. A load of 4 cwt. 6 'aDI iTnd BCE 'light 

went for this purpose is shoun in the 0 • • supported by the 

chains attached to a ^l in te%th. and DC 

Join bar. Find unsions in BC, CB and EH, and 

the stress in CD. 



Consider the equilibrium of the load. on the , oad of 

4 and AU. 

T»+T.=4. 

Take moments about G, 

1£Tj - UTj-O. 

T, =T,=2 cwt. 
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X. 



Fig. 208. 


Consider the forces acting at C. 

Ti acts along CB, T, acts along CE, therefore F, the force in the rod 
DC, must act along DC at the point C, i.e., the rod is acting as a strut. 

Draw PQ to represent 2 cwt., 

QS // DC and PR // EC to meet QS at R. 

PQ // line of action of T,, 

QR II „ F, 

RP // T,. 

PQR is a triangle of forces. 

By measurement, 

F = 3-45 cwt. T 3 = 4 0 cwt. 

Consider the forces acting at E. 

By the symmetry of the arrangement the tension in DE is equal to 
the tension in CE. 

Draw XY // EC to represent T a and YZ // ED to represent T,. 

ZX represents the tension in EH. Now the tension in EH supports 
the 4-cwt. load since the weights of chains and rod have been neglected, 
therefore this tension must be equal to 4 cwt. and provides a check 
upon the accuracy of the drawing. 


124. Bridges. 

Before a complicated structure is built the stresses likely 
to occur in its members are calculated, and the structure is 
designed so that each member can safely stand up to these 
stresses. 

Even when extreme precautions are taken to ensure absolute 
safety, disasters sometimes occur. Thus in the case of the Quebec 
Bridge, completed in 1917, two accidents took place. In the 
first accident some of the members of the structure refused to 
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take the stresses to which they were subjected, and collapsed. 
On the second occasion the central span, which had been 
separately built, was towed on pontoons to the middle of 
the river, ready to be raised into position. While the span 
was being raised it broke away from the supports and 
fell into the river. A second span was built, and the bridge 
duly completed fifteen years after its commencement. In the 
case of the Sydney' Harbour Bridge two years were spent 
in making the necessary preliminary calculations before the 


building was begun. . . f , , 

The Girder Bridge .—The simplest type of bndge is formed by 

supporting a plank at its ends. The plank sags a little under its 
own weight and still more when loaded. The sagging of the plank 
causes the upper part of the material of the plank to be com¬ 
pressed and the lower part to be stretched Naturally the 
uppermost parts of the plank are compressed most and the 
lowest parts are stretched most. The amount of sagging before 



He. 209. 


Fig. 210. 



the beam snaps is dependent upon the maximum amount of 
stretching which the lowest parts of the plank can stand. I o 
" bend an elastic piece of wood until it breaks, and notice 
how it breaks. See that the grain of the wood is parallel to its 
length for if the grain is perpendicular to the length it will 
probably snap in a totally different way from that described. 

To prevent a simple plank bridge from sagging too much 
stiffen it bv the addition of a few more rods, such as 
AD DB and DC. Consider the structure which is shown in the 
fi^’re When a load is carried by the plank AB it tends to sag. 
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The sagging is largely prevented, however, by the tie-rod DC, 
which transfers some of the load to the point D, where it is 
taken by the struts AD and BD. The structure is thus much 
stronger than the simple plank alone. 

The simple structure which has been described may be re¬ 
garded as a girder bridge in its most elementary form. It must be 
remembered that bridges have to take moving loads as well as 
stationary. The stiffening of the bridge by cross bracing may be 
observed in the picture. Girder bridges are particularly suitable 
where comparatively small spans may be used. 


125. The Suspension Bridge. 



I 


Fig. 211. 

The suspension bridge consists of steel chains or cables 
supported from strong masonry piers or steel towers. The 
horizontal roadway is suspended from these chains or 



Fio. 212 . 
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cables by vertical steel tie-rods. Two points are worth 
noticing : firstly, that since the chain links at a point where a 
tie-rod is supported make a small angle with each other, the 
tensions in the links are large in comparison with the vertical 
load taken by the tie-rod, as may readily be seen by drawing the 
triangle of forces at such a point; secondly, that the chains are 
so arranged at the supporting towers that the resultant force on 
the tower is vertically downwards, and in this way the tower is 
called upon to take a force of compression only, since the horizontal 
components of the tensions in the chains balance each other s 

effect on the tower. 


126. The Arch Bridge .-It is sometimes difficult to Ind suitable 
foundations in a river-bed for the support of piers. In such 
a case it may be necessary to build a very large span.'Theareh 



i \ np shows the wav in which 

Restructure For the ike of simplicity the bars 

which make the structure rigid are orrutte ^ BC ^ ^ 

co “ iff 

^ t^str^^^h areLge in comparison 
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with the load which they carry. At the towers which support the 
arch the end thrusts are exceedingly large and are therefore 
carried by huge masonry piers or steel towers of enormous 
strength. The central span of the Sydney Harbour Bridge 
is 550 yds. wide, and is the largest single-span arch in the world. 
Consider the structure and see if you can decide which members 
are ties and which are struts. 


127. The Cantilever Bridge. 



Simple Cantilever 


Fic. 214 

A simple cantilever consists of a beam fixed at one end, 
as shown in the above figure. Bridges which make use of the 
cantilever principle, however, scarcely look like this simple 
structure. The cantilever parts of the Firth of Forth Bridge, 
which is taken as an example, are built out from a central tower 
of great strength, as indicated in the skeleton diagram below. 
The upper part of the cantilever structure, which corresponds to 


B 



Flo. 215. 


BE, is in tension, and the lower part, which corresponds to CE 
is in compression. The directions of forces acting on one part 
of the structure are shown in the figure (see also Frontispiece). 


I. ami’s theorem 
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128. Lami's Theorem.* 

If three forces acting at a point are in equilibrium , each is pro 
portional to the sine ratio of the angle between the other two. 



Let P, Q, R be the three forces acting at O. 

Let OA represent P, and OB represent Q. CO represents R in 
magnitude and direction. 

Let p, q, r be the angles between Q and R, R and P, P and 
Q respectively. 

In the triangle OAC, 


/ACO = /BOC = 1«0° 
/CO A = 180° - q, 
/CAO = 180° - r, 
Also, by the sine rule, 


Hence 


OA 

sin ACO 
P 

sin p 


-p, therefore sin ACO = sin p. 

„ sin COA = sin q. 

„ sin OAC = sin r. 

AC co 

sin COA sin OAC 

Q R 

sin q sin r 


So called since it was first stated by Father Bernard T.ami ,n 1687 
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T,,-.^- Xa , mp , e ' ^ weight of 10 lb. is supported by two strings AC and 

BC inclined respectively at 45° and 55° to the vertical, the weight being 
attached at C. Find the tensions in the strings, (1 ) by means of a scale 
diagram, (2) by calculation. 



(1) Let the tensions in AC and BC be Tj and T, respectively. 

Draw CD, 10 cm. in length, to represent the weight, 10 lb. 

Draw DE and EC parallel to the lines of action of Tj and T, respec- 
*•»ciy. 

CDE is a triangle of forces. 

DE represents T x in magnitude and direction. 

EC „ T, 

By measurement, 


>» 


M 


DE =7-2, therefore T x =7-2 lb. wt 
EC =8*3, ,, T t =8-3 lb. wt. 


(2) By calculation. 

The angle between the lines of action of T, and W is (00° + 45°) = 135°. 

” »» ». W and T, is (90° +35°) = 125°.’ 

** *» ,, T* and T x is 

(360° -260°) = 100°. 

Applying Lumi’s theorem, 

__W = _Ti_ = T 3 

sin 100 s sin 125° sin 135°' 

Sin 100 ° sin SO", sin 125° = sin 55*. sin 135* =sin 45“ 


LAM I's THEOREM-EXAMPLE 
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To find T i, 


T, 


T, _ 10 

sin 55 sin HO 
10 . sin 55 _ 10 *0-8192 
sin 80 0-9848 


Log T, = log 8-192 - log 0 9848 
= 0-9134 - 1-9934 
= 0-9200 
= log 8-316 
T, =8-32. 

The tension in AC is 8-32 lb. wt. 

Similarly, it may be shown that the tension in CR is 7-18 lb. wt 


EXAMPLES XXXIV 


Tr i \n’gi.k of Forces 


1. Three strings, OA. Ob and OC are knotted together at O. OA 

and OB are on opposite sides of the vertical through O and inclined 
to it at 4t)° and 60° respectively. Find the tension-, in OA and U14 %vnen 
OC hangs vertically and supports a weight of 10 lb. ... • • 

2. Three strings OA, OB, OC arc knotted at O, and the tensions in 
them are 6, 7 and a lb. wt. respectively. If OC is vertical, find the 
directions at which the strings OA and OR arc inclined to the vertical. 

3. AB and BC, the jib and tie of a jib crane, arc inclined at 4a and 
60° to the vertical, and /ABC is 75°. A load of 5 cwt. is carried at B. 

Find the forces exerted by the jib and tie-rod at B. , 

4. A rope supports a load of 60 kgm. A second rope is knotted at a 
point in the first, and the first rope is drawn aside by the tension m the 
second. If the second rope is horizontal and the tension in it is M kgm., 
find the angle at which the first rope is now inclined to the vertical and the 

tension in this inclined part of it. , , , . i - n a 

5. The rods AB, BC arc light, they are smoothly hinged at B. A 


100-Jb. load is 
Ali and CB. 

6. Find in 
two forces of 
inclined at (a) 


B 



the following cases the single force which will balance 
7 and 9 lb. wt. respective!), whose lines of action wo 

00°, (b) 120°. 
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7. A body of weight 5 lb. rests on a smooth plane inclined at 30° 
to the horizontal, and is kept at rest by a string which is parallel to the 
plane. Find the reaction of the plane on the body and the tension in 
the string. 

8. A body is held at rest on a smooth plane by a horizontal string. 
The tension in the string is 1 kgm., and the weight of the body 2-5 kgm. 
Determine the reaction of the plane on the body, and hence the angle at 
which the plane is inclined to the horizontal. 

0. A rope ABCD is fastened to fixed points at A and D, and supports 



weights of 20 and 30 lb. at B and C respectively. AB and BC arc in¬ 
clined at 45° and 15° to the horizontal. Find the tension in AB, BC and 
finally in CD, and the angle at which CD is inclined to the horizontal. 
('The figure shown is not intended to be accurate.) 

10. AB, BC are two links in a suspension bridge inclined at 10° and 



30° to the horizontal respectively. If a vertical load of 10 tons is carried 
at B, determine the tensions in AB and BC. 


THREE FORCES-EXAMPLES 
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11. The two girders AB, AC are anchored at A, and they are each 
inclined at 45° to the horizontal. If the resultant force on the foundation 


* 

\ 


? I 


— 8 ft 
4.*—- 




Fig. 221. 


must not exceed 400 tons and must not pass outside the base EF, find 
the greatest amount by which the thrust in one bar may exceed that in 

the other. „ - ,. , 

12 Show that the resultant of two forces which act at a point 

diminishes as the angle between their lines of action '"creases. 

A 28 lb wt is supported by two cords, one of which makes an angle 
of 60° with’ the vertical. What must be the direction of the second cord 
so that the tension in it may be the least possible ? F.nd the tensions in 

the two cords in this case. A ' j, 

13. The ends of a string 2 ft. long are fastened to two nails A and If 

16 in. apart horizontally. A weight of 10 lb. is attached to a point C 
in the string 10 in. from A, and hangs supported by the tensions in CA 
and CB. Determine graphically these tensions 

14. A 1 kgm. weight is suspended by a string 70 cm. long from .1 
2 kgm. weight, itself suspended from a fixed point by a string 60 cm. long. 
A luarizontal force of 500 gm. wt. is applied to the lower we'Rht. Hou 
far will the upper weight be displaced horizontally ? I md also the tensions 

in each of the strings. . . c c 

16. State the rule known as the triangle of forces. 

Make use of it to determine the mechanical advantage of a plain 
inclined at an angle of 30“ to the horizontal when the effort is (a) parallel 
to the length of the plane, ( b ) horizontal. Considering the plane as smooth 

calculate the reaction of the plane in each case. > 

16. A uniform rod is 8 ft. long and weighs 10 lb. Draw a large-scale 

diagram showing the rod supported by two strings of lengths 4 and 8 ft 
which arc attached to the ends of the rod and to a common su PP9J r - 
Find, graphically or otherwise, the tension in each string. vt'- '* 

17. ^plain how the triangle of forces is used to test the equilibrium 

of a body P which is acted upon by three forces which pass through a 

point in it. A light string A BCD is supported at A and D which pomts 
are in the same horizontal plane At B is a mass of 20 lb and at: C » 

mass M. The string AB is at 45° to the vertical, DC is at 30 to the 
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vertical and BC slopes upwards at 45° to the horizontal. Find the 
tensions in the different parts of the string and the value of M. ( L.M .) 

18. State the theorem of the triangle of forces. 

A uniform rod AB of mass 500 gm. is supported by two strings 
AC, BC fastened to a nail at C, and the strings make angles with the 
vertical of 45° and 30° respectively. By using the triangle of forces or 
otherwise, find the tensions in the strings. Find by diagram the angle 
the rod makes with the vertical. ( J ’.) 

19. Three strings are knotted together at one end, the other ends 

being attached to weights of 5, 7 and 8 lb. The 8-lb. weight hangs 
vertically and is supported by the other two, the strings of which pass 
over smooth pulleys. Draw a force triangle, from it obtain a structure 
diagram showing the strings in their true position. ( L.M .) 

20. State the proposition known as the triangle of forces. From the 

bob of a simple pendulum another simple pendulum is suspended. The 
lower bob is drawn aside by a horizontal string, and when the lower 
pendulum makes an angle of 45° with the vertical the upper is inclined 
at 30° to the vertical. If the lower bob weighs 10 lb., find the weight 
of the upper. {L.M.) 

21. Find in tons the tension of the tie BC and the thrust in the strut 



AB shown in the figure, which represents (not to scale) the framework 
of a derrick crane. AB =20 ft., BC =50 ft., AC (horizontal) =40 ft. 

{L.M.) 

22. The figure represents a jointed framework of four light rod9 


I 



Fio. 223 
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The resultant of P and Q is represented by AC in magnitude 
and direction. 

The resultant of the forces represented by AC and CD is 



Fic. 227. 


represented by AD. Therefore the resultant of P, Q and R is 
represented in magnitude and direction by AD. 

Similarly, the resultant of P, Q, R, S is represented in magni¬ 
tude and direction by AE, hence the resultant of P, Q, R, 
S is equal in magnitude but opposite in direction to the force 
T, and therefore the forces P, Q, R, S, T are in equilibrium, 
for they are known to act at a point. 

The method of proof evidently applies whatever the number 
of forces. 

If a number of forces act at a point, and we draw a polygon 
with its sides proportional and parallel to these forces (always 
drawing the next side of the polygon from the point at which the 
previous side ended), then if the polygon is closed we know that 
the forces are in equilibrium, but if the polygon does not close, 
as, for example, in the case of the figure ABCDEF shown below. 
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then it has also been shown above that the line which closes the 
polygon taken in the direction away from the initial point of the 

polygon, represents the resultant of the forces. 

The order in which the forces are taken when the polygon 

is being drawn does not affect the resultant. 

This method of finding the resultant of a number of forces 
acting at a point is much easier than repeating the application 
of the parallelogram of forces. 

Example .—The figure below shores an arrangement of a jib crane. 



The load is supported at the end of the jib AB by the rope BG. which 
passes over a pulley at B and so to the drum of a winch at L. 

ih'lorc'.aciwal B — ,h* tenons 

and the thrust in the jib. 

The forces acting at B are 

(1) The tension along BG equal to 10 cwt. 

(2) The tension along BE equal to 10 cwt. ( I i)- 

(3) The thrust F in the jib a [°"* A . B - Rr fT * 

(4) The tension in the tic-rod BC along BC. ( »•) 

Draw PQ to represent the vertical force of 10 cwt <W.) 

bE ~ - 

Then PQRS is a polygon of force. 

BS represents F in magnitude and direction. 

SP „ T, .. . , 

Note (1).—The known forces are taken first in drawing the force 
polygon. 
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Note (2).—If all the forces acting at a point are given in direction and 
all but two in magnitude, the magnitudes of the remaining two can be 

.S 


\ W = 10cwc. 


F (Thrust in AB) 


T = lOcwt. 


Fig. 230. 


found by means of a force polygon, so that the system of forces may be 
in equilibrium. 

EXAMPLES XXXV 
Polygon of Forces 

1. Forces of 3, 4 and 5 lb. wt. act along OA, OB and OC. /AOB 
= 30°, /DOC =40°. Find the magnitude of the resultant of these forces 
and state the angle which it makes with OA. 

2. Porces of 100, 150 and 200 lb. wt. act along ropes OA, OB and 
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OC. OA is inclined to the horizontal at 25°, /AOB =65° and /BOC =45 . 
Find the resultant force on the support at O. 

3. Five forces 1, 2, 3, 4, 5 kgm. act at a point, and their lines of 
action make angles of 72° with each other. Find the mapmtudeofthe.r 
resultant and the angles which it makes with the lines of action of the 

3 and 5 kgm. forces. 

4. There are four overhead wires attached at a point, and the directions 
of three of them are 35° west of north, 30> east of north, due east The 
tensions in these three wires are 50. 75 and 30 b «t. respectively. 
Determine the direction of the fourth wire and the tension in it. 

5. Two equal thin rods AB and BC, each of length 5 ft are^ hinged 

at B and secured at A and C. which are at the .^ e . 

B being below the level AC. AC =0 ft. A load of 400 lb. is■ carr cd 
at R and a horizontal force of 100 lb. wt. is also applied at B. Find tne 
magnitudes of th“?“r Js e" rted by the rods at B and the dtr.ct.on. along 

the rods in which they act. 

6 If in Example 5 the horizontal force is increased to 400 lb. wt 
find the forces exerted by the bars at B and the directions along the bars 

in which they act. 

7 A load of 2 tons is carried at D by a jib crane. The rope support¬ 
ing the loXlcs over a smooth pulley at D and passes then to a winch 



. n -n AD is inclined at 80* to the vertical and the jib CD ji 

So* io Ihl 'hor.romal. Find the forces exerted a. L> by the ..e-rod AD 

and the jib CD. _ . __ 

• t O io the directions OA, OB, OO and OI_). 

/.COD^n20* C kDOA=30*, zl AOB =75°. The forces along OA, OB 
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are respectively 1 and 1-6 tons wt. Find the magnitude of the forces 
along OC and OD. 


A 



Fig. 233. 


9. The figure shows a network of wires at rest. Determine the forces 
exerted at B by the three wires BA, BC and BD. 



Fig. 234. 


*0- l‘our forces act at a point and arc in equilibrium, li lb. along OA 
- lb. along OB, £AOB-45°, P lb. along OC, ZBOC^IO. - , 0 Q lb 
along OD. COD -90°. Find the magnitudes of the forces P and Q. 

11. Describe how you would ascertain whether a body would be ii 
equilibrium under the action of three co-planar forces which pass through 

n«u°‘r *' 1 " rcc f° rcc ? P ass through a point in a body and act outwards. 

I he forces are : A, of a lb. wt. ; B, of 10 lb. wt. acting at 60" to A ; and 
( . of 1« lb. wt . at -10 to A. measured in the same direction. Is the 
body in equilibrium ? If not, what is the resultant of the forces and 
what single force will produce equilibrium ? (The problem may be 
solved, graphically, but in any case a diagram is required showing the 
direction of the forces.) (L Af ) 


CHAPTER XIII 


RESOLUTION OF FORCES 


130. Experiment. —Three string are knotted together at A and two 
pass over smooth pulleys at B and C, and carry weights VV, and W, at 



W, W, 

FlC. 235. 


their other ends. The third string supports a weight W, at its end D. 
The tensions in the string are arranged so that the angle BAD is a 
right angle. 

The three weights are noted and the angle made by AC with the 
horizontal, viz., /CAE. 

Keeping Wj constant, the other two weights are altered, together with 
the angle CAE, and the latter two are so arranged that /BAD remains 


a right angle. . 

The experiment is repeated for other values of the angle tAt, and 
the values of W„ W, and /CAE are tabulated for all four experiments. 
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From a point O, set off OP x , OP*, OP 3 and OP 4 to represent the 
values of W 3 in their appropriate directions, taking a line OX to represent 
the horizontal direction. The rectangles having OP lf etc., for their 
diagonals are completed, i.e., OPRjQj, etc. 

From the figure the first thing to notice is that P x , P 2 , P 3 and P 4 are in 
one straight line perpendicular to OX. 

Now OP represents the component of each of the forces represented 
by OP lf OP 3 , OP 3 and OP 4 horizontally. These components have now 
been shown to be equal, and by measuring OP we find that their common 
value is equal to W x . This is what may be expected, for the horizontal 
component of W t acting at A is balanced by the same horizontal force 
Wj in each case. 

Moreover, the vertical components of the forces W 3 are represented 
by OQ lf etc., and by measurement it is found that within the limits of 
experimental error these lines represent forces equal in magnitude to the 
forces W 3 . The vertical components of the forces \V 3 are therefore in 
equilibrium with the vertical forces W 2 . 

Where it is convenient a single force may be replaced by its two com - 
ponents in two mutually perpendicular directions acting at any • point on 
the line of action of the force. The directions of the components may be 
chosen at will . These components of a force are sometimes referred to as the 
resolved parts of the force in the two perpendicular directions , and the force 
is said to be resolved in the two directions. 


131. Resolved Parts. 



The above figure represents a barge drawn by a single horse. 
The barge does not move in the direction of the tension in 
the rope AB. The effect of the force acting on the barge in the 
direction in which the barge is moving may be found by drawing 
AQ to represent the tension in the rope, and completing the 
rectangle APQR, AP being in the direction in which the barge 
is moving and PQ perpendicular to AP. 

The tension in the rope may be looked upon as the resultant 
of the forces represented by AP and AR. 

The force represented by AR only tends to draw the barge 
in a direction perpendicular to that in which it is moving, and 
its effect is counteracted by the action of the rudder. This force 
neither helps nor hinders the motion of the barge along the canaL 
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The force represented by AP is therefore the whole effect of the 

tension in the direction AP. . 

The whole effect of a force in a given direction is called the 

resolved part of the force in that direction. 

Thus AP represents the resolved part of the tension in the 

direction AP. 

From the right-angled triangle APQ, 


cos 0 = 


AP 

AQ’ 


AP = AQ cos 0. 


The resolved part of T along AP making 0° with AQ is 

T cos 0. 


Again, 


sin 


0 


PQ 

AP' 


PQ = AP sin 0. 

Now PQ = AR, therefore the resolved part of T along AR »s 

T sin 0. 


132. Sailing into the Wind. 

A ship is said to sail into the wind if it makes headway against 
the wind, i.e., if the direction in which the ship moves makes an 
acute angle with the direction from which the wind is blowing. 



Fro. 238. 
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Let AB represent the plan of a sail of a ship and CD the 
direction of the wind. 

The wind causes a difference of air pressure on the two sides 
of the sail, the greater pressure, as one might expect, being on 
the side of the sail on which the wind is incident. The effect 
of the difference of pressure is to produce a resultant force P 
acting at right angles to the sail along DG. 

If we head the ship in the direction DE, so that /CDE is acute, 
and the line of the sail AB is between CD and DE, we may 
imagine the force on the sail to be resolved into two components 
at right angles to each other, one in the direction DE , and the 
other perpendicular to this, along DF. 

The resistance to the motion of the ship along DE is small 
compared with that which tends to prevent motion along DF. 
The result is that although the component of force along DE may 
be less than that along DF the resultant motion of the ship (itself 
compounded of components along DE and DF) makes an acute 
angle with the direction DC. The sideways motion of a yacht 
is largely prevented by a very deep keel. 

133. The Action of Wind on an Aeroplane Wing. 



A cross-sectional view of an aeroplane wing is shown above. 

The “ stream-line ” shape helps to prevent the sucking effect, 
which tends to drag the wing backwards when it meets a rapid 
current of air, and at the same time provides a considerable 
difference of pressure on the top and bottom surfaces of the wing. 

The air in contact with the upper wing surface is at a pressure 
less than atmospheric, and that in contact with the under surface 
is at a pressure greater than atmospheric. Thus the wing is 
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sucked up from above and pushed up from below. The suction 
effect is roughly twice the upward thrust, but both effects 
combine to produce a resultant force on the wing which may 
be taken to be in a direction sloping slightly backwards along 
OP. This resultant force may be resolved into a vertical com¬ 
ponent called the lift and a backward horizontal effect called the 

drag. 

134. Application to the Inclined Plane. 



Suppose that a body is at rest on a smooth »c » p ane 
acted upon by its weight W, the normal react,on N of he plane 
and the tension T in a string attached to ,t and parallel 

Pk We have already shown that N and T may be found by 
drawing a triangle of forces. Since the hues of N and T are 

perpendicular to each other the problem may be ' tr - v rca J 
■ solTed by resolving the force W into two components one 
parallel to the plane, W cos (90-a), and one perpendicular to 

the ^ foxing on the body are in eduiHbrirm^en^ 
tension in the string is balanced by the component W cos (.<0 a), 

i e T = W cos (90 - a) = W sin a, 

and the normal reaction is balanced by the component of W 
perpendicular to the plane, W cos a, 

■ e N = W cos a. 

The method can be applied, however, when the force* to be 
determined arc not perpendicular to each other. 1 bus when 
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body on the inclined plane is acted upon by a horizontal force 
T in place of that parallel to the plane. 



Choosing the horizontal and vertical directions as most con¬ 
venient in considering the resolved parts of the forces acting, 
we have, 


Vertically, 

I lorizontally, 
From (1), 


W = N cos a 

T = N cos (90 - a) = N sin a 



cos a’ 


( 1 ) 

( 2 ) 


N = W sec a. 


Substituting for N in equation (2), 


r 1 * 


1 


W 

. sin a. 

cos a 


T = W tan cl. 


135. Application to Moments. 

1 he moment of a force about a point is equal to the sum of 
the moments of any two component forces which have the given 
force as their resultant.* It is sometimes easier to resolve a 
force in two mutual perpendicular directions and to find the 
-moments of these components about a point than to calculate 
the perpendicular from the point to the line of action of the force. 


* See p. 296. 
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on the 


Example (1 ).—Ltt X represent the force exerted by the roof of “ 

'.he uaU AB XI’hat is the turning effect of the force X about the point B f 



If the force X i, resolved horizontally and vertically, •< 

that only the horizontal component of force. X «>s therefore 
about B, and the matmitude of the turm.iR effect is thcrctor 

X . cos 0 . AB. v 

Now BD, the perpendicular from B to the line^ of action ° 

AB . cos 0, and the moment of X about B is there o < 

X . AB . cos 0. 

The two methods of finding the moment of X about B are thus seen 

“ feSS^rrABCP . Mat* A 



l 

lOcwts 
l io. -13 
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AB—3 ft., BC=2 ft. and the weight of the block is 10 cwt., find the 
value of P so that the block may begin to turn about the edge at C. 

The block will turn about C when the moment of P about C is equal 
to that of the weight of the block. 

Resolve P vertically and horizontally. 

The vertical component is P sin 35°, and its moment about C is 

3 x P sin 35°. 

The horizontal component is P cos 35°, and its moment about C is 

2 x P cos 36°. 

Hence, 3P sin 35 + 2P cos 35° = 10 x 1 

Therefore P(3 sin 35+2 cos 35) = 15. 



_16_ 

3 sin 35+2 cos 36 


= 4-44 cwt. 


EXAMPLES XXXVI 

Resolution, including Application to Moments 

1. A force of P acts along OA at an angle 6 to a line OX. OY is 
perpendicular to OX and is inclined at 90 - e to OA. 



(b, P=X lb. wt.i 

(c) P = 15 lb. wt., 

(d) P = X lb. wt., 

(e) P =2 tons wt., 


Find the resolved parts of the force P along OX and OY in the following 

(a) P = 10 lb. wt.. 6 =30°. 

e =30°. 

0 =45°. 

0 =45°. 

0 =37°. 

2. In question 1, XO is produced to X, and YO to Y, Find the 
resolved parts of the force P in the following cases * d th 

(a) Along OX, OY, ; P = 10 lb. wt., 0=15°. 

P = 16 1b. wt., 0=40°. 

P = 2 tons wt., e =37°. 

P =6 kgm. wt., 0 = 120°. 

P = 10 gm. wt., 0 = 200°. 

P = 4 cwt., 0 =300°. 

horLmafaTd °vci£i Sm^onTn"" 1 <0 ° '° 


(b) Along OX,, OY 

(c) Along OX,, OY, 

( d) Along OX, OY ; 

(e) Along OX. OY, : 
(/) Along OX,. OY ; 
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4 A force of 20 lb. wt. is inclined at 9 ° to the horizontal. If the 

Po!n b ; «. ^ % 

“TTb^/f5/^^ra d ^ h b7°iow rope .nchned a^ to £ 

nf f u e canal If the tension in the rope is -00 lb. wt., ana t 
direction ot tne canai. ** _ , resistance to motion in 

at 20° to the Y horizontal by a rope parallel to the inclined plane. Find 

of * s* 3M: 

riiiisassss 



112 lb> w 


l ie. 2 I”> 


frictional resistance parallel to the plane, find the value of P .Resolve 
Par ii'. A°wooden n 5 phere is supported by a fine wire and .s pushed by 



go 
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a horizontal force F until the wire is inclined at 20° to the vertical. 
Find the force F and the tension in the wire if the weight of the ball is 
2 lb. wt. 

12. A uniform heavy bar BC of weight 5 cwt. and length 8 ft. is kept 
in a horizontal position by a chain attached at a point D, 2 ft. from C, 
and to a point A, 3 ft. vertically above B. By resolving the tension in 



DA vertically and horizontally at D, find tension T by taking moments 
about B. 

13. A horizontal force of F lb. wt. acts at A on a 200 lb. wt. vertical 
rod AB hinged at B. The rod is prevented from turning by the rigid bar 
CD inclined at 30' to the rod and fastened to it at a point 5 ft. from B. 


F 



The force exerted by the bar DC at C is 200 lb. wt. Kind the horizontal 
component of the 200 lb. wt. force, and by taking moments about B, 
find the value of F. 
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14. AB represents a umiorm heavy bar ot length 4 ft.. smoothl> 
hinged at B and prevented from turning about B by a force ot 2. b. 
acting at an angle of 70° with AB. Find the component of the -> lb. wt. 



r j* ,i or \ R If the weight of the bar is W lbs. wt., what 

ZrSr25£££S W pelpendicular to AB > By takin B ™-„s 

“ b °'i‘5. B Show dearly how a force may be resolved into two components 
at right ang!es to each other. ^ ^ cndcd in a vertical plane 

with i ts^onge rs ide ‘-ri.mtal by a s,nng«ft. lo^ttached toj.. two 
top comers and passing our a n • A - P of thc samc length 

tut S^^sSl'Ko^al. Compare the tens,ons in thejwo 

8tn "r A light cordABCD is fastened at W D to two pojn^m the 
samc horizontal plane. At U a m own mass W. and the string 

^hori^Sr' ^e J .°e,™me L .he r puU in each string expressing the results 
to two places of decimals. 

136. The Sum of the Resolved Parts of Two Forces Acting 
at a Point in any given Direction is Equal to the 
Resolved Part of their Resultant in that Direction. 

(>\ and OH represent thc forces P and Q acting at a point. 
OC, the diagonal of the parallelogram OACB, represents then 

resultant. 
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Let OX be the given direction. 

Draw AD, BE, CF perpendicular to OX, and AG perpen¬ 
dicular to CF. 




The triangles OBE, ACG are equal in all respects, therefore 

OE = AG = DF, 

and OF = OD + DF = OD +OE. 

Now OF represents the resolved part of the resultant of P 
and Q in the direction OX, and OD, OE represent the resolved 
parts of P and Q in that direction, therefore the above statement 
is proved. 

If a third force R acts at the same point as P and Q, then the 
resultant of P and Q may be considered together with R in 
precisely the same manner as P and Q have been considered 
together, and it may be shown that the resolved part of the 
resultant of P and Q together with the resolved part of R in the 
direction OX is equal to the resolved part of the resultant of 
P, Q and R in that direction. 

This result is true for any number of forces acting at a point, 
and we shall use it to find the resultant of a number of forces 
acting at a point. 


137. The Resultant of a Number of Forces Acting at a Point. 

By resolving the forces in tuo perpendicular directions. 

Forces of 7, 5, 4 and 2 lb. wt. act at a point O in the directions 
shown in the figure. POQ = 60°, ZQOR = 75°, ^ROS = 85°. 
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Axes OY and OX are chosen perpendicular to each other, 

the axis OY being along the 7 lb. \vt. 

The angles made by each force with the axes are iound. 



Where the component of a force is in the opposite direction 
to that chosen as the positive direction it is entered in the table 


below as a negative component. 

Consider the 4 lb. wt. force, 

Component along OX = 1 cos ROX =4 cos 45 

= 4 x 0*7071 =2-8284 lb. wt. 

Component along OY = - I sin ROX = - 4 sin 45' 

= -2-8284 lb. wt. 


Force. 

Component along OX. 

# 

Component along OY. 

^ ■ 

' 7 

6 

4 

2 

0 

6 co* 30° — 5 x 0*8600 - 
4 co* 45° —4 xO-7071 — 

— 2 cot 50° — - 2 X 0 0128 - 

■4* 

4 330 
2-828 

• • • 

1 *280 

5 sin 30®—5x0-5 — 

-4 sin 45° — — 4 xO-7071 - 
-2 tin 60*— -2x0-7000- 

7-0OU 

2-500 

••• 

• •• 

• • • 

2-828 

1-632 


Sums 

7-168 

1 -286 

^ « r r nrtn 11 

9-600 

4-360 


The sum of the components along OX -5-872 lb. wt 


The resultant of the forces = \/(5 


OP = 5-140 lb. wt. 
•872* +5-110 2 } 


-7-88 lb. wt. 
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If the direction made by the line of action ot the resultant 
with OX is a°, 

5-140 
5-872* 

a-41° 12'. 


tan a — 


138. The Equilibrium of a Number of Forces Acting at a 
Point. 

Since the resultant of a number of forces acting at a point 
is zero if the forces are in equilibrium, it follows that the com¬ 
ponents of the resultant in such a case must be zero in any two 
mutually perpendicular directions. 

Conversely, if the algebraic sums of the components of a 
number of forces acting at a point in two mutually perpendicular 
directions are zero the forces are in equilibrium, for in this case 
their resultant is zero. 

In the example worked on the previous page the forces acting 
at a point have as their equilibrant a force equal but opposite 
to their resultant which was determined. 


EXAMPLES XXXVII 

Resultant and Equilibrant of Forces Acting at a Point 

by Resolution 

1. Forces of 1, 2, 3, 4 lb. \vt. act at a point, the angle between each 
pair of forces being 30°. Find the magnitude of the resultant of the 
forces and the angle which its line makes witlt-the 1 lb. wt. force. 

2. Three horizontal wires radiate from a point in directions north¬ 
east, 30° west of north and due south, the tensions in them being respec¬ 
tively < r >0, 60 and 80 lb. wt. Find the magnitude and direction of the 
resultant of these forces. 

3. Show how to determine, in magnitude and direction, the resultant 
of a system of forces acting at a point. 

Six strings, each string making an angle of 60° with the next string, 
arc attached to a small body. If the tensions in the strings are 1, 2, 3, 4, 
5 and 6 unit3 respectively, find the magnitude and direction of the resultant 
force on the body. ( L.AI .) 

4. Forces 2, 6, 10, 4 lb. wt. act at a point along the lines OA, OB, 
OC and OD. The angles AOB, BOC, COD are 90°, 45°, 90° respectively. 
Find the magnitude of the single force acting at O which will maintain 
equilibrium, snd state the angle at which it is inclined to OA. 
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EQUILIBRIUM OF FORCES AT A POINT 

6 Five forces 2, 3. 4. 5 and 6 lb. vvt. act outwardly from a point 
and the angle between each pair of forces is Find in 

direction the equilibrant of the sj-stem, giving the angle which it makes 

with the 4 and G lb. wt. forces. . n .. r . 

6. The following forces. A, 560 lb. wt. ; B, 190 lb- wt C 36 4 lb. 
wt all act outwards at the same point and make equal angles ot I/O 
with one another. State completely what additional torce is required 

to keep these forces in <£f* rt ^ respectively act outwards from a point 

on a bod^S; an angle of G0 e between each pair. Find the magnitude 

and^ir^ction of the resultant.^ ^ ^ a , a point q along lines OA. 

OB 6C. OD, OE and OF. as shown in the figure. Determine the 



magnitude and sense 
order to maintain the 


of each of the forces acting along OE and OF in 
point O in equilibrium. 
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THREE FORCES ACTING ON A RIGID BOD'V 

139. If three forces acting in one plane upon a rigid body are in 
equilibrium , their lines of action either meet in a point or are parallel. 

I R - 


* 

i 



Fig. 254. 

Let P, Q and R be three forces in equilibrium acting in one 
plane upon a body. Suppose that the lines of action of P and Q 
are not parallel, and when produced, therefore, they meet at a 
point O. A force may be considered to act at any point in its 
line of action. The forces P and Q may be considered to act 
at O. The resultant of P and Q acting at O is a force whose 
line of action passes through O. This resultant R x can only 
be balanced by an equal and opposite force, its equilibrant, 
which has the same line of action. Since P, Q and R are in equili¬ 
brium, R is the equilibrant of P and Q and therefore of their 
resultant R x . Hence R and R, are equal and opposite forces 
which have the same line of action. The lines of action of P, 
Q and R therefore pass through a point. 

272 
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experiments with three forces 

If the lines of action of P and Q do not meet when produced 
they are parallel. The equilibrium of parallel forces is considered 
at a later stage from a theoretical standpoint, and from a practical 

standpoint we have already dealt with it. 

If a body is at rest under the action of three 
forces which act in one plane and are in equilibrium (1) the.r 
Unes of action pass through a point, (2) the forces may be repre¬ 
sented in n'gni.ude and direction by the three sides of a triangle 

tahen m ; crime nts demonstrate the fact| stated 

in italics above, but, in addition, show the way in which the 
forces act upon a body in typical three-force problems . 

.jsrr s w?i Kw'F’ 



. • • r t ane\ T. arc marked on the surface of the 

The lines of action °f T, * of the lamina is found by 

lamina, and the line of a ?* l f t f the l? m i n a to pass through a point 
supporting a Pl^-hne m of gravity. The lines of action thus 

‘markedon \hc lamina should^efta'ihe last experiment so 

EXPERIMENT (2-T^cA Supported by^ steel balls, on which it 

-bf h0n ii t ^.^"Sn^s be attached to the tin and three horizontal 
is free to roll. i>et tnrcc sun k . • . • own plane. Demon- 

tens^na jS^Ef action of the three tensions pass through 

strate as before that the im act ing on ^ lamlna> viz., its weight 

Ind 8 £E e rS^ns of theTteel balls on it. do not affect the equilibrium of 

the three horizontal forces. 
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Experiment (3). —Attach unequal lengths of string to the ends of a 
uniform rod AB. Fasten the other end of the string attached to A to ts 



X 



fixed point C. Pull the free end of the second string attached to B so 
that AC is vertical. What do you notice about the direction of the string 
at B ? 

hasten both strings to a point X and allow the rod to hang freely, 
from X suspend a plumb-line, and notice the point at which the vertical 
through X cuts the rod. The three forces acting on the rod are the 
tension in AX, T t , the tension in BX, W, the weight of the rod acting 
through its centre of gravity. 

Do the lines of action of these three forces pass through a point ? 

Experiment (4). —Attach a string to the ends A and B of a non- 
uniform rod, and support the rod by passing the string over a smooth 


A 



Fio. 257. 
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pulley C, ita.’SlTpulley ZtHoo™ «^ln 

the vertical. Remembering . dumb-line to pass through 

I 1 ; M? ^3? « ** 

- '£zL2£r%«& ^5SSlT hi ^ ."'rou A s .;':, 

ho.n„1he P end ofThe*rod Thf pin ehou.d fi> loosely in.o «hi. hoi. 



Fig. 258. 


T h P e P ri u^dtr' .hc^iTtf*™ Equilibrium :- 

,1) The weight of the tod which ecu-err,rally downward, through 
the centre of gravity of the rod. 

(2) The tension in the string reactIon of the pin on 

(3) The reaction at the hinge n.c., 

the rod. 

In order to find 1 hc . d |f* c j 0 ^ pa rison will ‘‘th c weVgh t* of*the rod 
the pin, which is vc J7 h ^ thc P pin, and arrange the tension and 

loosen the screw winch see bc completely removed from 

SnS^whhiTS position bling altered when the support is taken 

away. , ... .u,. m n lines of the strings when produced 

inteile^on the to? of action of the weight of the rod which passes 

' hV .‘hr r od B of .hr rod usrd in .hr above riper,- 

ment attach a light smooth pulley. 
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Arrange the rod so that it is supported at B by the pulley which rests 
against a vertical wall, and at A by the pin, as in the last experiment. 




Fig. 2i>y. 


The reaction at B may be considered to be horizontal, as it would be 
if the end B of the rod were supported by a smooth vertical wall. 

Verify that the reaction at the hinge A passes through the point of 
intersection of the lines of action of the weight of the rod and the horizontal 
reaction at B. 

141. The following points, some of which have been 
mentioned before, must be carefully remembered :— 

(1) The weight of a body acts vertically downwards through 

its centre of gravity. 

(2) When a body is leaning against a smooth surface the reaction 

is normal to the surface, as N, in figure below. 



N 


(3) When a rod is resting on a smooth peg the reaction of the 
peg on the rod is perpendicular to the rod, as N 2 in 
figure above. 



277 


(4) 

(5) 


THREE FORCES ACTING ON A BODY 

The tension in a light string is the same throughout the 
string and is unaffected by the string passing over 

smooth pegs or pulleys. m , . . , 

The resultant of two equal forces T, T bisects the ang 
between them. Thus when a string passes over a 
smooth peg (or pulley) the resultant force on the peg 
bisects the angle between the parts of the string on each 
side of the peg (see the fifth of the experiments described 

above). 



Fig. 201. 


'6) When a rigid body is suspended from a fixed point, tl 
centre of gravity of the body must he in the vertical 
line through the fixed point. Referring to the third 
experiment described above, the resultant reaction at 
X must balance the weight, and for this to be possible 
the two forces must act in the same straight line. I his 


R = W R=W 



Fig. 262. 



278 


MECHANICS 


result is true whether X is a point in the body itself, 
as shown below, or whether the body is attached to X 
by two strings. 

(7) The directions of forces as they act upon the body which 
is under consideration must be carefully noticed. This 
applies especially to reactions at a hinge where it is 
essential to distinguish between the action of the hinge 
on the hinged body as against that of the hinged body 
on the hinge, these forces being equal in magnitude and 
opposite in sense. 


Example (1 ).—A uniform horizontal beam AB, of length 8 ft. and 
weight 100 lb., is hinged at A, and is held in position by a chain CB attached 
at C to a support 4 ft. vertically above A. Find the tension in the chain 
and the reaction of the hinge A upon the rod, stating carefully the direction 
in which this reaction arts. 
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Hie weight of the beam may be taken to act at its midpoint since the 
beam is uniform. 

The three forces acting on the beam are :— 

(1) Its weight, which acts vertically downwards through its mid¬ 
point G. 
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(2) The tension T in the chain BC in the direction BC. 

(3) The reaction R of the hinge A on the rod. 


Since the lines of action of the weight of the beam and the tension 
T meet when produced at D, the line of action of the third force R must 
also pass through D. 

If wc join AD, 


CA is parallel to the line of action of the 100 lb. wt-, 

AD . 

DC . 1 • 


therefore CAD is a triangle of forces. . . 

For an accurate graphical solution it is necessary »o draw to as large 
a scale as possible, a separate triangle of forces such as X\ Z, then. 


100 R _ T 


XY YZ ZX‘ 

For a solution by calculation the triangle of forces CAD. already 
referred to in the structure diagram, may be used. 

Since DG // AC and G is the midpoint of AB DC - DM. 

Again, CAB is a right angle, therefore the circle diameter CB passes 

through A, and AD =DC. 

CB* = CA : + AB* =4* +8* =80. 

CB = v R0 = 4v /5 - 

AD = DC =|. 

loo _ R T 

CA AD DC' 

100 _ R = T 
4 2 y/o 2 V 5' 


Hence, R =T = 50 v '5 = 112 lb. wt. (Correct to three significant figures ) 

/DAB = / DBA. 

Since Um (P BA = * = ** 

/DBA =26° 34'. 

The reaction makes 26° 34' with the horizontal. 


c„ mn i, (2) _ The stringing arm dexised to carry a boiling pot oxer a 

i,„ rrLr. >„.< u » » <•<«' "■>" «/>/-'"' 

" Th^d IT,” h££d .« a .. . v-ica, rod, ,.nd jib CO i. h.n^l 

at A to the vertical rod and at J > to AM. .. 

^ U r;SL1i CD a^d thf/«c.!o„ a, .hr h inS r A , 
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Consider the forces acting on the rod AB. 

(1) The weight of 20 lb. at B. 

(2) The force P in the jib CD acting along CD on the rod AB. 

(3) The reaction R at the hinge A. 



Since the lines of action of the weight of 20 lb. and the force P meet 
at the point E when they are produced, the line of action of the reaction 
at A must also pass through this point. 

A triangle of forces XYZ may now be drawn, and from it 


20 

XY 


= _P _R 

YZ ZX' 


Thus if XY is drawn to represent 20 lb. wt. to a suitable scale, YZ 
represents P and ZX represents R. The direction of the reaction R on 
the rod AB makes /EAB with the horizontal. 

Solution by Calculation .—In the structure diagram, 

EA // line of action of R. 

AC // „ „ 20 lb. wt. 

CE /I ,. „ P. 

Hence EAC is a triangle of forces. 

Using the right-angled triangle DBE, since /EDB =45°, BE = 1 ft and 
ED = \/2 ft. — 

Using the right-angled triangle EAB, 

EA* = AB* + BE* =3* + 1* = in 
EA = N /10 ft. 

Using the right-angled triangle ACD, since /ACD =45°, AC = 2 ft 
CD = 2 y 2 ft. — 

Thus AC =2 ft., CE=2v/2 + v/2=3v/ 2 ft., EA = V10 ft. 
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Now 


Therefore 


2° _ P _ R 
AC CE EA' 

20 _ P _ R_ 
2 3-v/2 V10 


P = 30\/2 = 42-4 lb. wt. 

R = 10V10=3I-6 lb. wt. 

Since tan /EAB =1, 

/EAB = 18° 

Hence R is inclined at 18° 26' to the direction BA. 


Example (3).—^ rectangular packing case is being rcased hr * r**atn 
OAB which is attached to a hook at O and passes round s " l ° ot * 1 pullers 
at A and B. which way be taken as the midpoints of two 

edges of the case. If the weight of the case is 5 grf .. find the tension m 
the chain and the force exerted on each pulley. AB ft., the total leng 
of the chain OAB is 16 ft. 



smooth the tension throughout the 

Ch "TteraS 8 rf bie® the angle AOB.snd it 

mu.Tbak.n~ the force on the hook at O. which is equal to the we.ght of 
the packing case. G, the centre of grav.ty of the case, .s vert.cally below O. 

Let OG meet AB at E. 


AE =3 ft., and AO =6 ft., since 


AO + AE = OB + BE = 8 ft. 
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The triangle of forces for the forces acting at O may now be drawn, 
and T, the tension in the chain, determined. 



Having found T, the force on each pullev may be found by the 
parallelogram law. 

Solution by Calculation .— Resolve vertically at O. 

2T cos AOE = 5. 

2T. ^=6. 
o 

T =3 -125 cwt. 

T-et R be the resultant of the two equal tensions acting at A upon the 

pulley. 

Using U- -P 3 +Q 8 -r 2PQ cos 0. 

R=i^=5-r.9 cwt. 

o 

Example (4).* A uniform ladder AB, of tv eight W, rests zvith the end 
A in contact zvith a vertical trail at zvhich friction may be neglected , and 
the end B tn contact zvith the ground , zvhich is horizontal. If the angle of 
inchnatton of the ladder to the vertical is 0, and the ladder is on the point 

°.i >!!*?' P ro \* \ iat tan ~ i ta f n 6 where A is the angle of friction between 

the ladder and the ground, bind also the reactions at the ends A and B of 
the ladder in the case tvhen 0 =30°. 

Since the wall is smooth, the reaction of the wall on the ladder is 
perpendicular to the wall. * 

The weight of the ladder acts vertically downwards through its mid¬ 
point O. 

The res ultant reaction R at D must pass through the point of inter- 
* This example should only be read after Chapter XVI. has been studied. 
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section of the lines of action of the weight of the ladder anil the normal 

reaction at A, viz., O. ... . „ 

Since the ladder is in limiting equilibrium, OB is inclined at a to 

the vertical, where A is the angle of friction at B. 



From the figure, GA = GB, GD // AC, therefore CD =DB. 


rp _ BC 
Ian AC' 


Tan A= BD = Bp = 1 . BC =itan e. 

1 an A A *> ' AT 2 


OD AC 2 AC 

Given the angle 0, the above figure may be accurately drawn and 
the angle X measured. 

When 6 =30°, tan X =0-5774/2 =0-2887. 

Therefore A = 10° 0'. 

OD is parallel to the line of action of W, 

DB „ .. » N *» 

HO is the line of action of R, 

ODB is a triangle of forces. 

W_OJU.ec X. 

VV OD 

R = W sec X = 1 -04 W. 

N. . X. 

N,=W tan A =0-289 W. 
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EXAMPLES XXXVIII 

Three Forces on Rigid Bodies (solve Graphically 

or otherwise) 

1. A uniform bar AB, of length 5 ft., weighs 200 lb., and is smoothly 
hinged at A. The end B is held by a horizontal rope CB, of length 4 ft., 



.'astened at a point C vertically above A. Draw a careful diagram showing 
the way in which the tension in CB, the weight of the bar and the reaction 
of the hinge at A act upon the bar. Find the tension in CB and the 
reaction at A in magnitude and direction. 

2. ABC represents a wall crane. AB is a horiz-ontal rigid girder, of 
length 8 ft., hinged at A. and BC is a tie-bar secured at a point C, 4 ft. 



vertically above A. If the load on the girder (including its weight - ! is 
2 tons and acts at a point - ft. from B, draw a diagram showing the forces 
acting on the girder, and determine the tension in BC and the reaction 
at A in magnitude and direction. 
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of .vs- «r^r.5ss 



i, on a slope of 30”. Find also the normal reaction of the roller on the 
,l0P 4.' A untform har of ,e„ 8 dt 6 ft. 6m. and weigh ,n 8<f 0 ,b. is mspended 
a r ^hld P r its y enT “Id the tLi.n in each string and the angle, 

Wh, 5 h Ab\ figure, not drawn‘ ^^jij^cn'and a Responding chain 
°[ STShi* STS above* ^(the hinge,. AB = 30 in. The 



Fig. 271. 

other dimensions are '°"i, a nl 

and thus find the addmonal cns.on of Jhe^cham, f uilboard Wha , 

ftirther Ration would be necessary for deter,uintng the dis.nbut.on 

of this additional tension n " c -d at A and hangs vertically. 

6. A unifom.i rod AB 2 fL ^ at \ hc end 11 causes the rod to 

featinS i ^ to the vertical. Find the reaction at the lunge and the 

weight of the rod. weight 8 lb. is supported at both 

ends i^a'horizontal^ position by ^^cord % 30**in. long which",.- over a 

Sm TVu*ifom ta’i'Vf'n'lnng'w'ighSg 10 lb is hinged to a wall and 
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held horizontal by a cord running from the end of the bar to a hook in 
the wall 3 ft. above the hinge. Find the tension in the cord. What will 
be the effect on it of hanging a weight of 10 lb. from the end of the bat ? 
Explain carefully the steps in your calculation. ( L.M .) 

9. A five-barred gate weighing 1 cwt. hangs by hinges 2 ft. 6 in. 
apart. The centre of gravity of the gate is 4 ft. horizontally from the 
v ertical line through the hinges. Assuming that the whole weight of the 



Fig. 272. 


gate is taken (1) by the upper hinge, (2) by the lower hinge, find the 
reactions at the hinges in each case. Which do vou consider the better 
arrangement ? ' ^q q ^ 

10 A rigid body is in equilibrium under the action of three forces, 
btatc the necessary conditions of equilibrium. 



Fig. 273. 


The heavy bar AB, hinged at A. is held at 60 ’ with the vertical by 
the light stay CD C is 6m. below A, and the weight of the bar (io lb.) 

“ l . J * ,olnt ,n - f rom A -. F >nd graphically or otherwise the 
the him" HC V ’ 3nd thC ma R n,tude ani1 direction of the reaction at 

11. A uniform rod 100 cm. long is supported at one end by hinge 
and at the other bv a light cord which is attached at a point 50 cm. abofc 
d,e , cntrc of gravity of the rod. which is thereby kept horizontal. If the 
mass of the rod is 100 gin., and a load of 800 gm. is placed at 75 cm. 
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from the hinge, find by any means the tension in the cord and the reaction 
at the hinge. Draw a diagram showing the directions of the forces 
involved. [Hint: Combine the weight of the rod and the load to form 
one force acting vertically through their centre of gravity.] ( L..M .) 

12. Explain how you would determine whether three coplanar forces 

acting at a point are in equilibrium. . 

Two smooth balls, each having a radius of 10 cm. and weighing MHJ 
cm., are suspended from the same hook by threads 10 cm. long attached 
at the surfaces, so that the balls hang in contact What is the reaction 
between the balls and the tension in each thread ? Indicate clearly on a 

diagram the forces on one of the balls. . ^ 

13. The figure represents a line diagram of a lean-to root in w tuch 



Fic. 274. 


the reaction from the main wall at A is assumed to be in the direction 
shown. Determine the reaction at B and the value ot I . 

14. State the conditions which must be satisfied by three non-parallel 

forces which keep a ripid body in equilibrium. . 

A ladder rests with one end on rouph pround and the other against 
a smooth vertical wall. The foot of the ladder is .» ft from the wallland 
the top 12 ft. above the ground. Determine graphic;. ly or otherwise the 
forces exerted by the wall and the ground on the ladder when the 'oU'l 

l0 “ d 15 at TwoTmooth spheres, each of radius 2$ in. and weight \\ , rest 



Fig. 276. 
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one on the other inside a smooth cylindrical tin of internal radius 4 in. 
Find the reactions P, Q, R and S between the spheres and between the 
spheres and the vertical wall of the tin. [Hint: Find P and Q first, then 
proceed to lower sphere, resolving vertically and horizontally to find S 
and R.] 

16. A rigid bent lever ABC is hinged at B, and forces of 100 and F 
lb. wt. act perpendicular to the parts CB and AB at C and A respectively. 



and maintain the lever at rest. Find the force F and the reaction at B 
of the hinge on the lever. 

17. The luggage carrier AB of a bicycle is hinged to the frame at A. 
and supported in a horizontal position by the stav CD. AC = 10 in., 



G D fAC- 0 -S"’in P fi 9 , in - lf u a K n ad °u 28 lb - “ “powd the carrier at 
^ .V>;'"l 8 ,' n ) - f,nd graphically the magnitude and direction of the 
additional stresses caused in CD and at A. (Q 9 ) 
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18. A uniform rod AB rests with the end A in contact with a smooth 
vertical wall and on a smooth horizontal peg at C. If the peg is 4 in. 



from the wall and the rod makes an angle of 30° with the horizontal. 

^ d 19 >C Aun'fVr, f n'iK,rAR. of weight 20 fb is smoothly hinged at A. 
A cord BC is fastened to the end B of the rod. and to a point C at the 

A C 



20 Ibs.wt. *B 
Fig. 279. 

. . , . . v _. , 1S a If AB=AC=5 ft. and BC 0 ft., find the 

same h ®"“ , " t “M C t ' h C c ! mil> , n 'itude and direction of the reaction at the hinge, 
tension in Q f’weight 2 lb. rests with one end in contact with 

, 2 .°- A r of -i snTooth fixed hemispherical bowl, whose axis , 

the inne • t «f its length resting on the rim of the bowl. If the 

mSm of the bowl is 0 in. and the rod is inclined at 30* to the horizontal. 

find the length of the rod. • t srn ooth vertical wall with its lower 

21 - A ^[r^ane inchn^ a^an Ing^C a with the horizontal. Show 

e with the vertical, where 2 

22. A garden roller of diame. or 26 m and 
one level to another 5 in above it oy 1 k movement ? What 

What is thc . min, n'7j°;^r e n if the roller had been pulled up a 
would thc . r "‘ n ‘^ 5 U ^ 1 f Z n l from the lower to the higher level ? Mark 
KfttaSK; ”«£'«£S on a diagram. I. may be -sumed ,n»» 
case that no slip occurs. 


io 


<7, \ K L S 


-\ 


■s 


i r , 
* / 


S* I !4 

C . i\ j . 
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142. The Resultant of Two Parallel Forces. 

(a) Like Parallel Forces .—P and Q are two like parallel forces 
(i.e.y they act in the same direction, or sense, along two parallel 


Resultant 





lines) acting upon a body. It has been shown experimentally 
that when a number of parallel forces act in one plane upon a 
body and keep it at rest, 

(1) the algebraic sum of the forces is zero, 

(~) the algebraic sum of the moments of the forces about 
any point in their plane is zero. 

Since the equilibrant of P anti Q is in equilibrium with P 
and Q, its magnitude is (P + Q) and it acts in the opposite direction 
to them. The resultant of P and Q is therefore (P + Q) in 
magnitude, its line of action is parallel to those of P and Q, and 
it acts in the same direction in the same plane. 

Let AR be the intercept made by the parallel lines of action 
of P and Q on a line perpendicular to them. 

2 yo 
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Let the line of action of the resultant of P and Q divide AB 

internally at C into the two segments p and q. 

To find the point C we may either use (2) above or proceed 
as follows: The moment of the resultant (P + Q) about any 


Resultant 



Fig. 281. 


point in the plane of the forces is equal to the algebraic sum of 
the moments of P and Q about the same point, therefore taking 
moments about C, a point on the line of action ol the resultant : 

P/>-Q<Z“O f 

P p = Q<7. 

P = <7 

Q P 

AB is divided at C in the inverse ratio of the forces P and Q. 
If D and E are any two points on the lines ot action ot I and Q 
respectively and the line of action of their resultant divides 
DE at F into the two segments /> x and q lt then, since 

BE // CF II AD, 

P = Pi 
q q\ 


The resultant of two like parallel forces is equal to then sun, 
in magnitude, is parallel to the original forces and acts in the same 
direction. Its line of action divides the line joining any two points 
one on the line of action of each of the two parallel forces, internally 

in the inverse ratio of the forces. 

(b) Two Unlike Parallel Forces. —In I‘»g. -80 (1) we see 
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the resultant (F + Q) of the forces P and Q. In Fig. 280 (2) we 
sec the force (P + Q) reversed in direction, and it is therefore the 
equilibrant of the forces P and Q. 


P 



Now in Fig. 280 (2) since P, Q and (P + Q) are in equilibrium, 
the force Q is the equilibrant of the two unlike parallel forces 
P and (P + Q), hence in Fig. 282 the force Q reversed is the 
resultant of the unlike parallel forces P and (P + Q). 

From above, 


Q AC 
P CB* 



P + Q 
P 


AC 

CB’ 


CB +AC 
CB 


AB 

CB 


If we put R in place of (P + Q) then in place of Q we may put 
(R P). The last result may be written, 


R AB 
P CB’ 


The resultant of tuo unlike parallel forecs R and P (R greater 
than P) is equal to the difference (R - P) i„ magnitude , is parallel 
to the original Jon es and acts in the direction of the greater force. 
Its line oj action divides the line joining two points, one on the line 
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oj action of each of the farces R and /externally in the inverse 
ratio of the forces. 

Note. —The resultant acts on the side of the greater of the 
two given forces opposite to the smaller. 


Example. —Two buys push on the lever of a capstan in parallel- 
horizontal directions perpendicular to the lever , with forces of I •> and 45 
lb. wt. at distances of G and 3 ft. from the axis of the drum. Where should 
a third boy push on the same lever to produce the same effect on the lever, 
(a) when the boys push the lever in the same direction ? (b) when the boy 
push the lever in opposite directions ? 


3' 


o 




45 
Ibs.wt, 


15 
Ibs.wt, 


(45*15 

Ibs.wt.) 


Fig. 283. 


(a) Referring to the figure, X is the point at which the third boy must 
push, and B and C are the points at which 15 and 45 lb. wt. forces act. 

The magnitude of the resultant of the 15 and 45 lb. wt. lorce* is 
GO lb. wt. Also, taking moments about X, 

15 . BX =45 . CX. 

If CX is a: ft., 

4 ox = 15(3 - x). 

(5<».v =45. 
x = i. 

The third boy must apply a force of GO lb. wt. parallel to the original 
forces at a distance 3-75 ft. from the axis of the barrel and in the same 
direction as the original forces. 

wt. 


(45-15 

Ibs.wt.) 

Fig. 284. 



(6) Referring to the figure, X is the point at which the third boy 
must push, and B and C are the points at which the 15 and 4.. II. wt. 
forces act. 
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The magnitude of the resultant of the two unlike forces at B and C 
is a force of 30 lb. wt. 

Also, if BX is equal to x ft., 

15 . BX =45 . CX. 
lo* = 45(.r -3). 

30a; = 135. 
x = 4-5. 

The third boy must exert a force of 30 lb. wt. parallel to the original 
forces at a distance of 1 -5 ft. from the axis of the barrel and in the same 
direction as the 45 lb. wt. force. 

EXAMPLES XXXIX 

Parallel Forces \ 

1. Parallel forces P and Q act at points A and B. and the line of the 
resultant meets AB or AB produced at C. Find the magnitude and 
sense of the resultant and the length of BC. 

(a) Like force : P = 2 lb. wt., Q = 4 lb. wt., AB =6 ft. 

( b ) Like forces : P = 30 lb. wt., Q =40 lb. wt., AB =7 in. 

(c) Unlike forces : P = 10 kgm. wt., Q = - 6 kgm. wt., AB =80 cm. 

(d) Unlike forces : P = 100 gm. wt., Q = - 180 gm. wt., AB = 14 cm. 

2. A BCD is a rectangle in which AB=4 in. and BC=3 in. Forces 
3, 2, 0 and 3 lb. wt. act along the sides AB, BC, DC, DA respectively and 
in these directions. Find the resultant of the forces along AB, DC, 
stating where it cuts AD. Find the resultant of the forces along BC, 
DA and state where it cuts BA produced. Hence show on a diagram the 
resultant of all four forces, and find its magnitude and the angle which 
its line makes with the direction AB. 

3. Forces P, 2P, 3P, 4P act along the sides AB, BC-, CD, AD of the 
square ABCD. Find the resultant of these forces and the point at which 
its line cuts AB. The side of the square is 2 a units. 

143. The Couple. 

Tzvo equal , unlike , parallel forces form a couple. 

Examples of Couples .—Winding up the spring of a clock. The couple is 
usually applied by the thumb and forefinger. 

Turning a water main on or off by means of a turnkey. The couple 
is applied at the ends of the horizontal lever. 

Using a hand-screw cutting tool for cutting a thread on the end of a 
metal pipe. 

Turning on a household water-tap. 

A body is acted upon by two equal, unlike, parallel forces P. 

The lines of action of the forces are a distance p apart. 

O is any point in the plane of the forces, and OAB drawn 
perpendicular to the forces meets their lines of action at A and B. 
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OA = x units, OB = (/> + x) units. 

The moment of the couple about O = P(/> + .v) - Px = P/>. 

The perpendicular AB (=/>) is called the arm of the couple. 
The above result may be stated as follows :— 

The moment of a couple about any point in its plane is constant 
and equal to the product of one force of the couple and the arm of 

the couple. 

A singe force cannot have a moment about every point in the 
plane of the couple equal to that of the couple. It is therefore 
impossible to balance the effect of a couple by a single force. 

Since the turning effect of two equal couples which are 
opposite in sense (viz., one clockwise and the other anti-clockw.se) 
acting upon the same body are equal and opposite about all 
points in their plane, the couples are in equilibrium. 

A couple can be balanced by an equal and opposite couple acting 

in the same plane. 

144. Graphical Representation of a Moment. 


O 



Let AB represent a force P marked off along the line of action 
of the force. 
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The moment of P about a point O is represented by 

AB x ON, 

where ON is the perpendicular from O to the line of action of P. 
The area of the triangle AOB is £ AB x ON. 

Hence twice the area of the triangle AOB represents the 
moment of P about O. 

145. The Algebraic Sum of the Moments of Two Forces 
about any Point in their Plane is Equal to the Moment 
of their Resultant about the same Point. 

1. Let the lines of action of the forces meet in a point. 



P and Q are the forces acting at A, and O is any point in 
their plane, outside the angle between the forces in one figure 
and inside this angle in the other. 

Draw OC parallel to the direction of P to meet the line of 
action Q at C. 

'Fake the length of AC to represent the magnitude of Q, and 
on the same scale let AB represent P. 

Complete the parallelogram ABDC and join OA, OB. 

AD represents the resultant R of P and Q. 

In either figure, 

the moment of P about O is represented by 2 AAOB, 

” » Q >» O ,, „ 2 AAOC, 

” „ R „ O „ „ 2 AAOD. 

Also, 

AAOB= AADB, on the same base and between 

the same parallels. 

= aadc. 


297 


PRINCIPLE OF MOMENTS 

In the figure on the left above, the moments about O of P and 
Q are both positive, and their algebraic sum is represented by 

2AAOB + 2AAOC = 2AADC + 2AAOC 

=2AOAD 

= moment of R about O. 

In the other figure, the moments are in opposite directions 
and their algebraic sum is represented by 

2AAOB - 2AAOC = 2 AADC - 2AAOC 

= 2 AO AD 

= moment of R about O. 


2. Let the lines of action of the forces be parallel. 

^ AC _ - B 


n 




R = (P*Q) 


Fio. 288. 


P and Q are two parallel forces. O is any point in their 

Pla> OAB is drawn perpendicular to the lines of action of the 

forces and meets them at A and B 

OAB meets the line of action of the resultant of 1 and Q at 

C such that P.AC = Q.CB. 


In the above figure the sum of the moments of P and Q about 

5 P . OA + Q • OB 

= P(OC - AC) + Q(OC + CB) 

- (P + Q) . OC + Q . CB - P . AC 

«=(P + Q) • OC 
a moment of R about O. 


If P and Q are unlike and unequal, then it may be shown as 
above that the sum of their moments about any point in their 
plane is equal to the moment of their resultant about the same 

point. 


io a 
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The results 1 and 2 above may be extended to the case of 
any number of forces acting in one plane, for the resultant R of 
P and Q may be considered with a third force and the above 
result applied to these two forces, and so on. 

If a number of forces acting on a body in one plane have a single 
resultant , the moment of this resultant about any point in their 
plane is equal to the algebraic sum of the moments of the number 
of forces about the same point. 

This theorem is known as Varignon’s Theorem. It was 
first stated by him in the year 1687. 


146. The Resultant of any Number of Parallel Forces and 
the Conditions for Equilibrium. 

Suppose that a number of parallel forces act in one plane 
on a body. The algebraic sum of the equilibrant of the given 
forces and the forces themselves is zero. Hence if the algebraic 
sum of the given forces in a direction parallel to their lines 
of action is S units of force, the equilibrant of the forces is 
— S and has the same line of action. 

Hence the resultant of the given forces is S units, i.e., the algebraic 
sum of the forces. 6 

It has also been shown that for any number of forces acting 

m one plane the algebraic sum of the moments of the given forces 

about any point in their plane is equal to the moment of their 
resultant about the same point. 

These two statements are sufficient to enable us to find the 
resultant of any number of parallel forces. 

If a number of parallel forces have a zero resultant and the 
algebraic sum of their moments about any one point in their plane 
is zero , the forces are in equilibrium. 

If a, g ebra,c sum of forces is zero, but the algebraic 
sum of their moments about any one point in their plane is not 

Oftfie forr? ^ ec ] uivalent to a c °“Ple ; for the resultant 
of the forces in one direction is equal in magnitude but opposite 

Ultant of the remaining forces, thJse two 

° f CqUa i ? agn,tude form a c °uple which can only 
keep the body at rest if the lines of action of its two forces coincide 
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in which case there is no turning effect about any point in the 
plane of the forces. 

Example. — A beam is acted upon by forces 5, 7, 8 and -4 lb. let. 
at the positions shown ,n the figure If the forces exerted at the 5 "PP° r £ 
of the beam are to remain unaffected , find the single force which may bt 
applied to the beam in place of the given forces. 


5 lbs 


£ 


7 Ids wt. 

* -A . 

4 <- 4 ’ 


R 8 Ibs.wt, 


4 lbs wt. 

Fig. 28*J. 

The single force which produces the same effect upon the beam as 

.....™... - * - >• 

downwards. ... - v 

'IV* the nositjon of X, take moments about A. 

X is a P poin° on .hi line of action of .he resultant of the given 

forces, the algebraic sum ol their moments about X is zero. 

8x + 4(4 - x) - 7(0 - x) - 5(9 - x) =0. 

Therefore x=031. 

The single force i, .« lb „. and aefs vertically d-ntvariis or^he 

produces ^he^same ^effect ^potT the* beam as the given forces, and the 
reactions on the supports ol the beam are unaltered. 


EXAMPLES XL 
Parallel Forces, Couples 

Determine the resultant .T2l3S 

Ita ABC^ArntaTSe^ta. • “a^the distance from A of the 

point on ABC at which the resultant cuts it. - 0 cm wt and 

0 *?. Paracel” forces of 2. 5. 8, 10. lb.«« on 

i- from .he 

2 lb. wt. force. 
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distances benveen^dr Hne^’of IcLnl^ ^ndV" 3 ^ • Tbe 
Fi"d their resultant and it, diatanccs fr„"Ve tVand -?^3?fa5- 

detemdne'its'magnititdlf ? Stand ^ m0me "' ° f « f °'“ ? What factor* 

in ^ i 11355 ° f u 5 °J b - !?. sus P end ed from the end B of a uniform bar AR 
10 ft. long, which is hinged to a vertical wall A mH Ao, 

^d'fi„'d h ^Tn, i o I n n ^°^ d,aSram ' he „n S.’ffiK 

act upo^^'bo'dT a'n'r^a";^ 1 ’: ° f «“»"«* f °~« 

supped p^ed b « £*£ ''XToad^olb i° 

point distanr B ft. from Stteni'^L^thl 

7. Show how to find the resultant of a system of parallel forces ^ ^ 

coupics^ h Find fhfSffil, ^ « 

a tS's, “ des ° f 1 

sj-j*** k s 'fr i s s “" 

loads which the string at A a S n ? J A and B , If the maximum 

.0 and 20 lb. wt. rlspSiJtl^ find whSTa’SESTf Hltn b "t kin P 
on the plank so that the string at (o) the end \ (b) the be P ,accd 

the point of breaking Where must a load of 18 Ih K j * S JUSt ° n 

to break the strings * ° f 18 lb ‘ bc P ,a ced so as not 

»- “r SMSi*?** ( ^- 

pvo vcrtical'st'rings WttchJd 6 .n°"‘lotT^^'d^aSd a “•Oo’ES‘ ded ^ 

S 1 SS^-TuTsra^ 

H» metre' ■/"*“. “ “* ^ 

making 30° with the rule, the forces and the cnds and 

plane. Wltat weight hung from a mum m T 8 m thc same vertical 
the rule hot, ? , )raw . di..^ dteTr’rangemeT '" d 

parallel rails" lS7" ^rt'and «?£ s™“ h h ? h ,,U “ d ««<». ^o 

of 10 i. hung from 
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tained however the rod is placed. Find the smallest suspended weight 
for which this would cease to be true. 

13. Explain the method you would use to find the resultant of three 
parallel forces. Illustrate by finding the resultant of three parallel 
forces of 4, 6 and 8 dynes which act in the same direction if the distance 
between the lines of action of the 4 and 6 dynes is o cm., and the distance 
between the 6 and 8 dynes is 10 cm. Find the centre of gravity of 
4 masses of 50, 100. 150 and 200 gm. placed in order at the corners ot 
a square of negligible mass and of side 10 cm. 

14 Show how to find the line of action of the resultant of a system 
of parallel forces. Prove that the centre of gravity ot a uniform tri¬ 
angular lamina coincides with the centre of gravity of three equal masses 

placed at the angular points. . 

15. State the conditions necessary for the equilibrium of a rigid 

body acted upon by three parallel forces. ,, , . 

A uniform steel shaft AH is 10 ft. long and weighs to lb. It rests 

on two bearings one at A and the other 2 ft. from B. A pulley of 
weight 25 lb. is fixed at the centre of the- shaft, and another of "eight 
20 lb at the end B. Calculate the force on each bearing. 

ttX&nb. BC and CA of .«n B ths 30 40 
50 cm Forces of GOO, 8<>0 and 1,000 gm. wt. act at A, B and C in the 
directions AB, BC, CA respectively. Find the resultant of the system 

of forces. 



FlC. 290. 

17 The diagram shows a luggage-weighing machine Assuming 
that the arms of the levers arc horizontal and ncglcctmB £ " c1 ^ h * *_• 
prove that if a load I, is placed on the P^ fonn AI 

ing moment to be balanced by the upward force at C is o whatever 
the forces nt D and E may be. and provided that | = 

18 A uniform bar of wood AB, of mass 8 lb. and length 4 ft has 

• / i a k.mpH in it When the bar is pivoted at u point 1 ft. 

a piece of leadIbuned n it ^ end is needed to balance it, 

and when pivoted 3 ft. from the same end. a weight of -i ll>. nt tins ena 
b it- Kind the wci.l.l n. the of lead and 

position along the bur. 
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FRICTION 

147. Friction. 

When two bodies are in contact, the force which prevents of 
tends to prevent sliding at their surface of contact is called 
The Force of Friction. 

The force of friction acts in a direction parallel to the surface 
of contact and always opposes the motion of the bodies relative 
to each other at this surface. 

It is the force of friction which enables us to walk. When 
the sole of the shoe on the back foot is about to leave the ground 
the force of friction prevents it from slipping backwards, and 
when the heel of the shoe on the foremost foot meets the ground 
the force of friction prevents the shoe from sliding forwards. 
\\ alking is difiicult on an icy surface because of the smallness of 
the force of friction which can be brought into play, and upon a 
perfectly smooth surface walking would be impossible. 

A boy who begins to slide on an icy surface is finally brought 
to rest (provided he keeps his feet) by the force of friction between 
his boots and the ice ; if he begins to slide along the pavement 
he is brought to rest much more quickly. 

A ladder which rests with one end against a vertical wall 
and the other on level ground is prevented from slipping by 
the forces of friction between the ladder and the wall, and 
between the ladder and the ground. The first of these forces 
of friction acts vertically upwards and the second acts horizontally 
towards the wall, as shown in the opposite figure. It is evident 
from what has been said that the amount of friction which can 
be brought into play depends upon the nature of the surfaces in 
contact ; e.g ., consider the same boy attempting to slide on 
different surfaces wearing different types of footwear. It is 
for this reason that in carrying out experiments to find out 
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further facts about the way in which friction acts, we have to be 
very careful to notice that any change in the nature of the surfaces 
in contact will affect the amount of friction brought into play. 

148. Experiment.-—-W e shall consider the friction between two plane 
wooden surfaces. A block of wood rectangular in shape has a staple 



fixed in one of its vertical faces. To this staple is attached a string which 
after passing over a smooth pulley, supports a scale pan of known weight. 
Weights are now added to the pan. As long as the block of wood remains 
at rest the force acting horizontally on the block is balanced by the friction 
brought into play ; it therefore follows that just enough friction is brought 

into t>!ay to prevent the block from sliding. , , 

If the weight in the pan is increased, a stage is reached when the 
block is on the point of moving. At this stage make a.notet of the weight 
of the block and the weight producing the tension in the string. 

Load the block with further weights, not altering the surface in 
contact and find the tension in the string when the block is again just 
on the’point of moving. Repeat the experiment with five different 
weights of block. The tension in the string is equal to the maximum 
force of friction brought into play m each case. 

Consider the forces acting on the block. . . F 

Horizontally, the tension 'I is balanced by the force of friction b. 

Sly the normal reaction N, i.e., the force of reaction perpen- 
diciirto the surface of contact, balances the weight of the block W. 

Thus N-W 

3nd Wc have, of-urse.^d^t ^weight o-heblock « inched 
F/N m howcvTr, we'see that the ratio is very nearly die same in each 
““ 77.e ratio of the maximum force of friction to the normal reaction is 
“maximum force of friction is called the Limiting force of friction. 
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If F denotes the limiting force of friction, then 



where /x is a constant number for surfaces of the same kind. 

Thus F =/xN. 

It must be carefully noted, however, that this only applies to limiting 
friction. If the friction is not limiting, F may have any value between 
zero and fj, N. To find the best value of /x from the results of our experi¬ 
ment, the most accurate method is to draw the graph of F against N. 
The points lie approximately upon a straight line and the gradient of the 
line gives the value of fM. 

Experiment. —For this experiment we require a block of material 
which has a number of plane surfaces of different areas but of the same 
nature. A block of polished metal or a block of glass is suitable, and 
the supporting plane surface may be of well-planed wood or, better a 
block of well-planed wood covered by a sheet of cartridge paper The 
above experiment is repeated in so far as the limiting force of friction 
is found when the block rests on each of its faces in turn. 

, The limiting farce of friction is found to be the same'in each case, i.e., 
the limiting force of friction is independent of the areas of the surfaces in 
contact. J 


Kinetic Friction .—The friction brought into play at the surface 
of contact of two bodies when sliding takes place at this surface 
is called the force of kinetic friction. 


Experiment.— Returning to the first experiment, let weights be added 
to the pan until the amount of friction brought into plav is nearing 
limiting friction. Set the block in motion and, if it comes to rest, add 
weights to the paii until when set in motion the block proceeds with 
umfomi speed as far as may be judged without further measurements. 

Kinlur J riC , n br °| U ? ht ,nto pUy under *ese circumstances is called 
Kinetic Friction, and for present purposes all that we require to learn 

from our experiment is that kinetic friction is less than the limiting force 

dCnenH 0 ”’ an ?/ 30 far ““V be judged from the experiment, does not 
depend upon the speed with which one body slides over the other. 

149. Summary of Results. 

12) T^ Ct l° n r°r 33 *° prevem slid “ig at the surface of contact, 
motion T hnt ? a OUn r° f fnct * on brought into play is just enough to prevent 
of " “ C "“' n ““ fore' 

(3) The force of limiting friction is given in magnitude by /xN where 

M “ nd thC normal taction at the surface of contact. 

(-4) I he force of friction is independent of the area of the surface 
of contact, but depends.upon the nature of the surfaces in contact. 

J /« friction the force of friction brought into 

pla> ib less than the limiting force of friction, and may be shown to be 
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independent of the relative. .peed of the surfaces to contact between 

^ ssJsss 1 a "f d the 

n^Le^orthe'Turfac^U altered, as in the case when one of the surfaces ts 
cru shed or torn then ° to lubricated surfaces. 

Iome ?pp?ox^mate vaiucs of the constant p for cert™ cases are g.ven 

below:— o-15 to 0 3 

Metal on metal • * * ‘ 01 

Metal on metal (greased) . • - 0 . 2 g to 0 -5 

Wood on wood • • ' * .0-65 

Stone on stone . • . . „ - ■ 

Th , cons,an, fJ. is of.cn called ,k. Cocffic.cn, o) . . . Fee,.on. 

,50. Example, cj Mock 

->0 Ib.'ud.. t oka, i, Ike leas, horizon,al force 

which will move the block ? 

* Normal reaction 

= 50 Ib.wt. 





24 lb.>vt . 

ty///////// 

t 50 Ib.wt. 

Fio. 292. 


*,) Since a force of 24 lb. wt. just moves the block, the force of limiting 

friction is 24 lb. wt. _Limiting force of/fiction = 24 =0 . 48 

Coefficient of friction - Normal reaction 50 


Normal reaction 
= 70 Ib.wt. 



P Ibs.wt. 


70 Ib.wt. 

FlC. 293. 

■* — - ,h ' force ot 

limiting friction. Limiting force of f rictio n 

Coefficient of friction — 70 
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Hence 


The least 
33-6 lb. \vt. 


0-48 =— . 
70 




T 7 —0-48 x 70 =33-G lb. wt. 

horizontal force required to cause the block to slide is 


EXAMPLES XL I 

force' o^f 7°lb ' b ‘ “• ** Test ° n a horizontal plane. A horizontal 

2. I he coefficient of friction between a body of weieht °0 lb and 

foixe°\VhiclT 1 c*tine ^ron'h ‘L T* is °' 4 ' (a) Calculate the horizon£l 

‘? ct,n 6 upon the body just causes it to slide. ( b ) If the bodv 

&i # ,b - *•>—> 

b Jir™\ h ri & 

£e ground*’ coefficient of friction between the cart wheels and 

Fo^oflol&i on the shaft 1 . 



o- h- 

friction between brake block and pulley is 0-24 8 ' Th ° coeffic,ent of 

i o££ft!S?!Z t l ZS££ tedT,„“ c s i‘3 B „„ on a 

friction be,l ce.”"v" finger'and'ZS '^ YTY ‘ f > h = coefficient of 
diameter is 0 6. with whS force mu t I t C * d of a scre "' 4 in. in 

may turn it with a couple of 2 Ib.-ft. units? SCrCW m ordcr *at I 

ropes attached to iV" whi chare'inclined t'o'e t*- 1 3 P , uIled ^, two horizontal 
the tensions are 30* Z«4<Hb. U ^£££* in whi . ch 

h°dy and the force of friction bro.M, I ; f ^ rcsu,tant force on the 
in which the latter force acts. ^ 1 mt ° p ay * sta ting the direction 

.ndVbAie O whc b cT!?0O C a“5Th C j'o^ f fri «“" *. broke block 

i» - ,b. Tbe broke stops' ^o^S 
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of the brake wheel, bur as a result of »« £roppm« .£ th ^£ k *U‘fE’ ““ 
found that it makes two revolutions beiore stopping- 
coefficient of friction between block and whee 


151. The Tractive Force of a Locomotive. 



i — — — 

In the above figure C is the centre of the driving wheel of 
, th • The force exerted by the connecting rod ED 
a locomotive ^d hence the driving wheel 

-which sts 

—e M A 

into play (s.at.cfnct.°n.f. ^ in the direction AB upon the 

fnetton ‘ f s , P!’"'8 f a l on e which drives the engine forward, 

wheel, and it is this t ^ lmQW that the amount of friction 

from our previous depends only upon the normal 

which can be brought .0,0 ^ ^ 

reaction and the natu t est driving force which a 

therefore able to say ’ ollt 0 .Crimes the total normal reaction 
locomotive can exert •s about O lT t m ^ pressure 

on the driving wheels. However - , this value ; indeed, 

available the driving too'great the wheels begin to slip and 

LtV“ng m fo^ e Ts decreased g for in this case only kinetic friction 

18 b The 8h ^rw P hSs of the engine are flt'ln 

force exerted upon them wWl thc rail the wheel 

at the point of^ contact f 1 thercforc rea dily observed that 
would simply slide alo g. the direction opposite 

At the driving whee.s the 
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friction acts on the wheels in the direction of motion of the 

train and at the driven wheels in the opposite direction This 

is only true when the train is being driven, for when the brakes 

are applied and steam shut off friction at all wheels opposes 
the motion of the tram. 

It is usual to express the resistance to motion of a train caused 
b> such forces as friction at the bearings of wheels and at points 

wt “ tmin C WheC,S With tHe ™ US “ S ° ““y - P- -n 

r ___ In . the *^0 types of wheel referred to we have examples of 
ases in which friction is essential and useful on the one hand 
nd a drawback on the other. We are so familiar with the 

Sm^ U f° nS tak K n t0 rCdUCe thC effCGtS ° f friction ‘hat we some- 

hTcomfort o/o e eSSent, r' rr played by friction in assisting 
the comfort of our everyday life. As you sit at your desk imagine 

frictional forces entirely removed and consider what would happen 

to >011 and the objects in the room. Consider also how^ou 

would be able to walk, play football, cricket or knit a jumper 

152. Rolling Wheels. 



. .J° ns,der a perfectly rigid wheel rolling along a perfectlv 
rigid horizontal plane, and suppose that the resistance of th^ J 

moment tending to prevent the turning of the wheel about 
modon ° ntaCt W ' th gr ° Und ’ U COntinues to roll with uniform 
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In practice no wheel or plane is perfectly rigid, anti both 
wheel and plane are slightly deformed, as shown in the figure 
on the right. As the wheel rolls along the plane the material 
of both the wheel and plane is squeezed, and there is a puckering 
up of the plane in front of the surface of contact. The point 
about which the wheel may be considered to turn is now slightly 
in front of the vertical through its centre of gravity, and therefore 
the weight of the wheel has a moment about the point of contact 
which opposes its turning. Again, the reaction of the plane on 
the wheel has a horizontal component which opposes its horizontal 
motion. In this case the forces acting on the wheel are not in 
equilibrium and the wheel is steadily reduced to rest. 

The harder the surfaces in contact the smaller will be the 
force opposing rolling. Ball and roller bearings are specially 
case-hardened to render them more efficient. Most of us are 
familiar with their use in bicycles and roller skates. 

The Angle of Friction.— A block of weight W rests on a 



horizontal plane and a force I> is applied to it parallel to the 
surface of contact, as shown in the above figure. 

The normal reaction N is equal to W, the weight of the block. 
The force of frictiori F brought into play is equal to I as 

long as the block remains at rest. , 

la;t OA represent the normal reaction and OB, the force of 

friction F. 

Then OC, represents their resultant R. 
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If the force P is increased, more friction is brought into play 
as represented by OB 2 and OB 3 , and the angle between R and N 
increases. 

When the limiting force of friction is exerted, F has its 
maximum value for the given normal reaction, and therefore the 
angle between the resultant reaction R and the normal reaction N 
has also its greatest value (Fig. 298). 



Let OB, represent the limiting force of friction, then, 

^ = N “ £)A “ tan ' A ° c =- 

/AOC, is called the angle of friction and it is usually denoted 
by A. 

(jl = tan A. 

The value of fc and therefore of A is independent of the value 
of the normal reaction. 

The resultant R of the force of friction and the normal reaction 

can never act at a greater angle with the normal than the atmle of 
friction. * 



If N and F are replaced by their resultant R when limiting 
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friction is being exerted, the block is at rest under the action of 
the three forces R, P and W, as shown in Fie. 299. 

153. A Body on a Rough Inclined Plane. 



Fig. 300. 


A body rests upon the inclined plane AB. The inclination 
of the plane to the horizontal can be varied. 

Let the plane be tilted at the angle 0 to the horizontal. 

The body is acted upon by the following three forces which 

are in equilibrium :— 

(1) The weight of the body W. 

(2) The normal reaction N of the plane on the body. 

(3) The force of friction F parallel to the line ol greatest 

slope of the plane. 

Draw PQR, a triangle of forces, then 

— = sin 0, 

W 

F = W sin 0. 

N A 
- =- cos o, 

W 

N = W cos 0. 


These mo results may also be found by resolving the forces 
acting on the body parallel and perpendicular to the plane AB 
Let us now suppose that the inclination of AB to the horizontal 
is gradually increased until the body just begins to slide. It 
will be noticed that once sliding begins the body gains speed. 
This is in agreement with previous experience, for when sliding 
begins the friction brought into play is kinetic friction and is 
therefore less than the force of limiting friction. 
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If 0 is the angle of inclination of the plane to the horizontal 
when sliding is just beginning, from the two above results, 


F 

N 


W sin 0 
W cos 0 


= tan 0. 


But when the force of limiting friction is brought into play, 

s =tanA - 

therefore tan 0 = tan A, t.e., 0 = A. 


The angle of inclination of the plane to the horizontal when 
sliding is about to take place is equal to the angle of friction. 

The above method is convenient for finding the coefficient 
of friction between two surfaces. The angle at which sliding 
takes place should be found a number of times and the average 
of the values taken as the angle of friction. 

If the angle PRQ is a right angle in Fig. 300, 


fj. = tan A = tan 0 = 


PR 

RQ 


154. The Angle of Rest. 

When sand, coal, earth or similar material is built into a 
sloping embankment, the angle with the horizontal at which the 
material remains more or less permanently at rest is called the angle 
of rest of the material. If an embankment is piled at a greater 
angle than this there is danger of the material slipping away. 


155. Example. -A rectangular block of wood rests on a plane inclined 
to the horizontal at 10“. The smallest force acting parallel to the line of 
greatest slope which will just move the block down the plane is 4 lb. tot. If 
the coefficient of friction between the block and the plane is 0-32, find the 
weight of the block and the smallest force acting parallel to the line of greatest 
slope which will just move the block up the plane. 




'll *1 

THE ANGLE OF REST 

tfl ) The block „ in limiting equilibrium end on the point of ,l,ding 

d °Te?N Ib"'^ be the normal reaction of the plane on the block, 

jx =0-32. 

The forces acting on the: block are : into nvo components : 

(1) T W perpendicular to the inclined plane, and 

W sin 10 c II to the inclined plane. 

(2) The normal reaction N. plane and equal in magni- 

(3) The force of friction acting up Uie p.ane 

—•• «• “ 

■ *• - 

perpendicular to the =0 . 9848W 

Put C0S4BW for Nin.h^-w *4. 

0-3151W = 0 1736NV +4. 

0-1415 W =4. 

W =28-27. 



ich win just move the block “P ^'Vown^he plane. 

pU,Bei 

Resolving parallel to the inclincd pl.ne, 

'C,V3«: Od.2 . 0 9848. 2 «.2, 

_ 28-27(0-1736 + 0 31ol) 

The smallest fo^^uired to move the block i, .3- ", «■ 
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EXAMPLES XL 11 

Th'h^, b0 K dy 0f , maS ^ ,() » b - "l* 8 on , a P ,ane which is gradually tilted, 
rhe b°dy begms to sl.de when the angle of the plane with the horizontal 

If. I 6 * ” hat ls r the coeffictcnt of friction between the body and the 

begins ?” d f ° rCC ° f fr,ctlon IS 0311611 into play just before slipping 

2 A roller weighing 200 lb. is on a slope of inclination 10° to the 

If nwmfin J'- 1 *,* 1 puU . up the slope is necessary to support the roller? 

if: S i Ct, n n ’ ‘t 13 found the Pull can be diminished to 25 lb. 
wt before the roller begins to roll down the slope, what pull will be 

Son tha7vo U m mat lt begm t0 T V r UP the Sl ° pe ? Point out an y “sump- 

tion that >ou make in your calculation. (Oc'\ 

3. A load ot oO lb. resting on a plane begins to slip when the Diane 
will h d t0 an an8,e °, f 30 ° Tf ith the horizontal. VVhat force up the plSe 
incrc^ed e to eS 15» y ? t0 kCCP ** ° ad fr ° m sIipping the angle of slope is 

hor£omai naS -Thi JL° reStS >° n * f? ugh s,ope inclined at 20° with’the 
mSTS 56 lh h v F °i CC d,r ? Cte f ] up the plane which will move the 

“ do " s 

the plane is required to move the body ? 10 

156. The Cone of Friction. 



Fig. 303. 

on a S b P odv e H PreSe " tS U,e norm “' of a surface 

on a body^ If the body tends to slide along this surface in the 

ttthlr rh r the f ° r r °/ friCtion acts “« direction oppost 
imV f " C gUrC lt ; e force of fri «ion acts along OF If 
limiting friction is exerted to keep the body at rest, the resultant 
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R of the normal reaction and the limiting force of friction makes 

an angle A with the normal reaction. 

If the body is on the point of sliding in another direction, 

it is readily observed that the line of action of R again makes 

^ Uniting^friction is exerted the line of action of R always 

lies in the surface of an inverted right circular cone of semi-vertical 

ansle A This cone is called the cone of friction. 

e When limiting friction is not exerted, the line of action of 

R lies within the cone of friction. rMrt : on 

The force R will be referred to as the resultant reaction. 

A Body on a Rough Plane acted on by a Force Inclined 
to the Plane. 


157. 



Fio. 304. 

Let P be the force, W the weight of the body and A the angle 

° f f N Ct L° n the normal reaction, F the force of friction and R is 
their resultant. 0 to the horizontal. 

srairs sri" ■■ — ~ 

(!) R, acting at an angle A with the normal reaction. 

\Y acting vertically downwards. 

Since these forces are in equilibrium, we may draw the 

triangle of forces as follows : 
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Draw AB to represent W. , 

Draw BX // to the line of action of R, i.e., making /ABX = A. 

The force P which must be the equilibrant of W and R may 
now be drawn and the triangle of forces completed. 

C X A, C 2 A and CA are the values of P corresponding to 
different directions in which P is applied which are just sufficient 
to cause limiting friction to be brought into play in each case. 

The least value of P which will just begin to move the body is 
readily seen to be that given by’ CA which is perpendicular to BX. 

In this case P is given by 

P CA . , 

W = AB =SmA 
P = W . sin A. 

From the figure we see that 0=A. 

The smallest value required to move the body is W sin A, and 
it acts at an angle A to the horizontal. 

158. Example. A friction block weighing AO lb. can be just moved 
on a horizontal tabic by a horizontal force of L’O lb. tit. What force will 

u\" C t a { ,° mnVC . 'w b J° ck if l J‘ e ,?{ re f tion of "“force makes an angle of 
.*0 to the horizontal (a) uptiards, (h) riowmvards ? 
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Since a force of 20 lb. wt. horizontally just motfes the block, the 
limiting force of friction is 20 lb. wt. 

Limiting forc e of friction _20 _q. 4 _ 

Hence Normal reaction 60 

(a) The forces acting on the block are : 


Horizontally— 

The force of Limiting friction F. 

The component of the force P horizontally. 


P . cos 30®. 


Since these are the on 
block. 


ly horizontal components of force acting on the 
F = P cos 30°. 


Vertically— 

The weight of the block. 60 lb. downwards. 

The normal reaction on the block, N upwards. 
The component of P upwards, I sin 30 

Since these are the only vertical components of force 

N +P .sin 30° -60=0. 

N =60 - O 6P. 


But 

=0-4. 

N 


F — 0-4N. 

Hence 

0-4 N T . cos 30®. 
Ot.N 0-806OP. 

Also 

0 4N 0 4(60-0- 

Therefore 

0 8000P 20 -0 21*. 

1 •06601* 20. 


r = = 18«. 

1 *000 


Hence the least force which will move the block is 1« S lb. wt 

I 


w 

Fig. 307. 


(6) With the same notation as above : 
Resolving horizontally, h ^ cos 
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Resolving vertically, 

N - P . sin 30° -50 =0. 

N = P sin 30° +00. 

Again, £ =0-4. 

N 


0-4N =P . cos 30°. 

Also V) -4N = 0 -4(0 -5P + 50). 

0S6G0P =0-4(0-5P +50). 
0-6600P = 20. 



20 

0 - 6860 ' 


The least force which will just move the block is 30 0 lb. \vt. 



Graphical Solution .—Suppose that A is the angle of friction, 

tan 22° =0-4. 

Phis value is as accurate as we require for our purpose. 

Draw AH to represent the weight 50 lb. Draw BX, making /ABX 
equal to 122°, the angle of friction. 

(a) Through A draw AC making /CAB=U0° -30° to meet BX at C 

CA represents the force P. which will just cause the block to move. 
By measurement P = 18-8 lb. wt. 

(b) Through A draw AC, making /C,AB =90° + 30° to meet BX at C,. 
C,A represents the force which will just move the block. 

By measurement P =30-0 lb. wt. 

Both triangles of forces are shown on the same figure. 


1 


EXAMPLES XLIII 

Explain the term coefficient of friction. 

A uniform ladder rests at an angle of 43* against a smooth vertical 
uall Show that the coefficient of friction between the foot of the ladder 
and the ground (supposed horizontal) must be at least A. (O C.) 
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2. A man is standing three-quarters the way up a ladder of negligible 

weight which is resting in limiting equilibrium at an angle of 30° with 
the vertical against a smooth vertical wall. The lower end rests on a 
rough horizontal pavement. Find, graphically or otherwise, the angle of 
friction for the ladder and the pavement. (O.C.) 

3. A friction block weighing 5ti lb. can be just moved on a horizontal 

table by a horizontal force of 20 lb. What force will be needed to move 
the block if the direction of the force makes an angle of 30° with the 
horizontal ( a ) upwards, (6) downwards ? (O.C.) 

4. A block weighing 40 lb. is pulled very slowly along a horizontal 

plane, the coefficient of friction being 0*2. Find the magnitude of the 
pull if its line of action is (i) horizontal, (ii) at 45°, (iii) such that the pull 
is a minimum. (O.C.) 

6. A sledge is pulled along a horizontal snow surface by a rope in¬ 
clined at 30° to the horizontal. If the coefficient of kinetic friction 
between the runners of the sledge and the snow is 0-1 and the tension in 
the rope is 4 lb. wt., what is the weight of the sledge ? 



6. A light ring is attached to a string which is pulled taut and makes 
an angle 0 with the horizontal. The ring is threaded on a vertical rod. 
Show that the angle 0 cannot be greater than A, the angle of friction 
between the ring and the rod. 

I 
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7. Fig. 310 shows a grab for lifting stones. AB=BD=DC=CA 
2 ft., and /BAC = 120°. Show that the tensions in each of the chains 

AB, AC are 5 cwt. when the grab is lifting a stone block of weight 5 cwt. 
(Neglect the weight of the grab.) Show also that the forces of friction 
(supposed equal) brought into play at E and F are each 2% cwt., and 
that the coefficient of friction between the stone and the grab must at 
least be equal to 0-56. [Hint : Consider the equilibrium of BDE and 
take moments about D.] 

8. The diameters of the wheels of a car are 2 ft. 6 in., and the centre 
of gravity of the car is 6 in. above the line joining the front and real 
axles (which are 8 ft. apart) and symmetrically placed between them. 
The car rests on an incline facing uphill of l in 8 with the rear wheels 
locked. Draw a diagram showing how the reactions at the wheels and 
weight of the car are in equilibrium, and use your diagram to show that 
the car will slide downhill if the coefficient of friction between the back 

QO 

wheels and the ground is less than . 

136 
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THE FIRST LAW OF MOTION 
WORK AND POWER 

159. The First Law of Motion. 

If a piece of string attached to a hook fixed in a wall is pulled 
tight, a small piece of the string is at rest under the action of 
equal and opposite tensions in the string on either side of it. 
A book at rest upon a table is acted upon by its weight and the 
reaction of the table upon it. These two vertical forces are in 
equilibrium. A brick built into a wall is at rest under the action 
of its weight and the forces exerted upon it by the surrounding 
bricks and mortar. The forces acting on the brick are in 
equilibrium. In the foregoing pages we have, m fact, made it 
a condition that for a body to remain at rest the forces acting 
upon it must be in equilibrium. Since all bodies arc acted upon 
by force, all bodies in a state of rest are acted upon by forces 
which are in equilibrium. 

The bodies which we have referred to as being in a state 
of rest are, however, actually moving with the earth in its 
orbit round the sun. The so-called state of rest is therefore 
only rest relative to the earth. It appears that the motion of 
the earth does not affect the behaviour of a body at its surface. 

Wc have described force by stating its efiect upon a body ; 
thus force changes or tends to change the state ot rest or of uniform 
motion in a straight line of a body. The changing motion of a 
body allowed to fall freely from rest indicates that it is acted 
upon by a resultant force, in this case its weight. The speed o 
a parachutist vertically downwards increases at lirst, then less 
rapidly as his parachute opens and finally reaches a maximum 
value when his weight is balanced by the resistance of the air ; 
beyond this point his speed remains constant, and he is finally 
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brought to rest by the reaction of the ground upon his body. 
(The maximum speed of a parachutist is called his terminal speed 
and is about 16 m.p.h.) 

Let us suppose we are sitting in the carriage of a train facing 
the direction in which the train is about to move. The starting 
of the train appears to throw the body backwards against the 
cushions, whereas, in fact, the train begins to leave us behind. 
When our backs are brought into contact with the cushions 
these exert upon us the force necessary to change our motion 
so that we may travel with the carriage. When the train is 
moving with uniform velocity and the brakes are suddenly 
applied, we are apparently thrown forward ; this is not so, 
however, for relative to the track we simply tend to continue our 
uniform motion in a straight line, and in order that we may 
remain on our seats a force of friction must be brought into play, 
or if we try to push or pull the carriage forward we may achieve 
the same object, that is, to remain at rest relative to the carriage. 

We are now in a position to state Newton's First Law of Motion. 
Every body continues in its state of rest or of uniform motion in a 
straight line unless it be compelled to change this state by resultant 
force. 

160. Example (1).— A cyclist free-wheels down an incline of 1 in 28 
with uniform velocity. Neglecting all resistance except that due to the 
wind, find the latter resistance given that the weight of the rider and biexclr 
is 200 lb. 



Since the cyclist is travelling with uniform velocity, the forces acting 
parallel to the inclined plane are in equilibrium. 

The component of the weight of the cyclist and cycle parallel to the 
incline is balanced by the resistance of the air, hence 

Resistance of the air -200 v * n 

28 

Resistance of the air = 714 lb. wt. 
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Example (2). —A train ascends an incline of 1 in 100 with uniform 
speed . The weight of the train is 160 tons , and the resistance to motion 
(<due to friction , etc.) parallel to the track is 12 lb. wt. per ton. What is the 
force exerted at the driving wheels of the engine parallel to the track ? 



Since the speed of the train is constant the force exerted at the driving 
wheels parallel to the track is equal to the total resistance to motion 
parallel to the track. 

Resistance to motion due to friction, etc. =12 x 160 = 1920 lb. wt. 
Component of the weight of the train parallel to the track 

= ICO X 2240 X =3584 lb. wt. 

Force exerted at the driving wheels =3584 + 1920 =5504 lb. wt. 


Example (3). —A weight of 2,000 lb. is dragged at a uniform speed 
up an incline of 1 in 10 by a rope which passes over a smooth pulley at 
the top of the plane , and then supports a 250 lb. wt. vertically . Find the 
resistance to motion parallel to the inclined plane. 



Let R lb. wt. be the resistance to motion parallel to the plane. This 

force acts down the plane upon the body. . 

Since the vertical motion of the weight of 2-0 lb. is one of uniform 
velocity the forces acting on it are in equilibrium, hence the tension in 
the string is equal to the weight oi 250 lb. 

Consider the motion of the body on the inclined P' ane - , 

Since its motion is one of uniform velocity parallel to the plane the 
components of force parallel to the plane arc in equilibrium, and therefore 

Tension in string =R + Rcsohcd part of weight of body parallel 

to the plane. 

250 = R + 2000 x _L. 

R -50 

The resistance to motion parallel to the plane is 50 lb wt. 
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EXAMPLES XLIV 

1. A cyclist free-wheels at uniform speed down an incline of 1 in 20. 
If his weight and that of his machine is 200 lb., what is the resistance 
to his motion parallel to the incline ? 

A train weighing 2;>0 tons travels along a horizontal track at uni¬ 
form speed against resistances amounting to 10 lb. wt. per ton. What 
is the total force exerted parallel to the track at the driving wheels ? 

3. A motor car weighing 25 cwt. is travelling up an incline of 1 in 16 
at uniform speed. If the resistance parallel to the track due to frictional 
effects is 12 lb. wt. per ton, what is the total force exerted at the driving 
wheels parallel to the track ? 

• 4 oA^ motor car we *ghing 32 cwt. is free-wheeling down an incline of 
1 U) 20 at constant speed. If the resistance parallel to the track due to 
friction is 30 lb., wt., find to the nearest lb. the force parallel to the track 
due to wind resistance. 

5. A train ascends an incline of 1 in 100 with uniform speed. The 
weight of the train is 160 tons and the resistance due to friction is 10 

lb. wt. per ton. What is the force exerted at the driving wheels parallel 
to the track ? 

c A 1 ^f* 8 * 1 * of ] > 5 00 lb. is dragged at a uniform speed up an incline 
ot 1 in lo by a rope which passes over a smooth pullev at the top of the 
plane and then supports a 150 lb. wt. Find the resistance to motion 
parallel to the inclined plane. 

7. Two equal weights of 10 lb. hang at the end of a string which 
passes over a pulley. A 1-lb. weight added to one of the 10-lb. weights 
just keeps the weights moving with uniform velocity. What is the 
tension in each of the two vertical parts of the string, and what moment 
is necessary just to turn the pulley if its diameter is 2 in. ? 

8 A parachutist, whose weight is 14 st., descends with constant 
speed vertically downwards. What is the force exerted on him by the 
parachute ? 7 

9. A body of weight S lb. slides down a plane with uniform speed 
when its angle of inclination is 30° to the horizontal. What force of 
triction is brought into play, and what is the coefficient of kinetic 
friction r 


10 A block of wood weighing 4 lb. is pulled along a horizontal table 
by a string which passes over a smooth pulley and then supports a weight 

fr • r , ■ e • 1 ° - “ mov *ns at uniform speed, what is the 

coefficient of kinetic friction between it and the table ? 

a , ?f ' VO< J d u Wcighi . n 8 5 J b - “ Pulled down a plane inclined 

at -0 to the horizontal by a string which passes over a smooth pulley at 

ilnJn W °l- h u P nT’ ant L th 1 c , re supports a weight W lb. Find the 
\aluc of \\ which will keep the block moving with uniform speed. The 
coefficient of kinetic friction between block and plane is 0-5. 

, Whecl i3 kept moving at constant angular speed by a 

bekwllro itf L / enC fK m tCnS J> 0 ?u 0t thG tieht and slack side of the 
belt *here it leaves the pulley is 2 lb., and the diameter of the pulley is 

about iS axis ™ment of the frictional forces acting on the pulley 
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161. Work and Power. 

In 1825 George Stephenson’s steam engine, “ The Rocket,” 
drew a train from Stockton to Darlington and at times reached a 
speed of 12 m.p.h. If we were asked to compare a modern 
main-line locomotive with “ The Rocket ” we should probably 
say, among other things, that the modern locomotive is the more 
powerful of the two. The word “ powerful ” may have a 
number of different meanings when used in ordinary language, 
but in the subject of mechanics it has a special meaning and 
must never be used in any other sense. If in the above comparison 
we wish to convey the idea that the modern locomotive could 
draw the same train as “ The Rocket from Stockton to Dar¬ 
lington in a shorter time, then we should be giving the word 
“ powerful ” the meaning which is always assigned to it in 

mechanics. 

Power is rate of working and is measured by the work done in 
unit time. 

A machine moves a 4-ton wt. load at 1 ft.,sec. 

The power output of the machine = 4 ft. tons/sec. 

A machine moves a 1000-lb. wt. load at .50 m.p.h. 

The power output of the machine = 1000 x 4 4 ft. lb. ( sec. 

= 19-6 ft. tons/sec. 

Notice that the force exerted by the first of these two machines 
is greater than that exerted by the second, but that the smaller 
force does more work in the same unit of time. I he second machine 

is the more powerful of the two. 

The Practical Unit of P<jwer.—Thc unit of power used in 
mechanics was devised by James Watt in 1784. In \\ att s 
time coal mines were being sunk to increasing depths, and 
thousands of horses were in constant use to keep these mines free 
of water. He constructed and developed steam-driven engines 
to take the place of these horses, and from 1769 until 1785 his 
engines were used solely for the single purpose for which they 
were designed, viz., pumping water from mines. In 1785 the 
engines began to be used for other purposes, such as driving 
the machinery in cotton factories. It became necessary for 
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Watt to Ik* able to advise those who wished to replace horses by 
his machines how many horses these machines would replace. 
To this end in 1784 he conducted experiments at Barclay & 
Perkins’ brewery, in which he made use of the dray horses owned 
by the brewery. He arranged for a horse to draw a 100-lb. wt. 
out of a deep well by means of a rope attached to the weight 
and which, after passing over a pulley at the top of the well, 
was pulled horizontally at a steady' pace by the horse. 

He came to the conclusion that on an average a horse might 
be expected to raise a 100-lb. wt. vertically at 2£ m.p.h. 

A horse might therefore be expected to do 

5 x x 100 ft. lb. of work per sec. = —ft. lb./sec. 

Z bO 3 

Not wishing to overestimate the capabilities of his engines. 
Watt added 50 per cent, to the above amount to allow for the 
work done against friction, and his final estimate was 


1100 

-x 

3 


3 

o 


= 550 ft. lb. sec. 

# 


This unit remains the practical unit of power in use to-day. 

1 H.P. =550 ft. lb./sec. =33,000 ft. lb./min. 

It has been estimated since the time of Watt that a horse may 
be expected to work continuously (for some hours) at about 
three-quarters of this rate. 


162. In the examples and problems which follow it will be 
assumed that work is being done at a constant rate by a constant 
force. This assumption is justified when the motion which is 
being considered is not changing in any way. In this case if 
we consider a machine, the input of work in unit time is constant, 
the output of work in unit time is constant, and therefore the 
work done against friction and in moving parts of the machine 
in unit time is also constant. In order to see the way in which 
power is affected if the above assumption is not justified, consider 
a locomotive which is drawing a train from rest. The force at 
the driving wheels remains very nearly constant for a modern 
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locomotive while the train is started front rest anil its speed 
is increased to, say, :iu ft./sec. We shall then assume that the 
driving force falls off at higher speeds, due to the fact that the 
steam-raising capacity of the engine cannot supply sufficient 
steam to maintain the pressure equal to the pressure in the 
cylinder at smaller speeds. 


Force at Driving 
Wheels. 

Speed of 'Train. 

Power Output. 

'Ions wt 

5 O 

5-0 

5-0 

5 0 

4-5 

5 0 

1 o 

| 1 0 

Ft./sec. 
o 

IO 

20 

50 

40 

50 

go 

GO 

Ft. tons /sec. 
o 

50 

100 

150 

180 

150 

GO 

GO 


By examining the above figures we see that the power output 
has its greatest value at a speed of the train about 10 ft./sec. 
After this speed the power output falls off. Now this falling 
off in power output is not entirely a disadvantage, for when the 
speed of the train has reached a value which it is required to 
maintain for some time the power output must just be sufficient 
to keep the train travelling at uniform speed against constant 
resistance to motion, and this power may very well he less than 
that required to accelerate the train and overcome resistance 

at a somewhat lower speed. 


Example (1 ).—Find the horse-power developed by the engine of a tram 
travelling at a uniform speed of MO rn.p.h. against resistances amounting 

to 2,000 lb. tit. 

Since the speed of the tram is uniform the force exerted parallel to 
the track at the driving wheels is equal to the total resistance to motion. 

Force at the driving wheels =2000 lb. wt. 

Work done per second =2000 x 44 ft. lb. 

1 H.P. =560 ft. lb./sec. 

88000 H P. 


Therefore Power =88000 ft. lb./sec. = 


Af.n 


Li = IrtO H.P. 




V'<lS Co4 



SNfNAGA * 
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Let P lb. wt. be the force at the driving wheel. 

P =3 +210 * ^ =6. 

7 x 88 

Work done per second by the cyclist =6 x ft. lb. 

61 6 

Rate of working of cyclist = 61-6 ft. lb./sec. =-^- 0 =0112 H P. 

Example (4).— A train of weight 160 tons is ascending an incline of 
1 in 100 with a uniform velocity of 30 rn.p.h. against resistance to motion 
parallel to the track amounting to 10 Ih. tut./ton. VI hat is the horse-power 
transmitted by the engine ? 



Since the velocity of the train is uniform there is no resultant force 

acting upon it parallel to the track. 

The forces acting on the train down the plane are . 

(1) The resistance to motion = 160 x 10 = lo00 lb. wt. 

(2) The component of the weight of the train 

= if,o x _J— tons wt. =3360 lb. wt. 

100 

The force P lb. wt. acting upon the train up the plane is the force 

at the driving wheels parallel to the track. 

These three forces arc in_ equilibrium. -4S6(> lb wt 

Hence the force exerted by the engine =3300 + 1500 - 4800 lb. wt. 

The work done per second by this lorcc 

, ,, 4860 x 44 

_ 4H0O x 44 ft. lb. = • 


IIP. 


650 

Power transmitted by the engine =388 8 H P. 

Example (5 ).—An engine pumps water from a well to the ground 
level which is 40 ft. above the mean level of the water surface. If 2 cu. ft. 
Zf watrr is raised per second and two-thirds of the work of the engine is 
usedmlifting the water . what is the horse-power developed by the 

Volume of water raiacd per *e+ond =2 cu ft. 

Weight of water raised per second 

= 2 XG2-6 lb. (1 CU. ft. weiglis 02 6 lb.) 

Work done per second in raising 126 lb. of water through 40 ft. 

= 125 x 40 ft. lb. 


ll a 
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Since this is only two-thirds of the work done per second by the engine, 

Rate of working of the engine = 125 x 40 x ? 

2 

= 7500 ft. Ib./sec. 


_ 7500 tt p 
550 ' ' 

= 18* H.P. 


163. Belt Transmission of Power. 



Consider the pulley in the above figure which is driven 
by a belt passing round the rim of the pulley. If the tensions 
in the two parts of the belt where it leaves the pulley are equal 
there will be no resultant turning effect upon the pulley. If, 
however, the tensions T x and T, are different and T x is greater 
than T 2 , then (T x — 1 2 ) is called the Effective Tension in the 
belt and the pulley will turn as if only the single tension (T x -T„) 
acted tangentially upon its rim. The power transmitted by the 
belt is equal to the effective tension multiplied bv the distance 
through which a point on the rim of the pulley moves in unit 
time. If the horse-power transmitted bv the belt is known 
and the speed of the pulley, then the effective tension may be 
found but not the actual tension on cither the tight or slack side. 


W/?, T5 -' e "* a btU ts 100 l,K «*•. it drives a 

pulley of diameter 14 at 180 rc™. per min. What horse-power is it 

7\7 T • t >C t , cns ' on *" the tight side is twice that in the slack side, 
^“‘‘hese tensions and the width of the belt if it must not take more than 
» ,u tL't. per in. of r cuith. 


Distance moved through per minute by the belt 

„ 22 14 

= 2 * ~ x_xl80 = 1520 ft. 

• J •- 

Work transmitted per minute 100 x 1520 ft. lb. 

1 H.P. =53000 ft. lb./min. 

Power transmitted - *32000 , p 

53000 
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If T lb. wt. is the tension on the slack side of the belt. 

Effective tension = 2'!’ — T =T lb. wt. 

Hence T = 100, and the tension on the tight side is -00 lb. wt. The 
width of the belt must be at least 4 in. 

EXAMPLES XLV 

Express in horse-power the rate of doing work in each of the first four 

"“T P AU»e drawing a load of U tons on the level a, the rate of 

3 m.p.h., the resistance being 00 lb. wt./ton. 

2 Five tons of coal raised vertically at the rate of >»o ft. sec. 

3 A belt° exerting an effective pull of 200 lb. wt. tangentially-to the 
rim of a pulley 3 ft. in diameter, when the pulley is rotating at 140 ros. 

P "fA boy of weigh, 8 s, tons ttp f SflSS 

agahist^resi^uinccs'atnotmting ^to 'k' ib. wt. per ton along a horiaonta, 

“t 1=^',.'T?BS “->" 

of 1 in 100 a, a 

. '• A train What must be the horse-power 

^fr«^«h^"™r,vlng h whecla if the train is to ascend the satnc 

a. W-fb^^a^^—^^^of 

lo m.p.h. along a le\el ro. • machine if he can maintain tin 

samtfspeed ESjV&S ZZ&l wording a, the rate of 1,20th I l.l>. 

^TTx'ttrrhc raranrag'o P f ‘^‘ ^ra^ lorhing. and state the 

units of each in the e.g.s. and British system o . ■ w hich is made 

A mass of 10 tons is supported on an ^dl^s^cham, ^Tge h orse- 

to lift the load by means of an tng n \ friction ctc## ( a ) if the load 

power required to raise the load, >e< f (/,) if the load is raised 0 ft. 

moves upwards at a mean speed of I in.-bec., W (L.M.) 

in half a minute. 

10. Define power, horsepower develop is J M.P.. 

If the maximum power a man we gh.ng L^i to a ' room 40 ft. 

rnaximum speed at which he can n*. 

biCy n C Kc^ddifin^he urats of wot!, in absolute e.g.s. unto and in 

gravitational f.p.s. units. .- , „ u;«-vcle weighing 21 lb. rides up a 

A boy weighing 8 st and ndmil • b.cycle that frictIon 1S 

hill with a gradient of 1 ,n - his motion up the hill, find how 

much work he is doing per second. 

12. Define power. ..n an incline of I in 15 at 0 m.p.h. 

A waggon weighing o tons is P *» h horse-power is being 

If the frictional resistance is 2o lb. wt./ton, wn (G.S.) 

employed ? 
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13. Distinguish between work and power. 

A water turbine is driven by a waterfall in which 16,000 gals, of 
water per minute fall through IQ ft. and 50 H.P. is developed. What 
fractmn of the available energy is utilised ? (1 gal. of water weighs 

1U lb -l (L M ) 

, nn'e** 1 f n Sme' working at 2 H.P. pumps water through a height 
ot JU ft., the efficiency of the pumping machinery being 00 per cent 
How much water is pumped in an hour ? (1 gal. of water weighs 10 lb.i 

,, . . . . (O.C.) 

_ A the resistance to motion of a train on the level is 

0 009V lb./ton where V is the speed in miles per hour, find the 
horse-power required to draw a train of 300 tons up an incline of 1 in 
lou at a uniform speed of 20 m.p.h. (O C ) 

16. If a motor cycle can travel on a level road at 50 m.p.h. when the 
engrne is working at 5 H.P., find the total resistance to motion. (O C ) 

n i Jo C X,, 1S riding on a level road at 12 m-P-h. and working at 
, a”* * lnd i • 6 & reatest slope on the same road which he can ascend 
at 8 m.p.h., working at the same rate, assuming the resistance, apart from 
gravity, to be unaltered and that the total weight of the cyclist and his 
Dicycle is -Ul) lb, /q ^ \ 

18. An engine driving pulley is 18 in. diameter and runs at 160 re\4. 
per min. Calculate the speed of the belt in feet per minute, ignoring 

slippage. What horse-power is the belt transmitting if the effective 
driving tension is 60 lb. wt. ? 

19. A belt passes over a pulley 35 in. diameter and transmits 26 H P 
when the pulley is revolving 193 times per minute. Determine the 
difference between the tensions in the two sides of the belt. 

H Ca,culate the horse-power required to drive an engine if the 

driving pulley is 15 in. diameter, makes 1G0 revs, per min., and the 
3-in. belt has an effective driving tension of 44 lb. wt./in. of width 

-l. In the arrangement shown, details of the diameters of a system of 

pullejs together with the tensions on the tight and slack sides of the belt 
A are Riven. 



Fio. 3J9. 
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Calculate: 

(a) The horse-power transmitted by the belts. 

(b) The difference of the tensions on the tight and slack sides 

of the belt B. 

( c ) The turning moment applied to the machine shaft M. 

Note. —Intermediate transmission losses between the belt A and the 
shaft M may be neglected. 

22. A belt transmits 5 H.P. to a pulley of diameter 14 in. running at 
260 revs, per min. What is the difference in the tensions on the tight 
and slack sides ? 

23. The speed of a belt is 700 ft. /min. and the tensions on the tight and 
slack sides are 400 and 1 14 lb. wt. respectively. Calculate the horse-power 
transmitted by the belt. 

24. A cruiser is propelled at a speed of 30 m.p.h. by engines whose 
transmitted horse-power is 40,000. Calculate the resistance to the 
motion of the ship, and, assuming that the resistance varies as the square 
of the speed, what horse-power (to the nearest 1O0) would be required 
at a speed of 24 m.p.h. ? 

25. (a) The cutting tool of a lathe exerts on the work a force of 
200 lb. wt., the cut being made at 33 ft./min. What horse-power is being 
consumed ? 

(6) The horse-power supplied is 0-25. What work per minute is 
being wasted ? (In foot-pounds.) 

164. Brake Horse-power. 

Let us suppose that an engine is being used to turn a shaft. 
The output of power at the shaft may readily be found for any 
engine speed by allowing the shaft to do work against a friction 
brake instead of delivering its power to the machinery to which 
the shaft is usually coupled. For small engines the two friction 
brakes described below give a sufficiently accurate measure of 
the horse-power output, but it is readily appreciated that the 
brakes must get very hot if the power is at all great, and in this 
case precautions have to be taken to cool the brake. 

165. The Prony Brake. 

A pair of wooden blocks are fitted to a pulley carried by the 
shaft. These blocks are held together by bolts which may be 
adjusted to any desired tightness. Secured to the blocks is 
a long arm which carries a weight W lb. This arm is only free 
to rotate through a small angle, for its motion is restricted by two 
pegs which prevent the weight from whirling round in a dangerous 
manner. The blocks are made to grip the pulley just a sufficient 
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amount to cause the weight to “ float ” between the two pegs. 
When this adjustment has been made the frictional moment 



Fig. 320. 


exerted by the pulley upon the blocks is balanced by the moment 
of the weight W about the axis of the shaft. 

Referring to the above figure, 

F lb. wt. represents the tangential force of friction between 
the blocks and the pulley, and r is the radius of the pulley. 

Fr = WR. 

Work done against friction in 1 rev. = 2 tttF = 2-ttRW. 

If n revs, of the pulley are made per minute, 

, 2ttRW/i 

Horse-power output = 33 ^- 
166. The Rope Brake. 




Fig. 321. 
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The principle of the rope brake is the same as that of the 

jx : « zr* 

output is again obtained. 

167. Graphical Representation of Work. 



Suppose that a constant force of 10 lb £ 
body moves the body a d,stance o 4 ' ;" * g " distancc 
force. The graph shovv.ng ,he J° r “ a< f m | e f trai „ ht | in * AB. 
base is shown ... the a ove ng ^ [>q re p r „ents I lb. wt. and 
An area such as [ ’ QR ' , lb. of work. It therefore 

arsn; —.. —«- - «■» 
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which are contained in the area OABC is a measure of the work 
done by the force. The area beneath the force-distance graph 

represents the work done by the force. 

If a variable force acts upon a body the force-distance 
graph is a curved line, as shown in Fig. 323. If the area 
beneath the graph is divided into a large number of very thin 
rectangular strips parallel to the force axis, such as DEFG, then 
the sum of the areas of these rectangular strips, to a first approxi¬ 
mation, represents the work done by the variable force. The 
greater the number of strips into which the area is divided, the 
more accurately will the sum of their areas represent the work 
done by the force. 

The area beneath the force-distance graph represents the work 
done by the force. 

The methods of finding the area of irregular figures described 
on pp. 166-67 are suitable for determining the areas beneath 
force-distance graphs. 

168. Indicated Horse-power. , 

The power which is being developed by a steam or petrol 
engine, *.<?., the rate at which work is being done by the steam 
(or other gas) in the cylinder on the piston, can only be obtained 
if the force acting on the cylinder is known during the whole of 
its motion. This force is variable, but its value can be auto¬ 
matically registered during the stroke by an instrument such as 
the Crosby steam-engine indicator. In the figure below this 
instrument is shown. 



Fio. 324, 
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The steam in the engine cylinder is "t 

during the whole of the stToke. 



C 

G 


«• r__ 0 C |ao m online is shown id 

A typical indicator d.agramot.ce d ^ th<j ; ressure diagram 
the above figure. It wii cylinder does not fall 

is closed and that the pressu represents the part of the 

below 20 lb vet per sq. ^ ^ bei £ g drive „ by the steam 

stroke during which t P the iston * moving 

and CE the part of the stroke m . A i ong CE the 

back into position ready or ^ by thc stcam in the 

motion of the piston is R .vailable for driving the loco- 

cylinder, and ABCGF and 

motive is represented b y To fin d this area the distance 

rh d bltc-d be on d ^t d 

into ten strips of 'equal width and draw the 
""^ABCE ^ ^rToT lengths of mid-ordinates) x width 

of strip. 
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Using the above indicator diagram, suppose that the diameter 
of the piston is' 28 in.. 

Length of the stroke = 4 ft., 

Number of strokes per minute = 75. 

The pressure scale is in inches. 

Area A BCE = (1 -50 + 1 *90 + 2-00 4-1 -72 + 1 -44 + 1 *10 + 0-88 

+ 0*75 +0-60 +0-4) units 
= 12*29 units. 


1 in. on the pressure scale = 40 lb. \vt./sq. in. 

10 units on the base =4 ft. 

1 unit of area represents 16 ft. lb./sq. in. of piston. 

Work done per stroke = 12*29 x 16 x x 

* 7 4 


= 12*29 x 16x22 x 28 ft. lb. 

Power output per minute = 12*29 x 16 x 22 x 28 x 75 ft. lb. 


Indicated horse-power 


12*29x 16x22 x28x75 

-=2/o 

33000 


If P represents the average pressure in the cylinder during 
the whole of a stroke, then, 

P = Average of the mid-ordinates x value of unit on pressure scale. 

Let L be the length of the stroke, 

A the area of the piston, 

N the number of strokes per minute. 

Work done per stroke =P . A . L. 

„ „ ,, minute = P . A . L . N. 

Hence the l.II.P. is given by the expression, 

P . A . L ._N 
33000 


Referring to the previous indicator diagram, 

P= 1*229x40 = 49*16 lb. wt. sq. in 
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169. Mechanical Efficiency of an Engine. 

It has now been shown how the power output ami the power 
developed may be found for an engine. It is readily understoo 
that the power developed is the power put into the machine 
^ch, If T machinery were perfect, would all be transformed 
into useful work. The mechanical losses in the machine result 
in the power output being less than the power developed, am 
it is this power output which is given by the brake horse-power. 
Hence what ,s called the Mechanical Efficiency ot the machine 

given by the ratio, 

Power output = Brake horse-power ^ 

Power developed Indicated horse-power 
The mechanical efficiency of an engine usually hes between 
the values 0-75 and 0-95 ( i.e 75 and 9.» per cen .). 


EXAMPLES N.LV1 

1. A student performed an experiment on 
the following data in his notebook .__ 


spring and obtained 


Load. 


Lb. 

2 

4 

6 

8 

10 


Length of 
Spring. 


In. 

6- 25 

t>-4'.» 

7 - 011 
7 - O'* 


Load. 

Lb. 

12 

14 

lf> 

18 

21 


Length of 
Spring. 


In. 

7 • 50 
7 ■ s • > 
800 
8-24 
8*r»o 


Plot a graph showing the Beh.iv.our,of h ^-1 ^ many 

graph check the ^ C ^bc< f n done in stretching the spring ? 
foot-pounds O^NNork^ ^ pulHng a trucU is given at intervals of 1 > • 

in the following table :__ 


Force. 


I )istance 



I.b. wt 

r»o 

:*s 

2 :* 

10 

14 


Vd. 

o 

io 

•jn 

:;o 

40 


Ld>. wt 

is 

17 

IO 

o 


Distance 

Yd. 

50 

On 

7o 

80 
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Draw a graph showing the force against a distance base. Calculate 
the total work done. 

3. A lath, or beam, is supported horizontally at two points 42 in. 
apart. It is loaded at the centre with a gradually increasing load, and the 
loads and corresponding deflections are as follows :— 


Load. 

Deflection. 

Load. 

Deflection 

Lb. 

In. 

Lb. 

In. 

2 


20 

0-128 

6 


22 

0145 

10 


24 

0-166 

14 


20 

0-317 

18 

0113 




Plot the load deflection graph and explain its important features. 

How many inch-pounds of energy are expended in deflecting the 
lath 0-1 in. ? 

Use scales—I in. to 10 lb., and 1 in. to 0-1 in. deflection. 

4. From the force-distance diagram shown below, find the average 



force exerted (a) in the first 80 ft., (6) in the first 160 ft. Calculate the 
total work done during the first 100 ft. 

6. In the diagram the pressure in a steam-engine cylinder is shown 
The stroke of the piston is 4 ft. and its diameter is 28 in. Find the mean 
pressure during the stroke and calculate the work done per stroke [f 










WORK DIAGRAMS- EXAMPLES 

the number of strokes is 120 per min., calculate the indicated horse 
power. 



6. Make a sketch of a suitable brake for finding the brake horse-power 

of an engine of about 7 H P. f cn cinc which makes 300 

Determine the n b - k /hra°ke'dmm d.amet?r tfseln and the effective 
load on'dS'bnle's K If the mechanical efficiency of the engtne ts 

0 ' 8 7 W p‘\, i \l^% , ultrof d d,‘am,' : ,' I e O d''rLXcd to shaft of an electric motor 



Mg. 


32b. 


W Ibi. 
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whose brake horse-power is being measured. AB is a steel bar whose 
centre of gravity is at C, and CD is tightened by a screw so that the belt 
which passes round the pulley is taut on both sides when the pulley is 
rotating. Show that if a weight W lb. is suspended at the end A of the 
steel bar, W „ _ (T, - T t )d 

Show also that if the pulley makes n revs, per min. the brake horse-power 
of the motor ,s - 53555 — 

8 . What should be the length of stroke of a double-acting steam engine 
in order to generate 220 H.P. when running at a speed of 120 revs, per 
min., the mean effective steam pressure being 40 lb. wt./sq. in. and the 
diameter of the cylinder 21 in. ? 

9. The average pressure in a steam cylinder during a stroke is 120 
lb. wt./sq. in. The diameter of the piston is 21 in. and the horse-power 
generated is 210. Find the length of the stroke if the number of strokes 
in 1 min. is 90. 

10. Calculate the average effective pressure in an engine cylinder 
given that the diameter of the piston is 14 in., the length of the stroke is 
18 in., the number of strokes per minute is 60 and the horse-power 
developed is 66 . 

11. Calculate the horse-power developed by an engine given the 
following details :— 

Average effective pressure . . . 200 lb. wt./sq. in. 

Diameter of piston . . . .14 in. 

Number of strokes per minute . .110 

Length of stroke . . . . . 2 ft. 

12. An engine developing 12 H.P. drives a motor car along a horizontal 
track at 40 m.p.h. against resistances amounting to 60 lb. wt. Calculate 
the mechanical efficiency of the engine. 

13. A work diagram for a gas engine is shown. Find the average 



Fig. 329. 
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,Cn ^ 4 h ^naSesVion^S iff Ac number of strokes per minute is I 20. calculate 
the horse n ^oweV°deieioped and the brake horse-power tf the mechamca. 

efficiency is 0-75. 



CHAPTER XVI11 

COMPOSITION OF VELOCITIES 


170. Displacement. 



Suppose that O represents the position of a cyclist and OX 
the easterly direction. If the cyclist rides along a road to the 
new position A, his change of position may be described fully 
by stating the distance travelled and the direction of the line OA. 
Displacement of cyclist = 2 mile in a direction 30° N. of E. 
Displacement is change of position and is completely described 
by stating the magnitude and direction of this change. 

r 

It is usual to represent the displacement from O to A as OA 
to distinguish it from the symbol OA which represents the dis¬ 
placement in magnitude alone. 

171. The Resultant of Successive Displacements. 

If the cyclist now proceeds to the position B, as shown in 
Fig. 331, the additional displacement is AB, 1 mile in a 
direction 75^ N. of E. The final displacement from the original 

position O is OB, and this displacement is the resultant of 
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SUCCESSIVE DISPLACEMENTS 

the first two displacements. The last statement may be 
written, ^ > 

OB =OA + AB. 

It should be noticed that the addition on the right-hand side 
of this equation is the same as that used to find the resultan 


B 



any number of forces acting at a point by the polygon of forces. 
Quantities such as forces, velocities and accelerations which have 
both magnitude and direction are called Vector Quantities , and 
when *they are combined to give a single resultant the process is 

called Vector Addition. 

172. The Resultant of Two Velocities by the Parallelogram 
Law. 

In Fig. 332 XY and ZW are the parallel banks of a river 

which flows in the direction XY. , . 

In the discussion which follows it w.U he -njdjte 
whole stream moves downstream if it were a solid body so 

“ a r'the" posTonTf t boat which is rowed in the direction 
AD ; i.e., the boat would proceed along AD but for the current 

which carries it downstream. . . , • t L direction 

The current alone would have carried the boat in the direction 

AB The boat therefore has two velocities simultaneously, 
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one produced by the occupants of the boat and the other by the 
river current. 

X___Y 



Fig. 332. 


1 o find the resultant path of the boat consider the position 
of the boat after 1 sec. 

Let u ft./sec. be the velocity of the stream, 

v ft./Sec. be the velocity with which the boat is rowed. 

In 1 sec. the river current alone would have carried the boat 
to B where AB=« ft. 

Ini sec. the boat would have travelled to D where AD = ?• ft. 
if there had been no current. 

If we now complete the parallelogram A BCD the final position 
of the boat after 1 sec. is clearly at C and is the same as if the 
boat had received two consecutive displacements represented by 

AR and BC. 

AB represents the velocity of the stream in magnitude and 
direction. 

AD represents the velocity with which the boat is rowed, and 
it therefore appears that AC represents the resultant velocity 
of the boat. Now all we have shown is that AC represents the 
displacement of the boat in 1 sec., and we must therefore show 
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first that the boat travels along the diagonal AC continuously, 
and second, that the velocity of the boat along AC is uniform 
like those of the two components ot which it is the resultant 
In the figure let R be a point on the diagonal OC and K1 
drawn to meet AB at P. Complete the parallelogram AI 

Because QR // DC, 

AR AQ Time for AQ ^ / 2 __ f 

AC AD Time for AD 1 


AC 

Because PR // BC, 

AR AP 
AC ^ AB 


Time for AP /, f 
Time for AB 1 


Hence 




AR 


AC 


= /, sav. 
% ’ 


Since the time for AQ is equal to the tune for AP, R >* on the 
path of the boat, and because R is any po.nt e.ther on At or 
AC produced, AC is the path of the boat. Moreover, because 

AR = AC . t, and therefore A ? = AC, the velocity of the boat 
along AC is uniform and is represented by AC in magnitude and 

^If'Tbody has vehcu.es simultaneously and these velocity 

are represented in magnitude and direction by the sides 
of a parallelogram ABCD, the resultant velocity of the 
represented in magnitude and diirectum by the d,agonal 1C. 

173 Assuming the opposite banks of the river to be parallel, 
in what' direction should the boa, be headed m order that may 

cross the river in the shortest possible time r 

, t t n,paiilmihe i,„ks 

fhTcZZt cammtZe any influence upon the time tahen to trace, 

d^hiia, In a direction which w,l. 
enable it to cross the river in .be shortest poss.ble „mc exactly 
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Fig. 333. 

as if there were no current. Hence the boat must be headed in 
a direction perpendicular to the banks. In the figure, 

AB represents the velocity of the river, 

AD „ „ „ with which the boat is rowed, 

and AC ,, ,, resultant velocity of the boat. 

The time taken by the boat to cross the river is equal to the 
width of the river divided by the speed with which the boat is 
rowed. 

174. Example (1). —Suppose that the velocity uhth which the boat 
can be rowed is 4 ft./sec. and that the velocity of the current is 3 ft./sec. 
In what direction should the boat be headed in order that it may cross the 
stream in a path perpendicular to the banks ? (i.e., the distance travelled 
by the boat is to be the shortest possible.) 



Fig. 334. 


I-et A be the original position of the boat. 
Consider the effect of the rowing alone. 
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In I sec. the boat could be at any point on the circumference of a 
semicircle, centre A and radius 4 ft. where AB =3 ft. 

The" boa^wid*cross' by a pa* perpendicular to the banks when the 

r xr:i 

TseXX, ” n JeVa^dius V 4 ft. Suppose .he figure is drawn to 

8CSl L. the semicircle, cjntr,ABC^ 

AerADTepmsen" .he'vebcity which the boat must be rowed. 

From the right-angled mangle ACD, 

sip DAC : = g?=0 75, 

/DA C =48° 35'. 

. . , ar .„i 41 ° 25' to the bank in an upstream 

The boat must be rowed at an angle 

direction. . , , to cross the stream we must divide 

th.^ d of h ,'hrri C ve“r k b" <L resuitant velocity of the boa. represented 

by tX above cons,rue,.on possible if the velocity of the current is 
greater than that with which the boa, can be rowed ? 

Example W-An aeroplane i.« » 
t ZTXJXZld aeroplane be Pearl,! and aha, should be 
speed in still air ? 



. . , ,,, at s0 f u r as the motion of the wind is concerned, it 

“ north ' Ca8tCrlT 

d “'gmw AC to represent the resultant velocity of the plane. 
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This velocity is the resultant of the velocity of the plane in still 
air and the velocity of the wind. 

Draw AB to represent the velocity of the wind. 

Join BC and complete the parallelogram ABCD. 

AD represents the velocity of the plane in still air. 

175. Component Velocities and Resolution of Velocities. 

Just as it has proved convenient to consider a force as the 
resultant of two components, we may by means of the paral¬ 
lelogram law consider a velocity as the resultant of two 
components. 




Thus if AC represents the velocity of a body, any parallelogram 
having AC as its diagonal enables us to consider the velocity 
as made up of two simultaneous component velocities, such as 
AH and AD in Fig. 336. It is usually desirable to choose the 
two components at right angles to each other. Referring to 
Fig. 337, the components of the velocity v may be written as 
v cos 0 and v sin 0. 

We shall find die results of this paragraph of immediate 
practical value in the next section of our work. 

EXAMPLES XLVII 

1. A man walks at 3 m.p.h. across the floor of a carriage perpendicular 
to the direction in which it is travelling. If the speed of the carriage is 
4 m.p h. due east, what is the direction and magnitude of the resultant 
velocity of the man ? 

3. A river Hows due north at 2 m.p.h. A boat is headed due west 
across the river perpendicular to the direction in which it flows and is 
rowed at 2 m.p.h. Show that the resultant direction in which the boat 
travels is north-west, and calculate the magnitude of this resultant velocity. 

3. A bird can tiv at 20 m.p.h. in still air. If it heads due north 
when there is a wind of 30 m.p.h. blowing from the south-west, find the 
magnitude and direction of the resultant velocity of the bird. 

4. An aeroplane heads due south. The speed of the plane in still air 
is 10U m.p.h. If a south-west wind (i.e., from the south-west) is blowing 
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at 50 m.p.h., find the magnitude and direction of the resultant velocity 

of the plane. . , . , 

6 . The speed of the current of a river is 1 m.p.h. A man rows a boat 

so as to cross the river perpendicular to the direction of the current. If 
the man can row the boat in still water at 2 m.p h , m what direction is 
the boat headed and what is the velocity with which he crosses the stream . 

6 . A steamer heads due south at 10 knots, but it is found that owing 
to the presence of a sea current it actually travels in a direction 10 west 
of south at 12 knots. Find the direction and magnitude of the sea current. 

7. A crane travelling horizontally lowers a load at l.» ft. sec. If the 
load travels in a direction inclined at 30' to the vertical, calculate the 
horizontal velocity of the crane. 

8 . A stone is travelling at 80 ft./scc. in a direction inclined at 20 to 
the horizontal. Calculate the horizontal and vertical components of the 
velocity- of the stone at the instant under consideration. 

0 The banks of a stream are parallel and a current of 1$ m.p.h. 
flowing. A boat is headed in a direction of 00 with the ^wnstream 
direction. If the speed at which the boat can be rowed in still water is 
2 m.p.h., calculate the time taken to cross the stream, its width being 

50 'io. An aeroplane is to be flown from A to I). a distance of 200 miles 
II being in a direction 30° north of east of A. If there is a wind of 4 
m p h blowing due east and the plane takes 2 hr. to complete the journey 
(not including^landing end takinu off), fmd the d.rec..on m which t was 
headed and the speed with which it would have travelled had there been 

n ° li^Ab^Tis" travelling at 50 m.p.h. in a direction 00' north of east. 
What is the component «»f its velocity in an easterly direction i low 
long elapses before the car is 20 miles cast of its original position How 

far is it then north of its original position r , velocity and 

12. Explain the terms component velocity, resultant xelocit>. 

show how velocities may be compounded. p- . f i 

A river 2 miles wide flows with a speed of 1 m.p.h. I ind the tune 

required for a marn rowing with a speed of 2 m.p.h., to cross the r.ver 
at right angles to the bank. 

13. What is the difference between a u-etor c,u.mtit> 

quantity ? Give two examples of e-ach. when there is 

The* pilot of an aeroplane, whteh fl.es a. 

no wind wishes to ™' j r anhicallv thc direction in which he must point 
towards the cast, rind Krapmcau> me frt t u c . « round ( 7 .) 

the nose of the machine and his actual spec • ? Explain whv 

14 What is meant bv the parallelogram of velocities f Explain wnv 

distant ob^ct " "en from a moving train remain ... view much lonitcr 


(C.) 

and a scalar 


than nearer objects. 


th 


The smoke from a vjacl string north j* 5 Z wind. 

fVhntV t \Vhen' thc°smokc leaves the vessel its velocity is that of the 
wind.] 

15. State and explain the theorem o 


(().) 

f tnc parallelogram of velocities. 


A river is KSide and flows at the rate of . i m.p.h. A man who 
can 1w!m a! the rate of 2 m.p.h, in still water woihes to cross directly to 
a point 110 yd. downstream. I md the tunc of crossing. 
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PROJECTILES 

176. Projectiles. 



If AX and AY are at right angles to each other, a velocity 
represented by AC has been shown to be equivalent to the two 
component velocities represented by AB and AD. The position 
of a body moving along AC with uniform velocity represented by 
AC may therefore be found by adding the displacements given 
to the body by the two components of its velocity. 

The component of the displacement of the body parallel to 
AD is unaffected by the component of velocity parallel to AB, 
and similarly the component of the displacement of the body 
parallel to AB is unaffected by the component of velocity parallel 
to AD. Hence the position of the body at any time may be found 
by adding the displacements due to each of the components of velo¬ 
city, these displacements being found independently of each other . 

We are most of us familiar with the shape of the curved 
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path * of a ball thrown into the air. The motion of such a ball 
is not one of uniform velocity. The motion can. however, at 
any instant be considered as made up of a horizontal motion 

f| Uniformly accelerated motion 


Uniform horizontal velocity 
Fig. 340. 

and a vertical motion. Now a body moving horizontally travels 
with uniform velocity if there is no resistance to us motion 
and a body moving freely in a vertical direction travels with 
uniformly accelerated motion. Can the position of a body 
describing a curved path freely in the a,r be found by considering 
its motion as made up of the two motions, one of uniform velocity 
horizontally and the other a uniformly accelerated motion vert,- 
cally ? Again, can the position of the body at any tune be 
determined^ by finding independently the displacements proved 
by each of these two motions </>., exactly as ,f the other motion 

were not present) ? . .. 

We ma P y remark that Galileo knew the correct answer to these 

questions/whereas his immediate predecessors certainly did not. 

177. Experiment ( l).-Placc a^ 
a small distance over the edgeof a• 1 • thc WO od so that when it 

place a brass weight of, say. > U • vertically to thc ground, whilst 

is struck a smart blow the ™ ? m ; ■ " ^ X ^ close as possible to 

at the same time a second ', ‘ is struck a horizontal 

the edge of thc table adjacent to that rst n through thc air before it 

blow b y the w«°d and describes « ‘ wo we i K hts strike the ground 

hits the ground. It will be ■ touna sounds of ,heir impacts with it 

together as far as may be tc ^ cr the horizontal distance travelled 

Moreover this remains true whatever . . . 

by the second weight may be before i____—- 

- ITT —:-T7 ^ 1 ti.Tt Snntbach ill r^OI was of the opinion 

that tr® omvards in a^traighMine until I- velocity was 
exhausted and then dropped verticallv > 


g \rls coi 


SR IN '.GA 
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It therefore appears that the time taken by the second weight to reach 
the ground is the same as it would be if it were allowed to fall vertically, and 
we see therefore that the vertical motion of the weight is unaffected by the 
horizontal motion 



178. Experiment (2). —When a jet of water is allowed to flow horizon¬ 
tally from an orifice the particles of water describe their paths freely once 
they have left the orifice. Now the advantage of using a.jet of water to study 
the path of a projectile rather than a solid body is obviously that we can 
arrange the jet to show continuously the path traced out by the particles 
of water. We have shown that the vertical motion of a body describing 
a curved path freely in the air is not affected by its horizontal motion, 
and we must now try to show that the horizontal motion of the particles 
is the same as it would be if the vertical motion were not present. Now 
if air resistance is neglected since there is no horizontal force acting on 
the particles of water, they should move with a constant horizontal 
component of velocity. If this were true the horizontal displacements in 
equal times would be equal, and conversely the times for equal horizontal 
displacements would be equal. Let A be the position of the orifice and K a 
point on the curved path of the jet. H is a point vertically above K, and 
nr r if ' ^ » s divided into, say, four equal parts, AB, BD, 
£k ■ ’ an . Y emcal displacements BC, DE. EG, HK correspond to 
the horizontal displacements AB, AD, AF, AH. We know that the vertical 
motion is given by 


* — tgt s , t.e., 1 -constant. 
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If the times for AB, AD, AF, AH are in the proportion 1 : 2 : 3 : 4, 

BC = DE = FG = HK = extant. 

1* 2 2 3 2 4 2 

Now it is quite a simple matter to measure BC, DE . . ., and hence 
to test the truth of the last equations. It will be found that the results of 
the experiment show that these ratios are equal, and therefore we may 
infer that the horizontal motion of the particles is one of uniform velocity. 

Hence the horizontal motion of a body describing a curved path 
freely in the air is not affected by the vertical motion. 

179. Example (1).— An aeroplane travelling horizontally with velocity 
60 m.p.h. at a height of 400 ft. drops mails into a field. Jf the resistance of 
the air is neglected, how long do the mails take to reach the ground and 
what horizontal distance har e they' travelled before they strike the ground. 



The time taken by the mails to reach the ground is the same as if they 

had fallen 400 ft. from rest. 

Let / sec. be the required time. Using 

s = lut\ 

400 = 16f 3 , 

t 2 and t =5. 

In 6 sec. the horizontal component of the plane’s velocity, which is 
constant and equal to 88 ft./sec., carries the mails a horizontal distance ot 

88 r 6=440 ft. 

Example (2). —A tennis ball is struck horizontally at a height of 6 ft. 
above the ground and hits the ground when it has travelled 60 ft. in a horizontal 
direction (this being the distance from the base line to the service line). With 
what velocity did it leave the tennis racket Y cue' 

The time taken by the ball to travel vertically a distance of 6 ft. is 

given by j = I0f 2 . (*=32) 

Therefore 6 = 101 s , and l = \/0-375 =0-608 sec. 

The constant horizontal component of velocity is equal to the velocity 

of projection. 60 .... .- , 

Velocity of projection - it./sec. 
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EXAMPLES XLVIII 


i . p • t • ^ /sec. horizontally from 

the top of a high tower. Calculate the horizontal and vertical distances 
which it travels (a) in 1 sec., ( 6 ) in 2 sec. 

2. A rifle bullet is fired horizontally with a velocity of 1,000 ft./sec. 
If air resistance is neglected, how far has it travelled horizontally when it 
has fallen 16 ft. below its initial position ? 

®. An aeropkme travelling horizontally at 76 m.p.h. drops mails 
which land 3 sec. after they are released. How high above the ground 
was the aeroplane when the mails were released and how far do the mails 
travel horizontally after they are released before thev strike the ground ? 

4. A stone is projected horizontally from the top of a tower 121 ft 
high. How long does it take the stone to reach the ground (supposed 
horizontal) and how far from the foot of the tower does it strike the 
ground if the velocity of projection is 100 ft./sec. ? 

5. A stone is projected horizontally at a height of 64 ft. above the 
ground and strikes the horizontal plane through the foot of the tower 
at a distance of -L 0 ft. from the point on the ground vertically below 
the point of projection. Calculate the time taken by the stone to reach 
the ground and its velocity of projection. 

6 . A jet of water flows from a small orifice and issues in a horizontal 
direction When the jet has descended 0-72 in. it has travelled hori¬ 
zontally 3 ft. Calculate the speed at which the water issues from the 
orifice. 


'• An aeroplane flying horizontally at a height of 10,000 ft. with a 
northward air speed of 100 m.p.h. at a place where there is a 60 m p h 
west wind blowing drops a heavy bomb. Show as a d.ngram the relative 
positions of the point on the ground directly below the aeroplane at the 
moment of release and the point where the bomb strikes. Calculate in 

feet the distance between the two points. (Neglect the action of the air 
on the homo.) ~. 

,*?• ^ u horizontally (without spin) from the top of a 

vertical cliff ->0 ft high with an initial velocity of 100 ft./sec. Determine 
the position of the ball at the end of each second of its motion and hence 
plot its path, making the following assumptions :— 


X hat the ba,l . obc >* s tb e laws of falling bodies (" =32). 
• x i tbe horizontal velocity remains unaltered. 

(c) Neglect air resistance. 


iVi^hV' an> thc resub ant velocity of the hall U sec. after 

A ball is held at a height of 2j ft. above the floor of a carriage 
which is tra\e line at lo m.p.h. along a horizontal track. Find the vertical 
and horizontal components of the velocity of thc ball when it strikes the 
floor (relative to the track) and calculate the angle made by the diction 
of the resultant velocity of the hall with thc horizontal 

= n A s f tone “ rh 7 wn jn a horizontal direction with a velocity of 
; ° ft /s ep- from the edge of a \crtical cliff SO ft. high. Determine'thc 

nmnr of 1Ch C “ P r “ he f° re '• rca £ hcs the ground and thc distance of the 
point of impact from the point of projection. (j \f \ 
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1 1. An aeroplane travelling at a height of I ,*>00 yd. above the ground, 
ac a uniform speed of 100 m.p.h., drops a bomb. l*'ind (u) the time 
taken for the bomb to reach the ground, ( b ) the horizontal distance 
between the vertical line through the point at which the bomb was 
released and the point at which it struck the ground, (c) the magnitude 
and direction of the velocity' of the bomb on striking the ground. (Neglect 
air resistance.) ( L.Af .) 

12. A stone is projected horizontally from the top of a cliff with a 
velocity of 10 ft./sec. and strikes the water 5-3 sec. afterwards. Draw a 
space-time graph showing the position of the body after each second of 
its motion. Determine the height of the cliff and the distance from the 
foot of the clifi to the point where the stone strikes the water. ( L.M .) 




Fig. :i44. 


180. EXPERIMENT. —If a IhkJv is projected in a direction inclined to 
the horizontal, we can show by the following experiment that the effect of 
gravity upon the motion of the body is to give to it a vertical displace¬ 
ment equal to that of a lx>dy falling vertically from rest for the same time. 

A target in the form of a square is supported by a small electromagnet. 
A spring gun is directed so that a projectile leaving the gun would strike 
the target but for the effect of gravity. At the instant the gun is fired the 
circuit of the electromagnet is broken and the target is released. With 
a little care it will be found that the projectile strikes the target whatever 
the velocity of projection may be. 

Referring to the figure, but for the effect of gravity the path of the 
projectile would be along GA, now the target has fallen freely from rest, 
the height AIJ, and since the target is struck by the projectile the pro¬ 
jectile receives the additional downward displacement AH, due to the 
effect of gravity. Hence the effect of gravity is to give an additional 
vertical displacement to the projectile equal to the displacement it would 
acquire if it fell freely for the same time from rest. 


181. Oblique Projection. 

Suppose that a body is projected with a velocity v ft./sec., 
as shown in the figure, from a point A. We can find the position 
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of the body at any time by making use of the result of the above 
experiment. 

In t sec. but for the effect of gravity the body would be at 
B, such that 


AB=v/. 


The effect of gravity is to add a vertical displacement of 
hgt 2 to the body, thus bringing it into the position C where 


BC = igfi. 


In particular, if T is the time required for the body to reach 
its greatest height (E in the figure) the vertical distance 
DE = &T*. 


Now the body would take T sec. to fall from the position 
E in which it is travelling horizontally to the ground, and therefore 
its height above the ground is also i°T 2 . 


Hence 


DE = EF. 


182. To Find the Position of the Projectile after t Sec. 

It is convenient to regard the velocity of a projectile at any 
instant as made up of two components, the one a constant 
horizontal velocity and the other a variable vertical velocity. 

At the moment of projection these components, as shown in the 
hgure, are v cos a and v sin a. 

In / sec the vertical component alone causes the displace¬ 
ment BH which is equal to sin a . t y but the effect of gravity 
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reduces this displacement by an amount BC. which we have seen 
to be equal to \gt 2 . 

,p hus CH =v sin a . t ~ » 

and AH =v cos a • t. 

183. To Find the Velocity and Direction of Motion after t Sec 

l/sina-gt 

1 ' Resultant velocity 

yf after r seconds 

U COS (X 


Fig. 346. 

In a vertical direction *. iin*- ^ ^ 
r-ff, a "°H-:Tn:1 - a the r vcrSc/ component of 

velocity is 

v sin a -£*• 

The horizontal component is 

v cos a. 

jwsew sar-TE5s £ 

projectile and its direct.on of mot.on after t sec. 

184. Example (*)•—^'S' ,he 

- »>•”' v r sin 30 . =60 

Initial component of velocity vertically upwards - 100 

50 rt,s ' c - 

When the projectile reaches maxunum he.ght, 

60 =0, 
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Maximum height reached, 

CD =igt* = 16.(ff) a =39-1 ft. 

Horizontal component of velocity = 100 . cos 30 ° = f t- / sec 

of flight Z ° ntal range AB = Horizontal component of velocity x Total time 

'£vp^ 



120 At n < ob° t ft e /W int nnll P ^ e ^ ,0n ’ thc , vertical component of velocity is 
2 ^ V , d h ho «zontal component is 120 cos 60°. After 

f 120 sin 60° - 2 . g) ft./sec?, Ve., ’ ^ verUcal corn P°ncnt of velocity is 

v .> u < 120 x 0 ' 8660 -64) ft./sec. (g =32) =39-92 ft./sec. 

* * hc horizontal component of velocity is 120 cos 60° =60 ft /sec 
1 he magnitude. t> ft./sec., of the resultant velocity is given by ' 

v = V39 -92* + 60* = 72 ft. /sec. 
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Let a be the angle made by the resultant velocity at P with the 
horizontal 

39-92 n 

tana = -rx— =0-t)b5J, 

00 

a =33° 38'. 


Example (3). —A golf ball is struck from the ground and pitches 50 yd 
farther on after rising to a maximum height of 12 ft. Find in feet per second 
the velocity tvith which it leaves the ground. (O.C.) 


V 



Let t sec. be the time taken by the ball to reach its maximum height 
from the instant of projection. 

Considering the motion in a vertical direction, the ball falls vertically 
12 ft. in t sec., its initial velocity vertically downwards being zero, and 
its acceleration is g ft./sec.* 


Therefore 


12 = 4 gt\ 

12 = 10/', (g = 32) 



sec. 


If V ft./sec. be the vertical component of the velocity of projection, then 

V -g . ^ = lO-y/3 ft./sec. 


If U ft./sec. is the constant horizontal component of velocity 

U x x 2 t= 150, 

U = -y 0 = 50 . v/3 ft./sec. 

V3 

Hence the initial velocity of projection is 

■y/V* + U* = V(250 x 3 + 2500 x .'{) - 90-0 ft./sec. 

If the direction of projection makes a with the horizontal, 

lOy/3 n r. 0 

“"““sova" 0 32 - 

a = 17° 45'. 




12 a 
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Example (4 ).—A stone is thrown with velocity 80 ft./sec. from 
top of a vertical cliff 200 ft. high and at an angle of 60° to the horizor, 
plane through the point of projection. Find where and at what angle 
stone strikes the horizontal plane through the base of the cliff. 



Let t sec. be the total time of flight. 

Initial vertical component of velocity =80 sin 60° = 40V , 3 ft./see. 
Referring to the figure, 

CB=40\/3 . t =69-28 t. 

The effect of gravity causes the vertical displacement BE, and 

BE =*g<*. 

Hence, since EC=EB-CB, 

200 = hgt* - 69 -28t, 

16f* - 69-28f -200=0, 

2t* -8-66t -25=0, 

t = 6*31. 

(The negative value of t is omitted as impossible.) 

The horizontal distance travelled in 6-31 sec. is equal to the horizontal 
component of velocity x 6-31 =80 cos 60° x 6-31 =252 ft. 

When the 9tone strikes the horizontal plane its vertical component of 
velocity =69-28 - 32 x 6-31 = — 132-6 ft./sec. 

The horizontal component of velocity =40 ft./sec. 



Fig. 361. 


tvt 




RANGE on a horizontal plane 

If 9 is the angle made by the stone with the horizontal, 

132-6 
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tan 0 — 


and 


40 

6 =73° 13'. 


3 316, 


185. Formula for Range on a Horizontal Plane. 



Suppose that a body is projected with velocity u ft./sec. in a 
direction making an angle a to the horizontal plane through the 
point of projection. 

The vertical component of velocity =“ sin a - 

after f sec. = u sin a -£/• 

At the point where the projectile is at its maximum height, 

u sin a -gt= 0, 


t = 


u sin a 


The total time of flight of the body is therefore 


2 1 ; sin 


a 


The horizontal distance travelled in this time is found y 
multiplying the horizontal component of velocity by the tota 

time of flight. . 

2u sin a -u sin a cos a 

Horizontal range AB^w cos a - = „ 

£ 

«/-’ sin 2a 


If we keep the speed of projection constant, the range has 
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its greatest value when the inclination to the horizontal gives to 
sin 2a its greatest value, i.e ., when 2a = 90°. 

In this case, sin 2a = 1, and the maximum range for the given 

^2 

speed of projection is —, the angle of projection a being 45°. 

& 


EXAMPLES XLIX 

1. A stone is projected with horizontal and vertical components of 
velocity 40 and 32 ft. /sec. respectively. Find the maximum height reached 
by the stone, the time taken to reach this height and the distance travelled 
by the stone horizontally when it is again at the same horizontal level as 
the point of projection. 

2 - A stone is projected with a velocity of 100 ft./sec. at an angle of 
30 to the horizontal. Find the range on a horizontal plane through the 
point of projection. 

3. A shot is fired at an angle of 45° to the horizontal with a muzzle 
velocity of 1 000 It./sec. How high is it after 10 sec. ? What arc then its 
vertical and horizontal components of velocity ? 

m 4 ' . A <n al J * S thrown with vertical and horizontal components of velocitv 
30 and 40 ft.,sec. respectively. How long does it take before it striked 
the vertical wall of a building GO ft. away ? At what height above the 
point ot projection does it strike the wall ? 

5 A ball is projected so as just to pass over a roof top 64 ft. high and 
at a horizontal distance of 128 ft. Find the magnitude and direction of 
the velocity of projection. 

6. Deduce a formula connecting the speed of a body moving vertically 
upwards and the height to which it will rise. 

c A ^ s . t ^ rown at a P angle of 45’ to the horizontal so that at the top 
of its flight it enters a window 36 ft. above the thrower. Find the speed 
at which it is thrown and the distance of the wall containing the window 
from the thrower. (G S ) 

7. State the theorem of the composition of velocities. 

A , n r aeroplane travelling horizontally at a height of 1,600 ft. and at a 

speed ot . () m.p.h. drops a projectile when passing vertically over a certain 

spot. 1’ind how far from the spot the projectile reaches the ground and 
also its velocity of impact. . 

8. A projectile has a muzzle velocity of 1,650 ft./sec. Find the range 
in >ards on a horizontal plane if the angle of projection is 15°. Find the 

error at this range due to an error of 15' in the angle of elevation of the 
Run. /q ^ \ 

tr;lv 9 , A g ° lf , bal1 is , P ^‘ ct " d at an of 45° with the vertical, and It 

ermmV d stance of -00 yd., measured horizontally, before striking the 

of vdo'it! f 7Tn t0 | Sh °"’ h L W L the horizontal and vertical components 
of velocity of the ball alter with the time, and from this graph find the 

thi^bnll j ,C,Rht to " hlch thc baM ns vs- (Neglect the action of the air on 

1°. A small object slides down a smooth roof, inclined to the horizmmil 
at an angle of 30 . through a distance of S ft. and strikes the ground 24 ft. 
below the point at which it leaves the roof. Find the horizontal distance 
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that it has described between leaving the rod and striking the gioui.J 
I Note • Acceleration of object down slope is g sin 30' ft.,sec. J (O <- t 
11. A golf ball is struck with a horizontal velocity three times Us 
vertical velocity and pitches on a green on the same level as the tee and 
225 yd. distant. Find its initial velocity, its time of Ihght and the height 

to which it rises (air resistance to be neglected). 

12 A boy stands 55 ft. away from the vertical wall of a house. He 
throws a ball with a velocity of GO ft./sec. from a height of G ft from the 
ground. If the ball is projected at an angle of bO with the horizontal, 
iind the height at which it strikes the house. Show that the ball reaches 

its maximum height before striking the house. ' 

13 A batsman skies a ball and is caught by a fieldsman standing 
20 yd. from him. who has to wait 5 sec. for the ball to reach him kind 
the initial velocity of the ball and the maximum height. (Assume that the 
bat and the fieldsman’s hands arc in the same horizontal plane.) (U.C.) 

14 A bowler delivers a ball horizontally at 9b ft./see., his hand being 
G ft 3 in. above the ground. How far from him does the ball pitch and 
what is its time of flight ? If another ball takes twice as long to pitch in 

the same snot, how high must it rise in its flight i 
h 15 Draw a graph of the path of a cricket ball thrown with a velocity 
of 80 ft./sec. at an angle of 45 with the horizontal, assuming air resistance 

to be negligible. (Scale. 30 ft. to the inch.) ( 

1G. A boy stands 15 ft. away from a house and throws a ball so that 
,t just reaches the height of a wmdow-sill 25 It. above him and falls into 
the room. With what velocity and at what angle of elevation muster 

throw the tQ bc k i c kcd so as just to pass over a bar 12 ft. high 

and 00 ft. away. If the ball is kicked with a velocity of b(> ft./sec., torrn 
two equations connecting a. the angle of projection, and r. the 
number of seconds between foot and bar. Eliminate / and prove 
that 15 tan a - 4 sec* a 3. Deduce the quadratic for tan a. and find 

the two possible untb ^ projee tion. tt .. ’ ' 

18 At a ranee of 100 vd. in vacuo a bullet fired horizontally strikes the 

target 3 in. below the point at which its initial direction produced would 

cut the target. Find the initial velocity of the bullet. ‘.V 

19 A golf ball is struck so as to start its motion with a vertical vclocitv 

one-third of its horizontal velocity and to pitch on a green on the same 
level as the tee or starting point and 144 yd. away. VVhat height docs «t 
reach when its horizontal distance from the tee is 40 >d. . (D.t. I 

20 A cricket ball is thrown at an angle of 4.» with the ground and 

pitches 100 vd. from the thrower, whose height above the ground (sup¬ 
posed horizontal) may be disregarded. With what 1 Tff'rcnt 

ball be thrown and how high will it rise in the air . Would a different 

elevation give a better result ? * 
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186. Relative Velocity. 

Suppose that two bodies are moving in the same straight line 
in the same direction with equal speeds. Each body under 
these circumstances is said to be at rest relative to the other. 

If the bodies are moving with equal velocities along parallel 
lines, each body is again said to be at rest relative to the other. 

In each case the displacement of one body relative to the other 
is constant, i.e. t the distance from one body to the other remains 
constant in magnitude, and the bearing of one body from the 
other also remains constant. 

If the displacement of one body relative to another is changing 
in magnitude, direction, or both, then each body is said to have 
a velocity relative to the other. 

^ 10 mis./hr. B 25 mls./hr. 

Fig. 353. 


Let A and B be two bodies moving in the same straight line. 

For convenience let AB be the easterly direction. 

If both bodies are moving in the easterly direction, A at 10 
m.p.h. and B at 25 m.p.h., the velocity of B relative to A is the 
displacement of B relative to A in unit time, i.e., 15 m.p.h. in an 
easterly direction. 

The velocity of A relative to B is 15 m.p.h. in a westerly 
direction. 


10 mls./hr. 


25 mls./hr 


B 


Fio. 364. 



the velocity of B is reversed in direction the velocity of 
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B relative to A is 35 m.p.h. in a westerly direction, and of A 
relative to B, 35 m.p.h. in an easterly direction. 

187. Let us now suppose that the two bodies are not moving 



Consider a railway van which is travelling with uniform velocity 
represented by OP. The positions of the van at the beginning 

and end of 1 sec. are shown in the figure. . 

At the beginning of the second a man, situated at O, begins to 

walk diagonally across the carriage to the opposite comer. OU 
represents the velocity of the man relative to the carriage. 

The resultant velocity of the man is obtained by compounding 
the velocities of the carriage and of the man relative to the carriage, 
i.e.y by compounding OP and OQ, thus giving the velocity 

represented by OR. . . ._ 

The result may be summed up in the form of an equation, 

Velocity of man = Velocity of carriage + Velocity of man 

relative to carriage. 

In the same manner if OP represents the velocity of a stream 

and OQ the velocity with which a boat is rowed, or the 

velocity of the boat relative to the stream , then OR represents 

the resultant velocity of the boat. In this case, 

Velocity of boat = Velocity of stream + Velocity of boat 

7 relative to stream. 

If OP represents the velocity of the wind and OR the resultant 
velocity (or as it is sometimes called, the “ true veloc.ty *) of an 

“Te^t'ppo^rt^^the above cases OP represents the 
velocity of an observer, who remains in the comer of the van , 
• True velocity may be taken to mean velocity relative to the earth. 
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who floats with the stream ; who floats in a balloon with the 
wind ; then in each case OQ or .PR represents the velocity of 
the observed body relative to the observer. 

In each case, to find the velocity of the observed body we 
must compound with the velocity of the observer the velocity 
of the observed body relative to the observer, i.e. t 

Velocity of observed body = Velocity of observer + Velocity of observed 

body relative to the observer. 

The diagonal of this parallelogram of velocities always represents 
the velocity of the observed body or the “ true ” velocity of one of the 
bodies. 



188. Let OX and OY represent two straight roads. 

Two men A and B start from O together. In unit time 
A reaches A x and B, B x . 

OAj represents the velocity of A, 

OB i „ „ B. 

Relative to A, B has received the displacement A.B. in unit 
time. 

Hence A 1 B 1 represents the velocity of B relative to A If 
the parallelogram OA^C is completed, OC represents’ the 
velocity of B relative to A. 

I hus, exactly as in the previous cases, the diagonal OB, 
represents the resultant velocity of B, which is compounded of 
the velocity of A and the velocity of B relative to A. 

Velocity of B = Velocity of A + Velocity of B relative to A. 
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In precisely the same manner the parallelogram OBjAjC, may 
be used to give the velocity of A relative to B. This velocity is 
simply the reverse of the velocity of B relative to A, and is 

represented by BjAj or by OCy. 

The velocity of a body B may be regarded as the resultant 

of the velocity of any other body O and the velocity of B relative 

The velocity of a body B relative to any other body O may 
be regarded as the velocity of B, as seen by an observer travelling 

with O. 


189 Example (1).—7o a car travelling due east at JO rn.p.h. an 
aeroplane appears to be travelling with a velocity of GO rn.p.h. m a northerly 
direction. What is the true velocity of the plane f 



OACB. , . . ._ 

OC represents the velocity of the plane. 


tan COA 


ca =2 

oA 


OC = -v/( :J01 4 00 *) = 67 ' 1 • 


Velocity of plane =07-1 in.p.h. in 
03° 26' with the direction of the car. 


/COA = 63° 26'. 

(Right-angled AOAC.) 
direction making an angle of 
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Example (2 ).—Two cyclists set off from the same place along ttoo 
roads, one due south at 12 m.p.h. and the other south-east at 15 m.p.h. 
What is the velocity of the first cyclist relative to the second f 



The velocity of the first cy clist A may be compounded of the velocity 
of the second cyclist, and the velocity of the first cyclist relative to the 
second. 

Draw OA to represent the velocity of the first cyclist (and incidentally 
the diagonal of the parallelogram of velocities) 12 m.p.h. due south. 

Draw OB to represent the velocity of the second cyclist, 15 m.p h 
south-east. 

Complete the parallelogram OBAC, having OA as the diagonal. 

OC represents the velocity which must be compounded with that of 
the second cyclist to give the velocity of the first, i.e., OC represents the 
velocity of the first body relative to the second. 

By calculation, 

AB 3 =OA 3 +OB 3 - 2 . OA . OB cos AOB 
= 12 s + 16* - 2 x 12 x 15 x cos 46°. 

AB = 10-7. 


By the sine rule, 


AB 


OB 


and 


sin AOB 


•in OAB = 


sin OAB’ 

OB sin AOB 
AB 


15 x 0-7071 
10-63 


= 0-9919. 


/OAB =97° 18'. 


The velocity- of the first cyclist relative to the second is 10-7 m.p.h. 
in a direction making 9/ 18' with the direction of the first cvclist. 
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in the direction AB and r 
the velocity with which the water issues from the nozzle in the 
direction BC. 

T° find the change in velocity undergone by the water we 
may proceed as follows : 

Draw PQ to represent the initial velocity u and PR to represent 
the final velocity z-, then QR represents the change in velocity 


and is \^u 2 +v 2 in a direction making tan -1 - with the direction PR 

v 


EXAMPLES L 

Graphical Solutions are Satisfactory 

1. To an observer in a train travelling due east at 40 m.p.h. an 
aeroplane appears to be travelling due north at 75 m.p.h. Find the true 
course and speed ot the aeroplane. /q q ^ 

r 2 ' A motor boat runs at a uniform speed across a river i mile wide in 

u mm. if the tide is running down steadily at :? m.p.h. Show in a diagram 

(drawn to scale) the direction in which the boat must be steered if its 

actual path is at right angles to the direction of the tide. Find the speed 

of the boat independent of the tide, expressing your answer in miles per 
nour. ^ \ 

3. A destroyer whose speed is L>0 m.p.h. (independent of the tide) has 
to reach a point B, which is .» miles distant, in a direction 30° north of 

"outh , ?t n 4 , mn r !f ,na i P ° S - tl0n y- If tht : tide is r »nning from north to 
..outh at 4 m.p.h., show in a diagram (drawn to scale) the direction in 

journey 1C b ° at mUSt b ° Steercd - F,nd also thc tone occupied by the 

4. Describe how to find the velocity of a body A relative to anmlfer 

b MTI? n h,Cl Y S mOV,n8 ., m a dircctlon inclined to that of As motion 
I he flow of a river is 3 m.p.h. and a boat A is drifting with thc stream 
Another boat B is headed at an angle of 45“ downstr. am with a velodTv 
of m.p.h. but its actual velocity and course are affected by the stream 

^ What ^ ^ 'e,oS 

relaUvc h veloc?«y thC ° f uniforni 'elocity. variable velocity "and 

An aeroplane is headed 30° north of cast against a wind from the east 
and it appears to a stationary observer on thc earth to be travelling at a 
\ elocits ot 60 m.p.h. due north. Determine, graphically or otherwise 
the velocity ot the wind and thc velocity of the aeroplane in still air. 

6. State and illustrate the parallelogram of veloeit.V* If a iFy 5 '* 

r v « sjsss: dir “ ,ion5 ' 

I o a person on a boat steaming due east at 10 m r> h * 1 ,,. 

r 

( L.M .) 
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7. A train is travelling due north at 60 m.p.h., and to a passenger in 
it an aeroplane appears to be travelling due east. The true direction of 
the plane is 30° north of east. What is the speed of the plane and its 
apparent speed to an occupant of the train ? 

If there is wind of 30 rn.p.h. from the south, what would be the speed 
of the plane in still air ? ( L.M.) 

8. What is meant by relative velocity and resultant velocity ? 

A boat is steaming at 8 m.p.h. due east, and the smoke leaving the 
funnel moves at 4 m.p.h. in a direction north-east, what is the velocity 
of the wind ? What will be the apparent speed and direction of the 
steamer to a passenger in another ship going due north at 10 m.p.h. ? 

(L.M.) 


9. Two ships A and B are steaming at the same speed due north and 
due east respectively. Explain, with the help of a diagram, how you 
would find the apparent speed and direction of B to an observer on A. 

To an observer on a ship A another ship C appears to be steaming at 
20 m.p.h. in a direction 60° west of north. If A itself is steaming due north 
at 10 m.p.h., what is the direction and speed of C ? 

10. Explain the meaning of the terms resultant velocity and relative 
velocity. 

A train A travels due north at 30 m.p.h., and a train B due west at 
40 m.p.h. What is the velocity of A relative to B ? If an aeroplane were 
to Hy with this velocity, lind, graphically or otherwise, the velocity of 
each train relative to the aeroplane. (L.M.) 

11. A man in an airship flying due cast at 30 m.p.h. observes a motor 
boat which is speeding across a lake in a northerly direction at 40 m.p.h. 
What is the apparent direction of the speed of the boat .' 

If a wind of 10 m.p.h. blows from the north, what must be the direction 
and speed of an airship for the boat to have the same apparent motion ? 

(/>«A/•) 


12. What do you understand by the terms resultant velocity and 

relative velocity ? c 

Small raindrops would fall vertically with a constant velocity of 
26-4 ft./sec. it there were no wind. When a wind blows at 0 m.p.h. 
from the north, in which direction and with what velocity must a man 
walk in order that the raindrops appear to him to be falling vertically . 
If the man were to reverse his direction of walking, what would be the 
velocity of the raindrops relative to him? Draw diagrams illustrating 

each case. ^ -j u 

13. The length of the seats in a railway carriage is 8 ft., and the width 
of the carriage is ti ft., and the train is travelling at 20 m.p.h. It a fly 
goes in a straight line from one corner to that diagonally opposite to it 
in 3 sec., what is the velocity of the fly relative to the ground ? Also what 
is the velocity of the fly relative to the ground on the return journey if 
this is made in the same time ? Summarise your answers in a diagram 

(L.M.) 

14. An aeroplane can travel at 80 m.p.h. in still air and the wind is 

blowing at 30 in.p.h. Compare the time taken from A to B and back again 
if the direction of the wind all the time is (a) from A to B, (ft) at right 
angles to AB, (c) at 45° to AB. (Resultant velocities m (6) and (c) may hi- 
found by a graphical method.) (C/.C.) 
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16. A cricket ball moving along a line AB is struck so that an equal 
additional velocity is communicated to the ball in a direction making an 
angle of 60° with BA. Find graphically the magnitude and direction of 
the resultant velocity of the ball. _ (O.C.) 

16. A billiard ball moving with a speed of 6 ft. /sec. in a certain 
direction strikes on another ball and its subsequent velocity is 4 ft./sec. 
in a direction making 30° with its initial direction of motion. What change 
in velocity was communicated to the ball at the impact ? 

192. The Relative Velocity of Two Bodies Moving in 
Different Parts of the Same Plane. 

It has been stated that if two bodies are travelling with equal 
velocities along parallel paths, each body is at rest relative to the 
other. All bodies which are at rest relative to one of these bodies 





are also at rest relative to the other. The relative velocity of a 
third body to each of the two is also the same. 

In the above figure T and M are simultaneous positions 
of a train and a motor car which are moving along TX and MY 
with uniform velocities. , 

An observer in the train marks on a sheet of paper A x and B* 
the respective positions of train and car at a certain instant. 
After unit time the observer again notes the position of the car 


TWO BODIES IN SAME PLANE 


375 


and represents it by the point B a , taking PQ as the direction of 
the train’s motion. 

Now B,B 2 represents the displacement of the car relative to 
the train in unit time. 

Hence B t B 2 represents the velocity of the car relative to the 
train exactly as observed by the passenger. What is the true 
velocity of the car ? 

Evidently we have to take into account the motion of the 
observer himself. 

To do this, let A,A 2 represent the velocity of the observer. 

In unit time a body which is at B, at the same instant as the 
car, and which remains at rest relative to the train, would move 
to A' 2 , where B 1 A / 2 = A 1 A 2 . Hence to find the resultant velocity 
of the car we must compound the velocity of the car relative to 
the train with the velocity of the train. 

Again we have the same parallelogram of velocities : 

Velocity of observed body = Velocity of observer + Velocity of 

observed body relative to observer. 

Velocity of car = Velocity of train + Velocity of car relative to train. 

In the figure, B,C represents the velocity of the car. 

It should be noted that one method of solving problems on 
relative velocity has been described. All problems on relative 
velocity in Examples LI. may be successfully solved by this one 
method. If the reader wishes for a practical hint, let him 
remember that the two so-called true or actual velocities alvvays 
diverge from one point of the parallelogram, and that one ot them 
is invariably the diagonal of the parallelogram. 


193. Example (1 ).—A steamer B is 20 sea mtles due south of another 
vessel A at a certain time. A is steaming due east at 10 kn ° ts a " (i . li ' 
north at 12 knots. What is the velocity of B relative to A, I f/l * 
distance apart of the vessels and the time which they take to reach this 

position ? % a i r> 

Let A, and B x represent the initial positions of the two vessels A and B. 
Since B is the observed body, the velocity of B is regarded as the 
resultant of the velocity of A and the velocity of B relative to A. 

Velocity of B — Velocity of A + Velocity of B relative to A. 

Set off B,B t along B,A, to represent the velocity of B and the diagonal 
of the parallelogram of velocities. 
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Draw B t C to represent the velocity of A. 

Complete the parallelogram B,CB 2 D. 

Then B,D represents the velocity of B relative to A. 

The velocity of B relative to A =\/(12 2 + 10 2 ) = 15 G knots in a direction 
making an angle whose tangent ratio is O S333 with the line B,A, ie 
39 48' west of north. 

If for convenience we regard A as being at rest, the path of B relative 
to A is along B,D, and A, is the point at which A may be assumed to 
remain at rest. 

The shortest distance apart of the vessels is therefore represented by 
the perpendicular A X N drawn from A, to the path of B relative to A 

A,N may be measured on a scale drawing ; or by calculation, using the 
right-angled triangle B x NA lf 

sin 39° 48' Al . 

AjBj 

and therefore A t N =20x 0G401 =12-8. 


The shortest distance apart is 12-8 sea miles. 

The time taken to reach this position is the time taken by B to travel 
the distance B,N relative to A, i.e., at the speed of B relative to A. 


Tim. = &N = 20 cos 3^48- = f)9 , 2 
I5-o 15*6 


min. 


Note—h should be remembered that a graphical solution on a 
suitably large scale has usually the advantage of being much more quickly 
carried out than a calculated solution and is in no way inferior to it. 


^ A a a e — an —. « f _ . _ « TFf I y at 20 m.p.h. the xcind 

appears to come from east. When he increases his speed to 40 m.b h the 

xcind appears to come from the north-east. What is the “ true ” velocity 
oj the zvind ? 
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Fig. 364. Fig. 365. 



Fig. 366. 


The observed body is the wind. 

The velocity of the wind may be regarded as made up of two 
components, the velocity of the car anti the velocity «>f the wind 
relative to the car. 

I^ct OA, represent the velocity of the car 30 in.p.h. due north. 

Draw OX in a direction due west. 

Velocity of wind = Velocity of car + Velocity of wind relative to car. 

Since the magnitude of the velocity of the wind relative to the car 
is not known, all we can state about this diagram is that the velocity of 
the wind is represented by OK,, and R, lies along the line through 
A, parallel to OX. 

In a similar manner, if OA, represents the velocity of 40 in.p.h. due 
north, and OY is drawn to represent the velocity of the wind relative to 
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the car, then OR a represents the resultant velocity of the wind, and R a 
lies on a line drawn through A a parallel to OY. 

If these two diagrams are combined in one, then OR t and OR a cut 
at R, and since this is the one point common to the lines AjR x and A t R a , 
OR represents the only possible velocity of the wind. 

From the figure we see that OR = RA a and ROA a =RA a O =45", 
Hence the true velocity of the wind is, 

=20\/2 =28-3 m.p.h. in a direction 45° west of north. 

194. To Find the Direction of Motion of a Body in order 
that it may meet a Second Moving Body: 


L 



eT* 

Fig. 367. 


Let A and B be simultaneous positions of two ships, and 
let A proceed in the fixed direction AL at u knots. 

The ship B is capable of a speed of v knots, and it is required 
to find the direction in which B must travel in order to meet A. 

For B to meet A the velocity of B relative to A must be con¬ 
stantly directed towards the position occupied by A at any time 
during the motion of the ships. 

Thus the path of B relative to A must be along BA, and the 
velocity of B relative to A must be directed along BA. 

Now the velocity of B is the resultant of the velocity of A 
and the velocity of B relative to A : 

Velocity of B = Velocity of A + Velocity of B relative to A. 

Draw PQ // AL to represent the velocity of A, 

PR // BA, 

QS // BA, 
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P 

Fig. 308. 


With centre P and radius to represent v knots the speed of B, 
draw an arc to cut QS at T. Complete parallelogram PQTV. 

Then PT represents the velocity of B, 
and PV represents the velocity of B relative to A. 

The ship B must proceed in the direction PT with velocity 
v knots in order to meet A. 


EXAMPLES LI 

I A steamer A is 10 miles due south of a steamer B. A is moving 
in a northerly direction at 12 m.p.h. and B is moving to the west with 
a speed of 9 m.p.h. Show on a diagram drawn to scale (}m. l^p.h.) 

with what speed and in what direction A will appear to move to an 
observer on B P Find also from your diagram how near A will approach^. 

2. Explain, with an example, what is meant by (a) 20'knots 

(6) resultant velocity. Two boats are travelling, A north at *-0 knots 
and B east at 30 knots. At noon B is 12 nautical miles north-west of A. 
When will the boats be nearest one another and how far apart will they 
be at that time ? (1 knot = 1 nautical mile per hour.) 

3. Distinguish between resultant velocity and relative velocity. 

Two roads intersect, one going north and the other north-east 

A car A is moving along the north road towards the north at a speed 
of 20 m.p.h. and a car B is moving north-east at the same speed. 

Determine the velocitv of B relative to A. . . . .. f 

At 1 p M. B is at the junction of the two roads and A is south of it 
At 2 p.m. B is due east of car A. Determine the position of car^A^at 

1 P 4 M *A steamer proceeding due west at 12 knots sights another steamer 
straight ahead of it at a distance of 10 sea miles proceeding due north 
at 16 knots. Find graphically or otherwise what will be their least 
distance apart in the subsequent motion. (1 knot -1 sea mile per hour-) 
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5. A cruiser is proceeding due east at 20 knots and a destroyer, whose 
speed is 30 knots, is 10 sea miles due south of it. In what direction 
must the destroyer travel in order to meet the cruiser, and when will 
the meeting occur ? (O.C.) 

G. At a certain instant the distance and bearing of a ship A from a 
second ship B are 3 miles and 60° east of north respectively. A is 
steaming at 10 m.p.h. on a course 30° cast of north and B is steaming 
at 15 m.p.h. on a course 50° cast of north. Find graphically or otherwise 
the distance and bearing of A from B when they are at their least distance 
from one another. (O.C.) 

7. Two trains are travelling on lines which cross at right angles, 
one at 25 m.p.h. and the other at 20 m.p.h. Show graphically and 
calculate the magnitude of their relative velocities. Find the nearest 
distance apart of the trains if the slower train passes the crossing place 
1 min. before the other. 

8 . To a motor car travelling due cast at 30 m.p.h. another car 
appears to travel due south. When the first car increases its speed to 
GO m.p.h., the second car appears to travel in the direction 30° west of 
south. Show that the true velocity of the second car is GO m.p.h. in the 
direction 30° east of south. 

9. To a motor car passenger travelling due south at 30 m.p.h. the 
wind appears to blow’ from the west. When the motor car speed is 
reduced to 15 m.p.h. the wind appears to come from the north-west. 
Find the true velocity and direction of the wind. 

10. A cyclist rides round a circular track at 15 m.p.h. If there is 
a w'ind of 15 m.p.h. blowing from the east, draw a diagram showing 
the positions in which the wind appears ( a ) to be at rest, ( b ) blowing 
at 30 m.p.h., (e) blowing from the south-east, ( d) blowing from the 
north-east. In cases (r) and ( d ) calculate the velocity of the wind 
relative to the cyclist. 

11. An aeroplane traverses a course in the form of an equilateral 
triangle of side GO miles when there is a wind of 00 m.p.h. blowing 
parallel to one side of the triangle in the direction in w hich the aeroplane 
traverses that side. Find the time taken by the aeroplane to complete 
the course, its air speed being 101 m.p.h. 

12. A vessel A is travelling due north at 15 m.p.h. A vessel B is 
10 miles due w'est of A and can travel at 20 m.p.h. Show that for B to 
pass just 5 miles from A, keeping a straight course, the velocity of B 
relative to A must innke an angle of 30“ with the easterly direction, 
and find the two possible times which may elapse before B is just 5 miles 
from A. 


CHAPTER XXI 


NEWTON’S SECOND LAW OF MOTION 

195. Mass and Weight. 

If we suspend a piece of wood by a vertical string and attacli 
a dynamometer to it, the dynamometer when pulled quickly in a 
horizontal direction registers the horizontal force which, acting 
upon the wood, produces in it a certain change of motion in 
this direction. If we substitute a piece of lead of the same size 
and shape for the wood and repeat the operation, we find that the 
readings of the dynamometer required to produce something 
like the same change of motion in the lead in the same time as 
in the wood are very much greater than in the case of the wood. 
Consider a wooden flywheel whose bearings arc horizontal and 
as smooth as possible. To set the wheel in motion suppose that 
a force is applied tangentially to the rim of the flywheel. In a 
similar manner the wheel may be stopped. Now take a steel 
flywheel identical in size and shape to the wooden one and 
repeat the operations, attempting to produce something like the 
same changes in motion in the two cases. We have no doubt 
after the experiment that it is more diflicult to produce the same 
change of motion in the steel flywheel than in the wooden one 
Arrange two aluminium bodies to balance each other b\ 
passing a string connecting them over a smooth pulley. Set tlx 
bodies in motion vertically by pushing one of them downwards. 
Repeat the experiment with brass or iron bodies of the same size 
and shape as the aluminium ones. Once again there is no doubt 
that the brass or iron bodies are more diflicult to set in motion 
than the aluminium bodies. 

In all three cases described above we have taken the greatest 
care to eliminate any effects produced by the weights of the 
bodies. The results of the experiments show that there is a 
property of a body, nut its weight, which is brought into play- 
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when we change the motion of the body. It is this property 
which we call the mass of the body. The greater the effect of 
this property in the case of any body, the greater is the mass of 
the body. 

That there is a close connection between the mass of a body 
and its weight is evident, for the above experiments have clearly 
indicated that the heavier a body the greater is its mass. 

196. We have shown that the state of rest or of uniform motion 
in a straight line of a body is changed by the application to that 
body of a resultant force. The “ weight force ” of a body pro¬ 
duces in that body a uniform acceleration of g ft./sec. 2 when the 
body is allowed to fall freely. The weight force of a body at the 
suriace of the moon is one-sixth of its weight force at the earth’s 
surface, whereas at the surface of the planet Jupiter the weight 
force of the same body would be 2-7 times that at the earth’s 
surface. \\ e should therefore expect that a body would fall 
vertically with a smaller acceleration at the surface of the moon 
and a greater acceleration at the surface of Jupiter than at the 
surface of the earth. In tact, we should expect that the greater 
the resultant force which acts upon a body the greater will be 
its acceleration. Now bodies of equal weight when situated 

same acceleration (neglecting 
air resistance) irrespective of size or shape, and since equal 
forces produce in them the same change of motion they have 
equal masses. Hence bodies which have equal weights have also 
equal masses. 

197. The weight force provides a very convenient means of 
measuring mass, lor if \V 1 and W 2 are the weights of two bodies 
in the same units where masses are w, and m 2 , 

W, = "h 

W 2 

It follows that the same balance used for comparing weights 
may also be used for comparing masses. 

A piece of platinum preserved in the House of Commons is 
said to have a mass of 1 lb. and is the British standard of mass. 
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We have already referred to the fact that British engineers 
use the weight force of this standard mass of 1 lb. as their unit 
of torce. It is rather unfortunate that they also frequently call 
this standard of force by the same name as that given to the 
mass, viz., 1 lb. We have, however, referred to the unit of force 
as 1 lb. wt., and shall continue to make this distinction ; where 
the distinction is not made, the context usually indicates quite 
clearly which meaning of the word is intended. 

The student should bear in mind that the change of motion of a 
body , to which a force is applied , is dependent upon the mass of 
the body and not upon its weight force. The mass of a body ts 
constant , its weight force is not constant. 

198. The Second Law of Motion. 

We are now familiar with the fact that the constant force 

which we have called the weight force acting upon a body pro¬ 
duces in the body a constant acceleration, and we naturally 
inquire what if the resultant force which acts upon a body is 
not the weight force but any force acting in any direction. Is 
the change of motion produced by such a force that of constant 
acceleration ? We may expect to find that the answer to this 
question is YES, for the attraction of the earth upon a body is a 
force like any other force which may be measured by the tension 
or compression in a dynamometer spring, and whether the torce 
acts vertically or in any other direction seems to be unimportant. 
We can show that our convictions are fully justilied by the 
experiments described in the next paragraph. 

199. The Fletcher Trolley. 



A Fletcher trolley is shown in the above figure. It consists 
of a trolley upon very light wheels which have very little 
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friction at their bearings. The trolley is attached by a string 
parallel to the inclined plane upon which the trolley rests, which 
passes over a smooth pulley at the top of the plane and then 
supports a pan of known weight. 

Let W represent the weight of the trolley, 

F, the frictional force brought into play when the trolley 
rolls along the plane, 

P, the weight of the pan and added weights. 



Fig. 370. 


The forces acting on the trolley parallel to the inclined plane 
are : 

W sin a, the component of the weight force of the trolley 
which acts down the plane, 

T, the tension in the string which acts up the plane, 

F, the frictional force which acts in the direction opposing 
the motion of the trolley. 

I he inclined plane is tilted so that when the trolley is released 

it runs down the plane with unilorin velocity as far as may at 

first be judged by the eye. This may be checked by measuring 

the lengths of the waves made upon a sheet of paper pinned to the 

trolley by the brush attached to the vibrating bar. Since the 

time of vibration of the bar is constant, the lengths of the waves 

should be equal if the motion of the trolley is one of uniform 
velocity. 

In this case the forces acting on the trolley parallel to the 
plane are in equilibrium, hence. 


T + F - \Y sin a = 0 
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Moreover, the pan and its contents move vertically with 
uniform velocity, and therefore 

T — P = 0.(2) 

From (2), P = T 

= W sin a - F from (1). 

If now the scale pan and contents are detached from the 
trolley and it is allowed to run down the plane, the resultant 
force acting upon it is 

W sin a — F. 

But this force we have seen is equal to P, and therefore the 
resultant force acting on the trolley is the weight force of the 
pan and its contents. 

The wave trace made by the brush attached to the vibrating 
bar for the accelerated motion of the trolley is now carefully 
taken. From it we have to show that the acceleration of the 

trolley is constant. 
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(1) 

Number of 
Periods of 
i Sec. 

(2) 

Distance in 
Millimetres. 

(3) 

Lengths of Successive 
Waves. Increase in 
Distance per Unit 
Time. 

(4) 

. 

Increase in 
Velocity per 
Unit Time. 

1 

2 

3 

4 

5 

6 

7 

10 

60 

132 

230 

364 

520 

714 

46 

72 

103 

129 

161 

189 

27 

31 

26 

32 

28 


In the above table the first column of figures contains 
the number of vibrations of the steel rod, the second the 
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corresponding distance travelled by the trolley, and the third 
contains the lengths of the successive waves. 

Since these waves show the increase in distance in successive 
vibrations, we have only to divide these distances by the times 
taken for the increases and we have the average velocity for these 
times. The vibrations take equal times, and we may therefore 
take the periodic time of the spring as our unit of time. In 
this case the entries in the third row are the average velocities 
in each successive unit of time. Since the velocity of the trolley 
is changing quite slowly we may assume the average velocity 
for a unit time to be the actual velocity at the middle instant 
of that time. By subtraction we therefore find the change in 
velocity per successive units of time, as shown in column 4. 

This set of figures gives the increase in velocity per unit time, 
i.e., the acceleration of the trolley ; which is seen to be reasonably 
constant. The average value of the acceleration is 29 units. The 
experiment has shown that a constant accelerating force produces 
in a given body a constant acceleration in the direction of the force. 

The experiment is repeated for different inclinations of the 
plane, and the corresponding values of accelerating force and 
acceleration arc shown in the table below : 


x Increase in Velocity 

Unit Time 
(Average Value). 

Accelerating Force P. 

1 

| 

fr j 

29 

0 3 

97 

| 

38 

0-4 

1 

95 | 

17 

0 5 

94 

I 


Since the values of arc practically constant, we see that 

the acceleration produced in a given body is proportional to the 
accelerating force. 


200. Let P represent the resultant force acting upon a body and 

/ the acceleration which it produces. We have shown that / 

P 
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is constant in value. By varying the mass and noting the resultant 
force P acting on the trolley together with the acceleration, we 
can show that 

— = constant . . • (*) 

mf 

Now our unit of mass is already fixed ; the pound, and the 
unit of acceleration is also fixed, 1 ft./sec. 2 If we now choose 
our unit of force so that P = 1 when m = 1 and /= 1, the \alue of 
the constant is also unity. 

This unit of force is therefore the force which produces in 
a mass of 1 lb. an acceleration of 1 ft./sec. 2 , and is called the 

P oundal. 

Using this unit we may write the above equation 

P = mf . (**) 


The poundal is called an Absolute unit of force because it 
has a fixed value. The engineer’s or gravitational unit of force, 
the weight of 1 lb., has not a fixed value, for although the difference 
is small, the value is different at different parts of the earths 

1 poundal produces an acceleration of 1 ft./sec.- in a mass of 
1 lb., and since a force of 1 lb. wt. produces an acceleration " 
ft./sec. 2 in a mass of 1 lb., it must be equal to poundals, or 

1 ih. wt. = » (32-2) poundals. 

The poundal is therefore equal to the weight of about half an 
ounce. 

In a similar manner it may be seen that 


1 ton wt. — g (32*2) tonals, 

where 1 tonal is the force which produces in a mass of I ton an 

acceleration of 1 ft./sec. 2 , , 

If the pound-weight unit of force is used instead of the 

poundal, equation (ii) becomes 

p »•/ or I’Jlb. wt.) = / 

1 ” g m (lb.) * 

the absolute unit of force is that which 


In e.g.s. units 
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produces in 1 gm. an acceleration of 1 cm. /sec. 2 and is called 
the Dyne. 

Since 1 gm. wt. produces an acceleration of g( — 981) cm./sec. 
in a mass of 1 gm. 

1 gm. wt. =£(981) dynes. 

The dyne is therefore a very small force, equal to the weight 
of about a milligram. 

The weight of a mass of m lb. .is mg poundals (£ = 32*2, nearly) 
and that of a mass of m gm. is mg dynes (£ = 981, nearly). 

From equation (ii) it will be seen that two bodies have equal 
masses if the same force produces in each mass the same acceleration. 


201. Momentum. 

We have seen that the force required to produce a given 
acceleration in a body depends on the mass of the body. In the 
same way the force required to produce a given negative accelera¬ 
tion or retardation in a moving body depends on the mass of the 
body. It is well known that if a body is moving horizontally 
the force required to stop it in a given time depends on both the 
mass of the body and the speed with which it is moving. Suppose 
a body of mass m to be moving horizontally with speed v , what 
force is required to bring it to rest in time t ? If the force is P, 
and / the retardation it produces, P = mf, and if it is reduced to 
rest in time /, 

0-«-/*, f=° v 


therefore 



The force is therefore proportional to the product mv , i.e., 
the product of the mass and velocity of the body. 

This product is called the Momentum of the body and is an 
important quantity, particularly when one comes to deal with 
sudden changes of motion. It is what Newton called the 
“ quantity of motion.” 

Since/, the acceleration, is the rate of change of v, the product 
mf represents the rate of change of momentum, and Newton’s 
Second Law of Motion may be stated as follows :— 



MOMENTUM 
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Change of momentum per unit time is proportional to 
the impressed force and takes place in the direction of the 
straight line in which the force acts. 

Momentum is a vector quantity. 

202. Example (1).—^ body of mass 10 lb .is acted on by a force of 
4 lb. tut. What acceleration is produced in the body t 
Taking g =32, 4 lb. wt. =4 x 32 = 128 poundals. 

Using P—*nf, 

128 = 10/, or/= 12-8 ft./sec.* 

Pvamnle (2) —A mass of 15 cwt. acquires a velocity of 30 m -p h 

1 by ° cons,ant fores. Who, is ,hs oaius of ,h„ 

f0r£ M.”nyTrr^;“^n«nical problems occur through .he use of wrong 
unitTand i, ” safe/always to reduce all measurements to foot-pound 

PCt ff33? case" we use'foot-pound per second units. 

30 m.p.h. = —(j*,, 88 = 44 ft /sec. 

1 min. = 60 sec. 

16 cwt. =16 x 112 = 1680 lb. 

To find the acceleration required to produce this velocity in «0 sec. 

we use - 

X) =U x//. 

Here u =0, v = 44, t = 60, 

therefore 44 =60/, or/ = « ft./sec.* 

To find the constant force necessary to produce this acceleration 

we use 

p = mf. 

Here m = 1080 lb., / = U ft./sec.*, 

therefore P = poundals -»»■» lb. wt. 


16 


15 x 32 


_ Th , normal reaction on the driving wheels of a loco 

Example (3). 1 he norma . , friction between the driving 

motive is 100 tons wt. U 1 j? greatest driving force which can be 

wheels and track “ °' 2 * t t \[ e track? If the mass of the engine is 

ISrtLT lfc,‘T7H' P Z%e,, “CCC^on coHiC ,His for" ran produce 

and’P the'force of limiting friction, 

N 

F = 100 x 0-2 = 20 tons wt. 


therefore 
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The greatest force that can be exerted by the rails on the engine 
parallel to the track is equal to this limiting friction and is therefore 
'JO tons wt. 


N 



The resultant force on the engine parallel to the track is 

(20 x 2240 - 1000) =43800 lb. wt. =43800 x 32 poundals. 


Using 

P = mf, 

P = 43800 x 32, m = 200 < 2240, 

therefore 

43800 x 32 =200 x 2240 x/. 


f- 4 ™ 00 ?* 32 - 2 ' 9 -* ■13ft./sec.' 
200 x 2240 70 


203. Pressure on the Floor of a Lift. 

Suppose a body of mass m lb. is resting on a horizontal plane, 
such as the floor of a lift, which is moving upwards with 
acceleration / ft./sec. 2 Let R be the reaction between the body 
and the plane. Since the body is moving upwards with accelera¬ 
tion /, it is evident that R is greater than the weight mg. 



The resultant upward force acting on the bodv is R - mg , and 

R -tng = mf , 


R =. tn(g +/). 


therefore 
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If the 


PRESSURE ON FLOOR OF LIFT 
plane is moving downwards with acceleration J y the 



Fig. 374. 


weight mg is now greater than R The resultant downward force 
acting on the body is mg - K, and 

trig - R = mf ., 

therefore R-Mg-f)- 

If in the latter case /-*. then R-0. there is no pressure 
between the body and the plane. 

- 1 a of weiaht 10 st. standi upon the floor o) a lift 

ZVLrahon of 4 *.;«.* W,.a, * ,>,< /«. 

by the floor of the lift upon the mart ? 

Let R lb. wt. be the force exerted. 

The resultant force acting on the mass vertically upwards .s 

( H - 140) lb. wt. =(R - 140)32 poundals, 

therefore 32(R - 140) = 140 x 4, 

, r*60_70 

R - >40 - . 

n = 140 + 17-5 = 157-5 lb. wt. 


204. Motion on an Inclined Plane. 

Suppose that a body of mass m is allowed to slide freely down 
Suppose mat j an „ le 0 to t he horizontal. I he 

a smooth plane inchn nmHnrcd bv the resolved 
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mg 

Fig. 375. 


acting upon the mass m of the body, produces in it an acceleration 
/. By Newton’s Second Law we have 

mg sin 0 = mf y 

therefore f=g sin 0. 

It should be noticed that the reaction N of the plane on the 
body is perpendicular to the plane and does not affect the motion 
parallel to the plane. 

If other forces act upon the mass, its motion along the inclined 
plane may be determined by finding the resultant of all resolved 
parts of forces acting on it parallel to the plane and then applying 
Newton’s Second Law to the motion in this direction. 

Example. A truck of weight 2 tons is free to move down an incline 
of 1 tn 20. 

(a) With what acceleration will it travel ? (b) If the truck is to be 

dragged up the plane, what force parallel to the plane is required (i) to 
keep tt moving at a uniform speed (ii) to produce in it an acceleration 
of i ft./sec. 2 ? 

(a) The resolved part of the weight of the truck parallel to the track 
is 2 x 2240g x poundals. 

The mass of the truck is 2 x 2240 lb. 

Hence, using P = m / t 

2 x 2240^ x _L =2 x 2240 x/, 

/'= 4 = 1 C ft. /nee.* (g= 32X 
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/*a (ft When the speed of the truck is constant, the resultant force 
(6) W parallel to the track is zero, and therefore 

Force on the truck parallel to track 

= Resolved part of the weight parallel to the track 

= 2 x 2240# x A poundals 
= 224 lb. wt. 

(ii) Consider only .he resolved pans of forces parallel to the 
track- 

(ii) 



Let T poundals be .he force on .he .ruck parallel £.he The 

force narallel .o .he .rack up .he plane » (T - -4 2 J 


resultant force parallel 

poundals. 1 

Using P ="«/, we have, since ) = 4> 


therefore 


(T-2x 2240 x = 2 x 2240 x 

rn _2 x 2240 ** » 2 X 2240 x J poundals 


_224 +2x2240 , b wt 

— T 4 x 32 
T =224 + 35 =259 lb. wt. 


IS* 
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EXAMPLES LI I 

Newton’s Second Law 


[£ = 32 ft./see. 3 or 980 cm./see.*] 


1. A force of 2 lb. vvt. acts on a mass of 8 lb. What acceleration is 
produced in the mass ? 

2. A force of 120 gm. wt. acts on a mass of 500 gm. What accelera¬ 
tion is produced in the mass ? 

3. Express 

(«) A force of 4 lb. wt. in poundals. 

(6) A force of 10 gm. wt. in dynes. 

(c) A force of 3,200 poundals in lb. wt. 

(d) A force of 9-8x 10* dynes in kgm. wt. 


4. What force in pounds weight acting on a mass of 100 lb. will 
produce in it an acceleration of I 6 ft./see. 2 ? 

5. What constant force in pounds weight acting on a mass of S lb. 
will produce in it a change of velocity of 24 ft./sec. in 2 sec. ? 

6. The speed of a motor car of mass 10 cwt. increases to 30 m.p.h. 
from rest in 10 sec. If the force urging the car forward is constant, 
calculate its value in cwt. 

7. The brakes of a car travelling at 20 m.p.h. are suddenly applied 
and it is brought to rest by a constant retarding force in a distance of 
44 ft. Calculate the retardation of the car. If the mass of the car is 
12 cwt., calculate in pound weight the retarding force. 

8. A force of 10 lb. wt. acts on a mass of 20 lb. for 5 sec. Calculate 
the velocity acquired by the body and the distance which it travels while 
it is acquiring this velocity. 

9. A bullet of mass 1 oz. is travelling at 1,200 ft./sec. when it strikes 
a target in which it embeds itself after penetrating G in. Calculate the 
average retardation of the bullet in the target and the average force exerted 
by the target on the bullet during the penetration. 

10. An engine of mass 50 tons is travelling at a speed of 20 m.p.h. 
when steam is shut off. If the engine is retarded by resistances amounting 
to 7 lb. wt. per ton, calculate the retardation of the engine. 

11. A mass of 20 lb. is held on a smooth plane inclined at 30° to the 

horizontal If the mass is released, what will be its acceleration down the 
plane ? \\ hat force is producing this acceleratibn ? 

12. Explain the terms poundal. pound weight. Describe an experi¬ 
ment to find the relation between them. 

A mass of 10 cwt. acquires in 1 min. a velocity of 30 m.p.h. when 
acted upon by a constant force. Find the value of the force in pound 
weight. ' 

13. Explain what is meant by force and define a unit in which it may 

he measured. A hall weighing 1-6 oz. and travelling at 150 ft./sec. is 
brought to rest in 6 in. What is the average force applied ? (G S ) 

14. Define force and momentum and show how they arc related to 

one another. 3 


If a car weighing 3,000 lb. and travelling at 25 m.p.h. is brought to 
test in vd., what is the average force acting ? /q ^ \ 

15. Define a unit of force in the foot-pound-second system. 
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A body of mass 10 lb. acted on by a constant force for 1 min. acquires 
thereby a velocity of 1.000 yd./min. Determine the value of the ( £jJ. 

16 Distinguish between pound, pound weight, poundal. and foot- 
pound. D wl:r^rcc in. poundVigh, will give a mass of 5 ,ons a «£g> 

° f 'l^Sefinc^he *,££’ In— fore, and work, and show how 

““Vtad?of mass 24 lb. Stans from res. ^"islhe “I 

force and acquires a velocity of 10 m.p.n. m (I M ) 

Z k~.ZT^X the fe-rVoT^a^J momentum , 
relalion^nVenThem ^ Define rhe units of fore m the memo and 

British systems. brought to rest in 30 yd. What 

is ^Tv^gffortr^rwe^h^hich is applied to the car if i™ 
is 1 ton ? . hour. What force, expressed 

as a'LcM K^of ihc 6 ^.^ needed to stop (., tn .«-o 
(6)m 10 m. ? .. . frmn - tra i n travelling at 60 m.p.h.. and 

the ^hrakes'are'^unrncdiately apphed to the resistance 

whtch n™ disc'd m'^ttneUsaV to sUp the carriage if -g 

,raV |! d S V eSne , Xn3ll. ^ 0 to 30 m.p.h. 

A car of mass 20 cat. ts umfom, > acock .rated . ^ ^ „ ork done- 

in 20 scc - C ? lcul l , “ ™ “trailing ("> along the level, (6) up an incline 
in the time when the car s tra tt measured along the incline. 

lb°'mns U from 'test S . ft! down an incline m 
1 -8?ec Wha, is 8 the average force acting on 1. ? 

23. Define poundal and pound weighte d up m inclin of i 12. 
A truck of weight - ton . lanc i s required to move it 

What constant force, appla. p. • constant acceleration 

(a) with a constant velocity ol * in./sec., (O) (/../If.) 

of 4 in./see. 2 ? . . | , , is drifting horizontally, and 20 lb. 

of ballast “ttot With what acceleration will the „,„o„n ( bcg,, ; 
to ascend ? „ « Iir i n e balance which is suspended 

fiom’the rr„? a llfl What ‘wtll the readings of ,he balance be when 
the lift is 


(а) Rising with uniform Nt ‘ oc ‘ t > f VfV tc ■ 

(б) Rising with an acceleration of 3 “•/**£• , 

(c) Descending with an acceleration of 3 ft./sec. 


( 1..M •) 


26. A man in a lift holds a spring bala n c ■ c ( a) with downward 

accel^ation ^ * 6 ^ ^ 



396 


MECHANIC8 


upward acceleration of 2 ft./sec.* What should be the readings of the 
spring balance ? ( L.M .) 

27. A train is moving along a level track with a constant acceleration 
of 10 m.p.h./min. How will a plumb-line suspended in the train hang? 

C L.M .) 


205. Action and Reaction. 

According to Sir Isaac Newton, a body that pulls or presses 
another body is itself pulled or pressed by that other body, the 
force on the one body being equal in magnitude but opposite in 
direction to the force on the other. We have already called 
attention to this fact when bodies at rest were considered in an 
earlier chapter and have used the fact in a number of ways. We 
may not, however, have appreciated as Newton did that the 
principle is equally true when applied to moving bodies. His 
own method of making the fact clear can scarcely be improved 
upon, for in considering the action of one body upon another 
when the bodies are in motion, he imagines them to be connected 
by a light spring. The tension or compression in the spring 
exerts the same pull or push on each of the bodies. Thus the 
coupling between two coaches of a train in motion exerts equal 
but opposite forces upon each of the two coaches, and, to cite 
Newton’s classic example, the apple which falls to the earth 
exerts the same attraction upon the earth as the earth upon the 
apple, but whereas the acceleration of the apple is readily 
observed, that of the earth, because of its greater mass, is too 
small to be measurable. If we take the weight of an apple as 
£ lb. and g as 32, we can calculate the acceleration of the earth, 
and if we suppose this to be constant while the apple falls 16 ft. 

2.5 

the earth would move —- in. 

1Q22 

Newton’s Third Law may be stated as follows :— 

To every action there is an equal and opposite reaction. 

We shall proceed to consider further examples showing the 
applications of the Second and Third Laws of Motion. 


206. Accelerated Motion of Locomotive and Carriage®. 

We have already considered the part played by friction both 
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in assisting and hindering the motion of a locomotive. We shall 
now examine the motion more fully. 



Fig. 378. 


In the above figure F represents the force of friction acting 
on the driving wheels of the train, Fj represents the force of 
friction opposing the motion of the locomotive, F 2 represents the 
force of friction opposing the motion of the carriages, T represents 
the tension in the coupling between the locomotive and the first 
carriage, Mi represents the mass of the locomotive, M 2 represents 
the mass of the carriages, / represents the acceleration of the 
train. 

Consider the motion of the locomotive. 

The resultant force acting on it parallel to the track is 

F-Fj-T, 

and therefore by Newton’s Second Law 

F - Fj - T = Mj/ . . . . (i) 

Consider the motion of the carriages. 

By Newton’s Third Law the tension in the coupling acts 
in the opposite direction on the carriages to that in which it 
acts upon the locomotive. 

Resultant force acting on the carriages, T - F 2 , and therefore 

T-F 2 = MJ .... (h) 

Consider the motion of the train as a whole. 

The tensions in the couplings do not affect the motion of 
the train, just as the tensions in the traces when a horse draws 
a cart do not affect the motion of the horse and cart as a whole. 

Resultant force on the train, F — Fj — F if and therefore 

F-F l -F t -(M l +M % )f . . . (iii) 
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Equation (iii) may be obtained by adding equations (i) and (ii). 

Equation (iii) adds no information to (i) and (ii), but, on the 
other hand, when only the acceleration of the train is required, 
we see that the tension in the coupling between the locomotive 
and the carriages need not be considered. 


207. Motion of Bodies Connected by Strings. 

If two bodies are connected by an inextensible string the 
tension is the same throughout the length of the string, provided 
(i) that the string has no mass and (ii) that it only passes over 
perfectly smooth surfaces, such as a smooth pulley. In the 
examples that follow we shall assume that these conditions are 
satisfied and then the tension will always be the same throughout 
the string whether the bodies are at rest or in motion. 

Example (1 ).—A mass of 4 lb. rests on u smooth horizontal table. A 
light string ts attached to it, and after passing over a smooth pulley at the 
edge of the table the other end of the string is attached to a mass of 2 lb., 
which hangs vertically. If the part of the string on the table is horizontal, 
what is the acceleration of each mass and the tension in the string ? 


f 



Since the string is inextensible, the acceleration of the two masses 
must be the same. 

Let T poundals be the tension in the string and / the acceleration of 
each mass. 

Consider the motion of the 4-lb. mass horizontally. 

The only force acting on it is the tension T, 

therefore T=4/ 


(i) 
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The 2-lb. mass is acted on by its weight 2 g vertically downwards and 

the tension T vertically upwards. 

The resultant downward force is therefore ~g l , 

therefore 2g-T^J .<“> 

Adding equations (i) and (ii), -g =6f, 
therefore / = §* = 10-7 ft./see.* 

We can find T by substituting for / in equation (i) 


T =42-8 poundals 


Examele (2).—Tree particles of matter 4 and 2 Ih. are connected by 
rejnng acceleration oj the prtrticlcc and the tent,on ,n the ttr.ng. 



It it obvious that the 4-lb. mass will move downwards and -ha. the 
* CC t^un^U^^-"^e^^d/,hee„.on uvcelera- 

ti0 The resultant force .. on the 4-lb. mass is 4,-T downwards 

therefore 4 t .-T=4/ . . • • • ” 

The resultant force acting on the Mb. mass » ■ - -* 

„ 'V _ 2e =2/ • • • • l 11 ' 

therefore 

Adding equations (i) and (ii), -K - i} f» 

therefore / = Jg - 10 7 ft./sec.' 

T can be found by .ubstitu.ing for/ In either of the r„u»,,»n, (.) or (,.) 
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Substituting in equation (i), 

T = 4 g - = =85-6 poundala. 

.ig 3 

Note .—The force on the pulley vertically downwards is twice the 
tension in the string, i.e., 171-2 poundals or 2} lb. wt. 

Example (3 ).—A mass of 10 lb. rests on a smooth horizontal table and 
is attached to masses of 4 and 5 lb. hanging vertically by two tight inextensible 
strings passing over two smooth pulleys at opposite edges of the table. Find 
the acceleration of the system and the tension in each string. 


f 
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Fig. 381. 


Let T! poundals be the tension in the string attached to the 5-lb. 
mass, T, that in the other and / the acceleration of the system. 

It is clear that the 5-lb. mass will descend and the 4-lb. mass rise. 
The resultant force on the 10-lb. mass is T, -T„, 

therefore T,-T t = 10/ . . . . (i) 

For the 5-lb. mass, 5 g -T x =5/ . . . (ii) 

For the 4-lb. mass, T t -4g=4f . . . (iij) 

Adding equations (i), (ii) and (iii), g =19/, 


therefore 


f = Th ^/sec. 1 


Substituting in (ii) and (iii), 

T i poundals, or 4fJ lb. wt. 

T s =4- i * 0 £ poundals, or 4^ lb. wt. 


Example (4 ).—Two scale pans, each of mass 1 lb., are attached to the 
ends of a tight string which passes over a smooth pulley. A mass of 5 lb 
is placed m one pan and a mass of 3 lb. in the other. Find the acceleration 
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of the system . the force required to support the pulley and the pressure on 
each scale pan. 



4 g 6 g 


Fig. 382. 


I T noundals be the tension in the string and / the acceleration. 

To filcfXse we consider each scale pan with the mass tn tt as s.n 6 le 

bodies of masses, 6 and 4 lb. 

For the former, 6# — T = 6/ . • • 

For the latter, T-4* =4/ • • * 

therefore 2* = 10/. or / = § ft./sec.» 

Substitute in ( 0 , T = 6* - 1' = ^poundal. = 4J lb. wt. 

The force required to support the pulley is twice this tension. 

H To'find the pressure on the scale pans we have to consider the masses 

“ “r^'andT, art- ThTpressures of the pans on the 5 and 3 lb. mass, 
for the 6-lb. mass 5 g - Ri — •'If. 

therefore R, = 5* - =/ = 5 * = 4 * P° unda,s = 4 

For the 3-lb. mass R* - 3 8 = 3 /> 
therefore R, = + 3/ = 3* +.% = poundals = 3i lb. wt. 


EXAMPLES LI 11 

1. Distinguish between dyne gram, ^p’a shaft by a rope. 

A bucket of cod °f weigh • j ^ c buckct is ascending with (a )I an 

What is the tension in the rope : fonn sP eed of 260 cm./see. ? G»ve 

acceleration of 250 cm./sec.*, (6) a unifonr sptea o (L.M.) 

your answers in dynes and in ki g 

2. Distinguish between mass and weight. 
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A body of mass HO lb. is placed on a smooth horizontal table. Calculate 
the horizontal force required to move it through HO ft. in 2-6 sec. from 
rest with uniform acceleration. 

A light string passing over a smooth pulley at the edge of the table 
is attached to the 20-lb. mass. Determine what mass must be suspended 
from this string to produce the above motion. (L.M.) 

3. A mass of 7 lb. is connected by a long cord, which passes over a 

“ frictionless ” pulley to a mass of 5 lb. on which is a detachable rider of 
mass 4 lb. The system is released, and after 4 sec. the 4-lb. rider is 
removed. What time will elapse from the moment the masses were 
released to the instant they once more pass the starting position ? It may 
be assumed that the cord and pulley are without mass. {L.M.) 

4. A mass of 300 lb. is connected by a smooth cord, which hangs over 

a smooth peg, to a platform which weighs 100 lb. and supports a mass of 
240 lb. The platform is released from rest, and after 30 sec. the mass 
falls from the platform. Where does this occur, and how much farther 
does the platform descend before coming to rest ? What time is taken 
for the platform to return to its original position ? (L.M.) 

5. A body of mass 200 gm. at rest on a smooth horizontal table is 

attached by two threads, which pass over smooth pulleys, one at each end 
of the table, to masses of IjjO and 130 gm. respectively, hanging freely. 
The parts of the thread on the table are aligned and parallel to the table 
What is the velocity of the system 3 sec. after it is released from rest ? 
What is the tension in each thread during the motion ? (L.M.) 

6 . A body rests on a smooth plane, which is inclined at 30° to the 

horizontal, and is kept stationary by a light string which is parallel to the 
plane. The string passes over a smooth peg at the top and is attached to 
a scale pan which hangs freely and contains a mass of 280 gm. When the 
plane is lowered so that it becomes horizontal, and 24fi§ gm. are removed 
tr° m thc scale P a '>. *he body moves with an acceleration of 80 cm. sec. 9 
What is the mass (a) ot thc body, ( b) of the scale pan ? A/ ) 

7. A trolley which moves without friction on a smooth horizontal 

plane, is attached to a horizontal string, which passes over a light “ friction- 
less pulley. When a mass of 100 pm. is hung on thc strinp the trolley 
moves with an acceleration of (ill cm./scc.-, what acceleration would 
result if a mass ot 500 gm. were added to the trolley ? n M ) 

S. Two masses arc attached to the ends of a light string passing over 
a smooth peg, one ot thc masses being m gm. Find thc value of the 
second mass in order that the mass m may {a) ascend, ( b ) descend with 

an acceleration of * cm./scc. 9 Find also thc tension in thc string in each 

case. (L M ) 

!». A mass of m gm. is placed on a smooth horizontal table and is 
connected by a light string passing over a smooth pulley at the edge of 
he table to a mass of ..0 gm. which hangs vertically. It is observed that 
the mass m, when released, acquires a velocity of 100 cm./sec. in passing 
over 100 cm. Determine thc mass m. F ^ 

10. Explain the equation : Force =Mass * Acceleration. 

A mass of i lb on a smooth horizontal table is connected by a string 
passing over a pulley at the edge of thc table to a mass of 1 lb. hanging 
vertically Determine the tension in the string when the system is moving 
and the distance the 1-lb. mass descends in l! sec. 45 
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i i a 470 «»n is olaccd on a smooth horizontal tabic and a 

mass of mem* is a.tochcd.o itby mean. 

smooth peg fated at the edge ot the «Ut. h ”“",f moves with umfonn 
rXhon 3JS3TS " »'■ Calculate the value of 

(S = l 9 2 80 Mis / Sof ) i lb. and 1 oz. arc connected by a string Posing over a 
,m~th pulley. With what aeration 

“ C " \v'hi r ,“Interval elapses before the string aga.n becomes 
‘‘“'la. Masses of 123 and 120 gjm ate — * 

passes over a vertical pulley. T What value do these 

“ gravi,, and what 

“TTbS»| .b a-Vthrrrrs 

tion of 1* ft. /sec. 9 when o 4 of Dallas of the balloon down- 

find h ° w 

balloon falls before it begins to ri*c. 
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208. Energy. 

A body is said to possess energy if it is capable of doing work. 
This capacity may be due to a number of causes, i.e. t there are 
several forms of energy. When coal is burnt in the furnace of a 

ITZ VTi Cnergy u t0r L ed in the COal is Iar e e, y transferred 
to the heated steam in the boiler, and this steam, by exerting 

pressure on the piston, causes the latter to do mechanical work 

in rotating the wheels of the engine and moving it along. 

\\ hen a steam engine or internal combustion engine is used to 
dn '' e ,% dynamo ’ we ha ve an example of heat energy being con- 

ThTele^ mt ° r n,CaI “ d then into electric al energy, 

e electric current from the dynamo can be used to drive an 

»:S“ r e“ d ^ ~® —d into 

In all cases where energy is transformed there is an apparent 
wastage , ,.e., the amount of the new form of energy is l«s than 
the amount of the original form. Experience and Sre“ulTx P 7“ 
ments show that most of this apparent wastage is due to 'heat 

the air. bem8 tranSferred to su rrounding bodies or radiated into 
fro J'the 8 bumi Steam f nginC °?' y Part ° f 1116 hrat ener gy obtained 

has-been^>t^Iude”'tha°energy'^rarmot^e CTeated'or'drato^ed* 

404 ’ 
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and this conclusion is embodied in what is known as the Principle 
of Conservation of Energy, which may be stated as follows 

The total energy of a system of bodies is a quantity 
which cannot be increased or decreased by any action 
between the parts of the system, although it may be trans¬ 
formed into any of the forms which energy may assume. 

In dynamics we are only concerned with purely mechanical 

energy, which we shall now consider more fully. 

Water stored in a reservoir or tank above the level of the groun 
is capable of doing work in flowing to ground level by driving a 
water wheel or turbine. Similarly, a raised weight can do work 
in descending to the level from which it was raised. 

In these cases the energy possessed by the body is due to 

position, and such energy is called Potential Energy. 

Another example of this kind of energy is provided by the 
mainspring of a clock when it is wound up. In the process of 
unwinding, work is done in driving the mechan.sm of the 

"‘"it wil. be noticed that in a.l these cases work has to be done 
on the body to get it into the position in which it possesses 
potential energy and in the case of a raised weight we can show 
that the amoum of work required to do this is equal to the energy 

° f Amoving body can do work when it is being brought to rest, 
and therefore possesses energy by virtue of its motion. 

Energy' of this kind is called KmeUc Energy. 


210. Kinetic Energy. 

• • v#*1oritv v wc can calculate its 

If a mass m is moving "»tn \ciocuy -c, 

*• 

is given by 

b J n»«;2-2 A. 



or 
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If P is the force required to produce this retardation, the work 
done is Pi, 

but P = mf, 


therefore 


v 


Pi m i. 


2i 


therefore Work done = bttv 1 . 

The kinetic energy of a mass m moving with velocity v is 
therefore 

\mv*. 

If m is in lb. and t> in ft./sec., the expression Amt; 2 gives the 
kinetic energy in foot-poundals. 

If m is in gm. and v in cm./sec., Amt; 2 gives the energy 
in ergs. 


211. Kinetic Energy of a Falling Body. 

If a mass of m lb. is raised vertically through h ft., the work 
done in raising it is tngh foot-poundals. This is equal to the 
potential energy of the mass in its raised position. 

If the mass is now allowed to fall freely through h ft., the 
velocity v acquired is given by 

t>= = 2 gh. 

The kinetic energy of the mass is then 

btrv 2 = mgh , 

/.e., the kinetic energy acquired in falling through a height h 
is equal to the work done in raising the body vertically 
through this height. 

I he potential energy of the body in its raised position is 
converted into kinetic energy as the body falls, and in any position 
the gain in kinetic energy is equal to the loss in potential energy. 
It must be remembered that the potential energy of a body in a 
raised position, or the work required to raise it, depends entirely 
on the vertical height through which it is raised. 

For example, if a body is drawn up the slope of a smooth 
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inclined plane the work requ.red is exactly the same as if it were 

lifted vertically to the same height. , 

Similarly, the kinetic energy acquired by a body sliding down 
the plane is the same as that acquired by falling freely through the 

same vertical height. 



I 


6 


T u if AB is vertical and BC horizontal, the velocity 

In the figu«. if AB » down AC is equal to that of a 

acquired by a body wnicn su • / ./> v x 2p/i 

£«£ TJ&JZZp- - - 

is equal to the loss in potential energy, mg 

Thus \ mv ' L “ m Z h ' _ 

v 2 = 2 gh and v — V 2gh. 

212. Gain in Kinetic Energy Produced by a Const™, Fore* 

If a constant force of P lh wt acts on a mass m lb. / 
ft./sec. 2 is the acceleration produced, 

Pg = m/ ■ w 

If the body was initially a, res, and « ft./acc. i. >hc veloctty 
it acquires while moving throug * > 

t; 2 = 2/s and J = - 

The work done by the force P is P* ft- lb. or P« *• 


• (») 


Z } 


and 


P sg - mf a - - Into*. 




408 


MECHANICS 


Hence the work done by the force is equal to the gain m 
kinetic energy of the body. 

If the body was initially travelling at u ft./sec., equation (ii) 
becomes 


v 2 = u 2 + 2 fs, or ; = 


v 


2 -u 2 


2 / 


therefore 



Hence the work done by P is equal to the gain in kinetic 
energy of the body. 

If we know the initial and final velocities of a body and the 
distance travelled while a constant force acts on it, this relation 
enables us to calculate the force without finding the acceleration. 
If the force is not constant we can obtain in this way the constant 
force which would produce the same increase in kinetic energy, 
and the value of this force may be taken as the average value of 
the variable force which acts. 


Example (1 ).—A lorry of weight 2 tons is travelling at 30 m.p.h. on a 
level road. If it is brought to rest in 20 yd., what is the average force of 
resistance acting on the lorry ? 


Initial kinetic energy = 


2 x 2240 x 44= 


2 x 32 


— = 70 x 44* ft. lb. 


Since the whole of this energy is lost, the work done by the resistance 
R is equal to this number of foot-pounds, 

therefore G0R =70 x 44 s , 


R = 


0 x 44 a 
60 


= 2258-7 lb. wt. 


Example (2).— A bullet of mass $ os. travelling horizontally at 1,200 
ft./sec. strikes a block of wood of thickness 1 ft. If it experiences an average 
resistance of COO lb. tut., with what velocity does it emerge ? 

Let v ft./sec. be the velocity with which the bullet emerges. 

Initial kinetic energy = J x ft. lb. 

via X O — 


Final kinetic energy =4 x —ft. lb. 

* 32x32 


Work done by force of resistance =600 x 1 ft. lb. 
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Since work done by force = Change in kinetic energy, 

« /“» rv 1 2 


60 0 = „«- 




therefore 


64 x 32 64 x32’ 

- 1200 ^_ _ 600> 


64 x 32 64 x 32 

v* = 1200* - 600 x 32 x 64 
= 1200(1200 - 16 x 64) 

= 9600( 150 - 128) =2 11200, 

v =459-6 ft./sec. 

Note. —If the bullet were moving ll j y ^hange^n kSetic energy, 

for the change in potential energy as well as 

EXAMPI.ES L1V 

1 Calculate the kinetic energy- of the mass in the following cases 

(«) A -ass of 5 lb. ^veiling at 

£> l^ssoft Travelling at 16 cm./sec. 

(d) A ™ss of 2 tons travelling at 15 m.p.h. 

' ' ... r / s ec. is reduced to rest by the 

2. (a) A mass of 4 lb. t T av ^ 1 Jj- 1 ^ anc ; c f 16 ft. Calculate the value of 
action of a constant force in a distance or 

the force in poundals. mass of 5 lb. initially at rest. 

(6) A force of 10-lb. ToTcl acts if the final velocity of the 

late the distance through which tne 

mass is 24 ft./sec. - kes . a target with a velocity of 1.600 »t./sec. 

an/pe^iSf averse force of —nee exerted by 

* h ' freely .hrou K h . “£un^vc£h"T 

e„e^ hS“ ac q u,rcd (a) ft t'.S ^n ^ conSn, force whtch 
f A body « f ,o 25 ft/eec^ while the body travels -0 ft 

OUculate thc 8 magnitudc of the forec. ft./see. on a horizontal 

C“e. A tnlck of*ma.s 2 yd. by' a constant resistive 

fonree find rtfc vTlue of tins force in Yiood of thickness 3 in- 

1. A bullet of massioz .mk« £ halved by the. resistance 

when travelling at 800 fti./sec. K Q f this resistance in pound, 

of the plank, calculate the average . , caves 

rp‘rtsr^aHSSSS3S5£« 

in the barrel of the gun, assuming . . , kinetic 

4 oz and travelling with a speed o! *. 
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energy has it lost after passing through a block of wood 15 in. thick 
which offers an average resistance of 400 lb. wt. ? (L.Af.) 

10. Show that when a body is falling freely under the action of 
gravity, the loss of potential energy when it has fallen a vertical distance 
h cm. from rest is equal to its gain of kinetic energy'. 

By making use of this fact, calculate how far a body of mass m gm. 
must fall vertically in order to acquire a velocity of 490 cm./sec. [No 
credit will be given for any other method.] (L.Af.) 

11. Find the loss of kinetic energy of a bullet weighing 175 gr. which 
enters a bank of earth with a velocity of 2,440 ft./sec. and leaves it with a 
velocity of 900 ft. /sec. If the bank is 2 ft. 6 in. thick, find the average 
resisting force exerted on the bullet, being given that 7,000 gr. = 1 lb 


12. A rifle bullet loses l/20th of its velocity in passing through a 
plank. Show that the bullet loses of its original kinetic energy. 


13. What would be the velocity of the bullet in question 12 after it 
has passed through two such planks ? How many planks are needed to 
reduce it to rest ? 

14. A vessel of mass 6,000 tons is moving at 20 ft./sec. when all 

power is shut off. If it travels 100 yd. before it comes to rest, calculate 
the average resistance to its motion. 

15. A bullet weighing J oz. has a velocity of 1,500 ft./sec. What is 

its kinetic energy? How far will it penetrate a fixed wooden block if 

the latter offers a constant resistance of 240 lb. wt. to the motion of the 
bullet . \ 

16. What are kinetic energy, potential energv and work? In what 

units are these quantities measured ? A train weighing 200 tons is 

moving at a speed of 100 m.p.h. when the steam is shut off and the 

brakes applied. The train stops after travelling for half a mile. What is 
r „l£% s ** nce 2 . ln P°unds weight due to the brakes, air resistance, etc.? 

'6 “** II./SCC. ) (f~i \ 

, * 7, H T kinetic energy is acquired by a mass of 2 lb. falling 

from rest through 50 ft. ? How much more kinetic energv is acquired in 
falling through the next 50 ft. ? fO C? 

to r 18 ; k Car , 1 ^ nd travc,li ng at 50 m.p.h. was brought 

o rest by applying brakes in 231 ft. What was the frictional force in 

[imform T C,ght C * Crted °" the tyrcs ^ the road . assuming that it is 

i y K hat . is ™ eant “. The Conservation of Energy- ” ? (O.C. .) 

A body of weight 2 lb. is lifted from the ground to a height of 10 ft 

oueqt!r> Cn j^ owedto /ah- Hlustratc your answer to the first 8 part of the 
question by considering th.s body (a) when it is 10 ft. above the ground 

iust bcfor ' il “ the 

20. Explain what is meant by energy. '■'** 

Find t!Te a ^lo f | 1< L lb ' fallS fr0r " fCSt “ ndcr the acceleration of gravitv 
Find the gam in kinetic energy in each of the first 3 sec. (L AI) 

21. Explain the relation between force applied and work done A 
motor car weighing 3,000 lb. and travelling on a level road at 30 m p h 

appl£d g ? h ° rakCS m 20 yd - What is thc average force 

(L.Af.) 



ENERGY EXAMPLES 


411 


213 . When several forces are acting on a body its motion is 
only changed if these forces have a resultant. 1 he change in 
kinetic energy is that produced by the resultant force and is 
equal to the work done by that force. In the case of a locomotive 
moving with uniform speed the driving force is equal to the 
resistance to motion and the work done by the driving force is 

equal to the work done against the resistance. 

If the driving force is greater than the resistance to motion, 
the engine accelerates, and the work done by the driving force 
is partly done against the resistance and the remainder of the work 
is used'in increasing the kinetic energy of the engine. 

Example (D.-X ---- - of «« 1 

Tw lb “ m wL,'l “the oirrogr L.engforcr ? U„J .hi, ofrragr fore. 
tZuZgrZ',1 horsr-pourr dttrloprdby .hr rng.nr 

Let P lb. wt. be .lie avenge dnving f 0 ^. 

Resultant force on the car -(P - -«) »>• , b 

Work done by resultant force =(P - -0) 1,u ,D - 

2240 x 44 s __ ar . x 44 i ft . lb.. 

Gain in kinetic energy of car - 2 x 32 

therefore 


(P - 20)150 =35 x 44 s , 
p _ 20 =451 -7, 

P =471-7 lb. wt. 


« r developed on the assumption that P «* 

The greatest bors^-P moV ing at the greatest speed. 

“^"Vft^c ^ work per second is 47 . -7 x 44 ,t. lb.. 


therefore 


H .> 471*7 x_4 4 =a7 . 7 

H 1 550 


, ( {..Hi to the ground from a height of 

Xg.frZTp.nerZ.1 "fTlr/orr i. i, brought ,o rr„. Who, i, -hr .nrrngr 

resistance of the ground ? r #*cUtancc of the I'louncl. 

■nZZuLT, ,m« C acbn/vertically upwards on the dur,n K 

penetration is (K --) tons - k : „ tbe ground is 

The speed of the mass on striking tne g 

\/2~x 32 x 10 - 32 ft./sec.. 


therefore 


2 x 32 s 

Kinetic energy - 4 * 32 “ 


32 ft. tons. 


Work done by resultant force = boss of kinetic energv 

.. <• (R - 2)1 =32 

therefore o =34 tons wt. 
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Example (3 ).—A train travelling at 15 m.p.h. reaches the top of an 
incline of 1 in 100 when steam is shut off and the train runs doton the 
incline against resistances amounting in all to 2 tons wt. If the mass of 
the train is 500 tons, find its velocity after it has travelled \ mile doom the 
incline. 

Since the components of force perpendicular to the incline do no work 
they do not affect the motion parallel to the track. 

The forces acting on the train parallel to the track are : 

(1) The component of the weight of the train =~? =5 tons wt. 

(2) The resistance to motion =2 tons wt. 


The resultant force accelerating the train is therefore 3 tons wt. 

If o ft./sec. is the speed of the train after travelling i mile or 1,320 ft., 
the gain in kinetic energy is 


, 500 xu® , 500 x 22 2 f 

* x ^— =t-^- ft. tons. 


32 


32 


The work done by the resultant force is 3 x 1320 ft. tons, 


therefore 


25(h;* 250 x 22* 
32 “ 32 


= 3960. 


therefore 



3960 x 32 
250 


+ 22* = 506-9 + 484 = 990-9. 


=31 -5 ft. /sec., or 21-5 m.p.h. 


214. Horse-power Transmitted during Accelerated Motion. 

In order to produce an accelerated motion in a body it is 
necessary for a resultant force to act upon it, and therefore the 
motive force must be greater than the resistance to motion, i.e., 
greater than the force required to maintain the body in motion at 
any uniform speed. If P is the motive force the transmitted 

horse-power = P being in pounds weight and v in feet per 

second, and it therefore follows that at any given speed the 
horse-power transmitted during accelerated motion is greater 
than that for uniform motion. Since the resultant force required 
to mamtam an acceleration / ft./sec.= in a body of mass M lb. 

is M/poundals, the additional power required above that required 
for uniform speed v ft./sec. is 


M fo 

bbOg 


horse-power. 
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HORSE-POWER AND ACCELERATION 

A locomotive working at a given horse-power may be capable 

of producing an accelerated motion matnunwhen the 

20 m.p.h., whereas at a spcedof® ed ho ^ e -power 

of maintaining Tpeed at wLh a 

bemg the same mbothcHses. *^^ u the uniform 

train can travel when the horn p^ is expe nded 

speed of the tram for * h " * motion ? and in this case 

ihe J drivin V g e for™is 8 equal to the total resistance to mot,on. 

, i# an(i inns ascends an incline of I in 100 

Example.— Athe resistance to motion parallel jo the 
at a uniform speed of 30 md>. .. horse-potter transmitted and unth 

track being 15 lb. wt -lf° n V travel at the particular speed of -0 m.p.h. 

t°' a *■"- 

the ^ u,1 fo ° t ^ hC th e e n resuitant force on the train is zero. 

of train parade, to track 

= 6000 + 400 x 2240 x y 0() lb. 

= 14960 lb. wt. . 

Horse-power transmitted a. the uniform speed 44 ft.,sec. 

149 60 x 44 _ i|96-8. 

Let Q lb. wt. be ^orcc^ p^thc hoA^-power"transmitted must be 
At the particular speed of 20 m.p.n. 
the same as before, q x 20 x 88 _ 14960 x 44 

~65060 “ 550 

Q = 22440 lb. wt. 

The resultant “ 

' “ ' h ' 


therefore 


A • — — 

1644 x JJ2 _ 1644 _ 0 . r ,87 ft./sec.* 

/ - 4o ,T2240 40 x 70 


examples lv 


fcAAlvu 1 ■ — . f „ 0 

A motor car of mass >5 — “ 

m.p.h. in a distance of — y a - 
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40 lb. wt. Calculate the average force exerted on the car at the driving 

wheels. . 

2. A body of mass 50 lb. falls through a height of 9 ft. and penetrates 
6 in. into the ground. Calculate the average force of resistance of the 
ground on the mass during the penetration. 

3. A blacksmith strikes an iron bar 25 times per minute and brings 
the sledge-hammer to rest on the bar each time. If the striking velocity 
is 32 ft./sec. and the sledge-hammer weighs 14 lb., find his rate of working 
in horse-power. 

4. Define the foot-pound. 

When a truck of mass 25 cwt. reaches the foot of an incline which 
rises 1 ft. vertically for each 100 ft. along the slope, it has 2,800 ft. lb. of 
kinetic energy*. If the frictional resistance to motion is 50 lb. wt., calcu¬ 
late how far up the slope the truck will travel before coming to rest. (L.) 

5. A train of mass 200 tons is moving against a resistance of 10 lb. 
wt. per ton with a velocity of 15 m.p.h. The steam is then shut off; after 
travelling 80 ft. it comes to an incline of 1 in 20. How far along the in¬ 
cline will it travel before coming to rest ? (The resistance parallel to the 
track may be assumed to be the same when travelling up the incline as 
on the level.) 

6. An engine of weight 100 tons pulls carriages of total weight 200 

tons up an incline of 1 in 80. The track resistance is equivalent to 100 
lb. wt. for the engine and 200 lb. wt. for the carriages. If the train is 
travelling at a constant speed of 40 m.p.h., find the tension in the coupling 
between engine and carriages, and the horse-power at which the engine 
is working. (Z?.) 

7. Define (a) work, ( b) power. In what unit is work measured ? 

A motor car of mass 25 cwt. climbs a gradient of 1 in 20 at 30 m.pJi. 
Neglecting friction, find the horse-power. (1 H.P. =550 ft. lb./sec.) (C.) 

8. Define work and power, and state how each is measured. 

When a train is travelling at a uniform speed of 60 m.p.h., the engine 
exerts a pull of J ton wt. What is the horse-power developed by the 
engine ? If the weight of the train is 140 tons, find the distance it would 
travel when the steam is shut off, assuming the retarding forces remain 
unchanged. ( L.M.) 

9. Define work and horse-power. 

A car weighing 1,200 lb. accelerates on the level uniformly from 
rest to 20 m.p.h. in 4 sec. If frictional resistance is equivalent to 36 lb. 
wt., what is the average horse-power employed ? ( G.S .) 

10. Explain the terms work, horse-power. 

A motor car travelling on a level road at 20 m.p.h. maintains the same 
speed up an incline of 1 in 12. What extra horse-power is being used if 
the car weighs 3,000 lb. ? (G.S.) 

11. What horse-power is needed to draw a train of mass 200 tons up 

an incline ot 1 in 224 at a speed of 15 m.p.h. when the frictional resistance 
to motion is 10 lb. wt. per ton ? (O.C.) 

12. Define work and horse-power. 

A motor car of mass 25 cwt. is running at 25 m.p.h., and the resistance 
to its motion due to friction is InO lb. wt. Find the work done by the 
engine in moving the car 440 yd. (a) along the level, ( b ) up an incline 
which rises 1 It. for every 30 ft. measured along the plane. Calculate 
also the horse-power required in each ease. (G.S.) 
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13 The resistance to a motor car weighing 1 ton is (50 + 0 04*>*) lb. 
wt. where t, is the speed ,n miles per hour. Find the horse-power necessary 
m drive the car up a hill of 1 in 20 at a steady speed of 20 m.p.h (OC.) 
l" Explain what you understand by potent.al energy and po^cr. 

In what units arc they measured in the system . resistances to 

120 H.P. (1 H.P. =550 ft. lb./sec.) 

4 , *«tEgSiK - 

SSfe'ttattaSZ ^tcntial ener B y and k.neuc energy. Actgunt 

\t potential cnertty. Sta.e how each ,s 

measured and the unit in Vta^fmm rest at the top of a slope. 

A toboggan weighing -•>*> lb. start _> h after it has 

accelerating uniformly, and ^ch^ha^it"descends 1 ft. vertically for every 
run 400 ft. If the slope is such that^ t clescenoa r d<>d m over _ 

10 ft. of the length of the slope, calculate the energy exp (C>S<) 

coming friction and air resistance. energy, and show that for 

a bidy fa^Hng^freely 0 under°gravity^hc*° of its kinetic and potential 

^a^fit^^r 10 C ?t°/ f se 2 c 0 f H d o°w mi h cb Energy has been lost in over¬ 
coming friction ? to motion of a train on the level is 

18. Assuming that the resistance to nioi.o hour find thc horsr- 

0-09t»* lb. wt./ton where r *s the speed ^ P an inc i, nc of 1 m 150 

power required to draw a train of mass .n»u tons , (O.C.) 

at a uniform speed of 20 m.p.h. 

215. Example (.).-* -"TJ 

* ’ “ e °‘ o/ “" r 

10 tL 1„« of potential ener*y per nnnute due to the water f.Uin, 

' 8 energy’ Applied pemn.nute by the turbine , 40 x 23000 ft ,b.. 

40 x 33000 =() r>1 . 

therefore Fraction utiliseo 12 0000 x 18 

Example (2 ).—A pump ivh '‘Z/f'of 00 /r “sec ! ’ 7/ th/'Lu" Vs cycled 

t,hI i 

“rne^t^f.h^rirr'dXen.d £er ^n.nCfe „ 

6 * 2240 * 30* |b 
2 x :t2 
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Since the water is initially at rest this energy has been provided by 
the pump, and the horse-power developed is therefore 

6 x 2240 x_ 30 8 =35 . 73 H p 
2 x 32 x 33000 

This is 75 per cent, or three-quarters of the horse-power supplied to the 
pump, which is therefore 

| x 5-73 =7 64 H.P. 

Note .—If the water is taken in at a lower level than that at which it 
is delivered the horse-power of the pump would have to be greater. 
Work would have to be done in raising the water as well as in imparting 
kinetic energy to it. 

Example (3 ).—A mine shaft 600 ft. deep has a cross-section of 100 
sq. ft. and contains water to a depth of 240 ft. If this water is received 
from the mine in 5 hr. and is delivered horizontally at the ground-level 
xoith a speed of 40 ft./sec., calculate (a) the potential energy given to the 
water, (b) the kinetic energy given to the water, (c) the average horse-power 
of the pump. (1 c«. ft. of water weighs 62J lb.) 

(a) The centre of gravity of the water is 120 ft. above the bottom of 
the shaft or 480 ft. below ground-level. The work done in raising the 
water is equal to the work required to raise a body of mass equal to that of 
the water from a depth of 480 ft. 

Mass of water raised =240 x 100 x 62-5 lb. 

Work done, or gain in potential energy 

= 2400 x 625 x 480 = 720,000,000 ft. lb. 

(5) Gain in kinetic energy = J x 2400 x 625 x 40 3 ft.-poundals 

_1200 x 625 x 1600 
32 

= 37,500,000 ft. lb. 

(c) The work done by the pump in 5 hr. is 

72,000,000 + 37,500,000 = 757,500,000 ft. lb., 

therefore Work per minute = Z57o00000 ^ jj, 

o x 60 


Horse-power = 


757500000 
300 x 33000 


7575 

99 


= 76-5. 


EXAMPLES LVI. 

1. Calculate the work done in raising 10,000 gals, of water through a 
height of 00 ft. What additional work must be done if the water is to be 
delivered with a velocity of 48 fr./sec. ? (1 gal. of water weighs 10 lb.) 

2. Calculate the horse-power of a pump required to raise 1,000 gals, 
of water per minute through a height of 20 ft. and to deliver the water 
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a. a speed of 10 ft./sec., (o) assuming the pun,pi° ^ ‘0» P- cm,. efficient, 
(*) ,h 't2 at H P p’’pumps X through a height of 

30 ft., the efficiency of the pumping ™Sg£,'\o S'"'' (O.c!) 

mU 4 h rSSe K P to«„ ^section o^^stp 

ft., is filled with water to a depth of 400 ft 1 he j Uch arge at the 

on engine of 200 H.P. and has a v'loc.ty of a0 ft -c. ( . m di ^ ^ 

surface. Find (a) the increase in | o . t i me occupied in 

kinetic energy imparted to the escaping water, (c) the time o ^ } 

pumping. (1 cu. It. of water weighs >-•> ) and state the units 

5. Define the terms force, work and kinetic tner b) . 

in which they are measured »n *hc cg.s• *>* ^ puinp water from a well 

An engine develops 10 ll.i -■ a ? nvmv gallons of water can it 

If the engine is 70 per cent, elhcicn , > horizontally at a speed of 

raise 60 ft. in 1 min. and project the water horizontally \ L M-) 

30 m.p.h. ? ( 1 gal. of water weighs l*> »>.) 

6. What is meant by power i which delivers 50 «als. of 

A 5 H.P. engine is used to drive a pumi wasted, find the 

water a minute in a jet A ssumu.g { L.M , 

speed of the water in the jet. i* l1 - 1 


>.<-• pendulum consists 

t b T; ^ndulmn U made oscillate it desenbes one 

Ling front one extreme l»»„ 


216. The Simple Pendulum 

A simple pendulum consists of a small lu a\> >ot >; V' sU 

of lead or 
fixed point 

swing in passing «.<>■■. -. * . next extreme position 

vertical through the point <>» sU ! >1 ’° { tlcscr ibcs one oscillation 

on the other side ok the vertical^ ^.deser ^ ^ throug h 

between two consecutnc install s mm c ex tcnt ot one 

the vertical position in the same direct,on l h<- 

half swing is called the « ^ ^ S never making 

If a pendulum is set m oscillation, t » ir wc show 

with the vertical an angle greater t »an a ”* j j s independent 

that the time of oscillation remains c<,ns s a stop-watch 

of the amplitude of the motion > filiations, starting and 

take the time for groups ot twe through the vertical 

stopping the watch as the pen““™ t £ esc illler vals of time are 

position. It will be obser\ec ‘ t | ic time tor one 

equal, and therefore it may he cone u <- ^ ^ j, pendulum 

oscillation of the pendulum is < j on ^ n o sCS t hi s same property 

of a clock is not a simple pendulum, P , v liich wheels in the 

which enables it to govern the rate 
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mechanism of the clock rotate. It has been stated that this 
property of a pendulum was discovered by Galileo. It is said 
that in 1641, the year before his death, although blind, he 
dictated to his son a description of a pendulum clock including 
the escapement device. The clock was later constructed by 
Huyghens, an astronomer and a contemporary of Sir Isaac 
Newton. 

The length of a simple pendulum is the distance from the 
point of suspension to the centre of gravity of the bob. It may 
readily be shown that the greater the length of the pendulum 
the longer is its time of oscillation. To determine the law 
connecting the time of oscillation and the length of a pendulum, 
the following experiment may be performed :— 


Experiment. —The thread of a simple pendulum is supported by 
gripping it between two pieces of cork. It is then easy to alter the length 


X * K&J 



Fig. 384. 
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Fig. 385. 


of the pendulum b > ^ ll ^ s n « a^^cd ^ f « sphere 

to 

is convenient to measure th th G f t he pendulum may then be found, 

the point of suspens.on and * h |lcn^ find t £. time for 20 oscillations by 
Using a pendulum °* * eng {Jl ' t fo r another 20 oscillations. The two 
means of a stop-watch. P thev do not agree the experiment 

times should agree accurately. y find ^ timcs f or 20 oscillations 

should be repeated. In a s'™ J4 ' 81 ' 10 O, 121, 144 cm. Tabulate the 

of pendulums of lengths 36 4J, , 

results as shown mhg.m oscillations and / cm. the length o» 

X sec. represents the tun ■> T and „ is seen 

the pendulum. In column (4) the ratio ^- is 

i 'I'akin a the average value of this constant, 

to be of constant value. 1 aking me 

T =4 00\//, 

henee the period of oscillation of the pendulum - is «pven by 

f = T =0 20ov / / - 


The perioH o, o^iU.Uion of a *+. P —*« “ *** 

tquare root of its length. perfect squares of simple numbers for 

The values of / have been made pc. cxpc S ment i# repe atcd using any 

convenience in calculati ^ be ^ to have the same constant 

values of the length, the ratio, ^ 


value. 
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If the values of t are plotted against a base, Vl , the points lie on a 
straight line, and the gradient of this graph gives the best value of the 

ratio -L. 

Vl 

Now it may be shown that for a simple pendulum 

—v 7 ; 


and wc may therefore compare the value of the ratio determined 

2tt 

experimentally with the \aluc obtained from the formula. If / is in 
centimetres, g is 981, and if / is in feet, g is 32-15. 


EXAMPLES LVII 

1. If the bob of a simple pendulum is drawn aside and let go when the 

string is taut so that its vertical fall is 3 in., what is its velocity in the lower 
position . Neglect air resistance. (Q \y j$ ) 

2. The bob of a simple pendulum is of mass 4 lb. If it passes through 
its lowest position with kinetic energy equal to 72 ft.-poundals, what is 
the greatest height it attains above this position ? 

Describe an experiment you would perform to verify the law con¬ 
necting the time of oscillation of a simple pendulum and its length. 

4. he time of oscillation of a simple pendulum of length 3-26 ft. 
is ~ sec. Without using the full formula for the periodic time of a simple 
pendulum, calculate the time of oscillation of a pendulum of length 2 ft. 

« ith;.,V' VCn 1 , ; r , n r h ° f , a s ? com, ' s pendulum is 100 cm., determine 

« thout using the full formula (a) the time of swing of a pendulum 

1 cm. long, ( b) the length ot a pendulum to beat periods of 10 sec. 

1 ’r n crihe f . u,I >' how you would investigate the relation between dVc 
vomM f s ' m P ,c .pendulum and its periodic time. State the result you 
oWmZf*r n | show clearly how you would deduce it from vour 
o.>*< nations. Calculate the acceleration due to gravity at a place where 

^ S 40l P I: c rOndU,Um ° f lrncth 100 mak ~ 200 complete oscillations 

m an expression tor the maximum kinetic energy of the bob 

Phecment o? P $ nd v u,um 1 of ' cm. due to a horizontal dis- 

vrloehv 9h ° W that {o \ sma,! displacements the maximum 

\ekn it> is approximately proportional to the displacement. (O.C.) 


217. The Energy of a Pendulum. 


The hob of 
remaining taut, 
and fro. 


a simple pendulum is pulled aside, the string 
and is then released, the pendulum swinging, to 
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i; ;li„ n : r resistance and that there 
Suppose that there is negligible air res «»" () 

!S n ThTf™«lnTorthe .-..on such as OP are : 

(i) The weight of the bob ; 

(ii) The tension in the string Ol . 

During the motion of the 1 tl ’Vt T./Vv 1 iV”lV the tension acts. 

ancTtherefore 1 the^ension in the string ^-J^ai distance * 

When the bob moves ‘l °' v,, '^ rd nt £ h in its own direction 

the weight force M g acts throu B by M „ /<# M gh also measures 

and therefore does work nicasi ^vi ic n it moves vertically 

the loss in potential energy o^c,^ done by gravity has 

downwards a distance //. * kinetic energy, it tollows 

been converted into an equal amount c f k.nct.c cr ^ kinetic 

that the loss of potential energy .s equal to^ ^ , p potcntial 
energy. Again, when the ><> * - , oss i n kinetic energy. 

•energy is equal to the corre p motion from a position ot 

Suppose that the bo - — ^ ition it takes up during 

rest a height H above t ,I u - first position A the kinetic 

the subsequent motion, then in the l 


422 


MECHANICS 


energy is zero, and if the potential energy is taken as zero at the 
lowest position B, at A the potential energy of the bob is MgH. 
Since at B the potential energy is zero and the whole of the 
energy of the pendulum is kinetic energy, M^H = §M© 2 where v 
is the velocity of the pendulum at B. This transformation of 
energy from potential to kinetic is exactly reversed in the motion, 
which follows from B to C, and therefore the bob should again 
rise to a height H above B. 



Fig. 387. 


A little thought will show that if a thin, smooth peg inter¬ 
rupts the motion of the string at any position, as shown in the 
hgure, the bob will continue to reach the same height as before 
Taking the peg to have negligible thickness so that the string 
does not shorten when it wraps itself round the peg, consider 

° f tHC t0b - “ various 

Attach a piece of lead to a light string and swing the lead in a 

circle, allowing the string finally to wrap itself round your finger. 

From theoretical considerations only, how should the kinetic 

energy of the lead when it reaches your finger compare with its 

total energy when the string first began to wrap itself round 
your finger ? r 
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218. Units of Heat Energy. 

We have seen that heat is a form of energy. Just as there 
are units of mechanical energy, such as the foot-pound and the 
centimetre-gram, in terms of which an amount of mechan.ctd 
energy may be measured, so there are units of heat energy m 
terms of which a quantity of heat may be expressed. Since 
equal masses of different substances require different amount 
of heat to raise their temperatures by equal amounts, it 
necessary to choose a standard substance. Water is chosen as 
”d7rd substance, and the following are definmons of un.ts 

of heat energy in common use . 

One British Thermal Uni, (B.Th.U) is the amount of heat 

'ansi % f — c o/ *- 

ofeTZm^TJ^y (, W *y - 100,000 

B.Th.U. 

Since the mechanical energy ""^ 

supplied to them in the form . burnt 6 Lid all the available 
note that if 1 lb of average coal is burnt n ^ equivalent 

heat energy is obtained from , way i cu. ft. of average 

to 12,000,000 ft. lb. of work. In the contains energy 

coal gas measured at atmospher p 

equivalent to 500,000 ft. lb. of wor • wasted when it is 

The energy from coal is for^the most P «t 

used to supply heat to a steam *> ; mcc hanical energy 

TZtt r tit Energy liable m the 

coal. 

219. The Mechanical Equivalent of Heat. bbed 

When two bodies, such as two' c ° ergy is’transformed 

vigorously against nach other m descending water at the foot 
Wito heat energy ; kinetic cnc gy 
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of a waterfall is converted into heat energy (as may be observed 
from the rising clouds of steam). 

If a certain amount of mechanical energy is converted entirely 
into heat energy, is the quantity of heat energy produced the 
same in whatever way the conversion takes place ? This was 
the first question which James Prescott Joule (1818-89) set 
himself to answer. He began his experiments in 1843, and 

experiments, which were 

distinguished by their thoroughness and reliability. 

By measuring the quantity of heat energy produced when a 
known amount of mechanical energy was converted into heat 
energy, he was able to show that to produce a unit quantity of 
heat energy required the expenditure of a constant amount of 
mechanical energy , and this amount of mechanical energy was 
called the mechanical equivalent of heat . 


in Fie 0 3S8^ W„f^ erim f" t ^ he u apparatUS u * ed b y Joule * shown 
u n W ,S C .° ntained » the copper vessel A inside which are 
*V a d J, a n8 W ? rds cut m thcm - A central spindle carries vanes 

<hc wite? ta the " ard , S ■*" ,he . When this spindl/Ts ro,su“ 

, c water in the vessel is set in motion bv the moving vanes and is then 

^ r u St b> str,k,n & aeainst the fixed vanes, '/he kinetic energy of 

undc'io" 3 n h s= S *“* «"** “"<1 .he vcs«l t”dits ™f?„°ts 

round which i?. F ' rntUre ’ The s P ,ndle w connected to a drum 

round which lengths of string are wound side bv side. The strings are 

.wo l^T ° V ?\ thc nms of "’ooden wheels which arc made to rotate bv 

"z:x Sr 

mid spindle. If this mass is added tu thn'" e 'f ,n ( alent °f thc copper vessel 
the result is M Ih. thc number r>f •. tbe /V asS °? watcr ,n I he vessel and 

contents when the rise in temn f Cat 8 ‘X Cn to tbe VCS3t -‘l and its 

ij Ti, it o; . r C ,, m tc,n P‘rature is from t to T° F is MfT-h 

second at the end of their' 'desccn^lu^'^ “ #pe t d ° f a fcW inches P« 
energy which they have acquired anT wh^ch^s^^r mad ° f ° r . tbc k,n u ctic 

SS £^ b -" f -cl 

M< mcch a n I icTl h tn« e °y f , hCa ' "* CrBy arc 'luival™. ,o E ft. lb. of 

1 B. rii.U. is equivalent to - ®_ ft ik .r , . . 

M('|’ _ °f mechanical energy. 



joule’s experiment 
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Pin removed when winding 
up weights 





lorizontai section ui 
showing fixed vanes 


Vertical Section of A 

Fio. 388. 


From experiments of this nature carried out m the year IS ,8 JouF 
found that I B.Th.U. = 77^ ‘t- »>• 

Later experiments have given the more accurate result. 

1 B.Th.U. -778 ft. lb. 

and 1 C.H.U. =1400 ft. lb. 

This is equivalent to the following : 

1 calorie -4-1U x .<>’ ergs 1-27 metre-grams 


Note. —The electrical unit of ^‘.’o Yoli/es'/scc ^ 

and therefore 1 caloric =4-19 joulcs/sc . 


— 1 joulc/scc 


14 a 
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221. Heat Efficiency of an Engine. 

Suppose that 100 centigrade heat units of energy are trans¬ 
formed into work without loss, then the amount of work obtained is 

100x1400 = 140,000 ft. lb. 

The transformation from heat energy to mechanical energy 
is not possible without a certain amount of waste. The ratio 
of the mechanical energy made available to the heat energy 
expended is called the heat efficiency of the engine. 

Example. 40 B.Th.U. are converted into mechanical energy, the 
produced 6nCy bang 15 ^ Cent ' Galculate the mechanical energy 

Heat efficiency - Mechanical energy produced 

Heat energy input 

40 B.Th.U. =40 x 778 ft. lb., 

therefore Mechanical energy =15. x 40 x 778 =4668 ft. lb. 

luv 


222. Combined Efficiency. 

The mechanical efficiency of an engine has already been 
defined, and it is readily seen that the combined efficiency of 

an engine is equal to the product of heat efficiency and the 
mechanical efficiency, for, ' 

Combined efficiency 
Work output 
Heat input 

„ Mechanical work made available .. Work output 

Heat input Mechanical work made available 

—Heat efficiency x mechanical efficiency. 


the ™T Se t! r m M effic ’ ency of “ “P” is 10 per cent, and 
the mechanical efficiency 80 per cent., the fraction of the original 

heat energy given out as useful work is S 


10 >• ?° 8 
loo fob ~ loo’ 

the combined efficiency of the engine is therefore 8 per cent. 
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If the heat energy available is 1,000 C.H.U. per min., the 
power developed in the cylinder is, 

10 V 1000 X 1400 = 140 _ 4 . 24 H>p> 


100 


33000 


33 


and the power output is 


80 x i 4 ?=3 4 H.P. 

100 33 

3-4 H.P. is 8 per cent, of the power supplied in the form of 
heat. 

EXAMPLES LVI1I 

1. A waterfall is 3.000 ft. high. How much hotter is the water at the 
bottom than at the top of the fall if all the k.net.c energy of the f aUuiB 
water is converted into heat ? (To raise the temperature of 1 lb. of water 

*' F 2. Tb'oTy ^UVI^oiity . i, brought to ret by a constant 
force F in a distance *. Show that the deceleration of the body is -. 

Hence prove that the kinetic energy of the body is. * mv*. 

bo^sr«« sa !?°an 

water is converted into heat ? (Mechanical equivalent of heat ^ 

"tSrt to their equivalents in B.Th.U. (.) <00.000 ft. lb.. (6) 

“TaO C.H.U. enter the cylinder of an 1 * n &SVo ienT'"^ 

efficiency is 15 per cent, and the mechani fl yy strokes are made 

is the brake horse-power developed if !«•> " orK,n 8 

Per 7 mi £^u ? .ate the overall efficiency ofan^if^ 'jeat efficiency^ 
12 per cent, and the mechan.ca efficiency is - oper c^^ 

are supplied per minute, calculate the • 1 P f |he heat value 

8. A car travels 20 miles per gal. of petro 7 . 8 lb . pcr gal.. 

of the petrol is 20,000 B. Th.U. per • soced is 00 m.p.h. and 

what is the horse-power transmitted when the speed I 

the overall efficiency is 11 per cent. . 


on bear- 


223. The Energy of a Flywheel. 

A flywheel consists of a heavy wheel mounted ^ ^ 

ings which are as smooth as possi e. 


IS 
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made to rotate at a speed of n revs./sec. the linear speed 
of a particle at a distance r from the axis of the wheel is 
27777 /• For a flywheel of given mass rotating at a certain speed 
the energy stored in it is greater the further the mass is 
situated from the axis of the wheel. If a flywheel is examined 
it will he found that this arrangement of the mass is carried 
out as far as is consistent with strength and compactness. 
Flywheels are coupled to machinery on which the demand for 
energy fluctuates ; the presence of the flywheel prevents, the 
machinery from “ racing ” when the load is small and provides 
an additional supply of energy when the demand is heavy. Thus 
the screw propeller of a steamship may in a heavy sea be lifted 
almost out of the water by the pitching of the ship and the load 
on the ship s engines greatly reduced. In these circumstances the 
presence of the flywheel prevents violent increase in the engine 
speed, for the engines continue to work at only slightly increased 
speed, the work done being stored in the flywheel and not wasted. 

The energy of a flywheel is the same as if all its mass were 
concentrated at the rim of a wheel whose radius is called the 
mean radius ” or the “ radius of gyration ” of the wheel. 
If this radius has once been determined, the energy stored in 
the flywheel at any angular speed can at once be written down. 

O 

Kinetic energy of flywheel = mZ \ 

2o ’ 

where m is the mass of the wheel and the velocitv of a point 
on the circle whose radius is equal to the radius of gyration. 


of e "n r ] ' T ;1 i" *"”» V ' l ~ of enc, zy “ rc supplied to a flywheel 

mm e i ,d ) ” "/" > f ?” d rotates 90 times per 

minute. / nut the mean radius of the wheel. * 

If r It./sec. is the velocity of a point on'thc circle of mean radius, 

1 Or- . , 

f-0, »•<-., t>=51-9 ft./sec., 

**o 


V 

r — 


2tt rn % 


51 9 

2 xIM l x l A 


= 5 51 ft 


: '-V 00 !h - and mean r(ld "‘s 2 ft. has a 

it its firm If //». of energy are taken from it, what 

ts its nciv speed in revolutions per minute '4 
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|OOI>(2tt.- 2.2) ? , h 

Initial energy stored in the wheel — o (/ 

Let n revs, per sec. be the final speed of the wheel, 

1000C2TT2/1) 2 _ 987 _ soo = 4S7, 


487 x 64 
— 1000 x 


„ = 1 10 revs, per sec. or S» revs, per nun. 

Example (3>.-,I Jlywheelisset in ^ "'“"ft,' 

to a rope which is wound round the- axh of 


t lb. attached 
mass descends 



I'lG. :*hu. 


9 ft. from rest in 12 “> 

r^^WH^U^nsiL Xc 4 lb. mass, and 

The only force which does wo k is ™ of llu . system, 

this work is equal to the loss in | j u , t |, c ,.,nn in kinetic ciurgy 

The loss of potential energy is *-‘1 
the wheel and axle and tin* mass 4 -ll>. mass. 

Let ti ft./sec. be the final velocity of Uw 

Consider the- n.ot.on of thr^-lb- x time. 

Since distance travelled -awr.n 


f^l*- 

Loss of potential energy of 4-lb. mass =< *» ^ 

Gain in kinetic energy of 4-ll>. mass =• -j~ x :t2 

Hence gain in kinetic energy of ib-hecl and «le 

= 3G - •’ .--35« lb * 


:it; ft. lb. 


ft. lb. 
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pou T d e i reSUltant ^° rCe ° n mass of 4 lb. during this motion is ( 4g — T) 

Since the work done by this force = change in kinetic energy of the 
*-lD, mass. 


therefore 


T =*g ~ 2 poundals, 
T = 3fJ lb. wt. 


EXAMPLES LIX 

1. The axle of a flywheel has a diameter of 4 in. and the flvwheel is 

Tf» g Wcl n °r 8 ?, f ™"„ b d y h“^e~ d r/dTs d p*d 

Wn.dc T •Wb.'SSSf “ er85 ' S, ° red “ * hC H >'' vh "‘ “ d «>» 



weight has descended 4 ft ? c,ty o{ t * lc run be when the 

and 3 th e A ^rUof‘d?„ f m d ^6 t ta bc^S 

«• attached a Ju^d^round’.hV^e" Tvt” & “ 4 ° £ 

has descended 5 ft. the speed of the rim of the wh£lis 10 f W "wE 
as the kinetic energy of the flvwheel nnrt i+J 1U tt *' 8ec - What 

,hc n'»hf s £ ;r iu ii'£?rT ^ 

rest by a friction band on the axle in whirls. T • h ~ 13 br °ught to 
of 60 lb. wt. If the flywheel makes S?? u “ e ®5 ct > v e tension 

what energy was stored in it ? S ’ whJe bei "8 reduced to rest, 
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224 We have now to consider the effect of a force which acts 
for a very short time—too small to measure. Such cases are quite 
common—the blow of a hammer on a nail, the impact of two 
billiard balls, the impact of a bullet on a target, or of a dan on 
a dart-board. Let us consider the last case a little niorc c osely- 
Directlv the point of the dart hits the board it begins to 
penetrate and fts motion is resisted by the board. By Newton s 
third law the force exerted by the board on the dart is equa^ 
and opposite to that exerted by the dart on the b lrd at "'^ 
instant of penetration. If the board is fixed to the -all o a 
house it cannot move appreciably and its res,stance rap. lj 

reduces the dart to rest and destroys its IT ' om ^ ’ • suddenly 
When a rifle is fired, gas under great pressure is sudden > 

produced and the resultant force of the gas pressurednves the 

bullet along the barrel. A, each instant the force «erted on the 

bullet is equal and opposite to that r^erted on the nfle As 

the latter is heavier than the bullet and issmall 

shoulder of the person firing, it recoi s a equal and 

distance, but the momentum generated in the rifle is equal and 

opposite to that generated in the bullet. 

225. Impulse of a Force. 

The impulse of a force P acting for a time < is measured by 

thC Now U if Ct m P is the mass of the body on which P is acting, die 

r.“ final "velocity of the body after 

time t, , 

v -u+ft 
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or 


therefore 


ft—v — u. 


or 


mft = rn(v - u) 

Pt = m(v - u). 

Hie impulse of the force is therefore equal to the momentum it 
generates or destroys. 

Impulse of force = Change of momentum produced. 

If a body is moving with a velocity w and an impulse is given 
to it which reverses its direction of motion, then in the last 
equation above the change of momentum produced by the 

impulse of the force is m(v + u) and is greater than if the body is 
merely reduced to rest. y 

Thus a ball of mass m which strikes a wall at right angles 
\wth \ elocity u and then rebounds with velocity v is given an 
impulse measured by w(v + u), and the average impulsive force P 

the ba " dun ' ng ,he time of impact ' is 

P/ = ?n(v + u). 

226• Impulsive Forces. 

We can now see how to obtain a measure of the effect of a 
large force acting for a very short time. Such a force s Llled 
an impulsive force and its effect is measured by he change of 
momentum it produces. The shorter the time for which the 

ufmomen , tum greater mUS ' be '° pr ° duce a change 

ft sec J th'. Ul h t ma “ s ls moving horizontally at 2,000 

to ms, is PUlSC °‘ the forCC ™ the '“get Which brings it 

2000 _ 

32 - G2, lb.-ft.-sec. units of impulse. oz. lb.) 

E3HSS2 

d^T4 3 ~ d - d *> -»' 


IMPULSE OF A FORCE 


•133 


To destroy a speed of 
retardation / is given l>v 

0 = 2000 - 


2,000 ft./sec. in tins time the 

/ 

1000 


or /= 2,000,000 ft./sec. 2 . 

To produce this retardation in a mass of i oz. requires a 

force of — Q - 0 -°2 or 02,500 poundals. 

32 


227. Units of Impulse and Momentum. 

Since an impulse is measured by the change of momentum 
it produces it is expressed in units of momentum. No special 
name has been given to the unit of momentum as in the case of 
force, work, etc. As, however, the momentum of a body is the 
product of its mass and its velocity it is expressed in terms of 
the units in which the mass and velocity are measured. 

We therefore speak of the pound-foot-second or the gram- 
centimetre-second unit of momentum, according to whether we 
are working in British or metric units. 

As mentioned above, it is only when we assume that an 
impulsive force acts for some definite time that we can express 
it in ordinary force units as the average force required to produce 
the given change of momentum in that time. 


Example (1). —A hammer-head of mass 2 lb. strikes the head uf a nail 
horizontally with a velocity of 30 ft.I sec. If the bloivJusts »\> sec what 
is the impulse of the blow and the average force exerted by the nail on the 

hummer Y 

Impulse of blow = Change of momentum of hammer 

= 2 x 30 = 60 lb.-ft.-sec. units. 

If P is the average force in poundals exerted by the nail on the hammer. 


P 

SO 



therefore 


P = 4800 poundals or 150 ll>. wt. 
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Example (2).— A truck of mass 3 tons travelling at 4 ft./sec. strikes 
stationary buffers and rebounds with velocity 2 ft./sec. What is the impulse 
given to the truck and the average force acting on it if the time of impact 
is J sec. ? 

Momentum of truck before impact = 3 x 2240 x4 lb.-ft.-sec. units. 
Momentum of truck after impact = 3 x 2240 x2 lb.-ft.-sec. units. 
Total change in momentum =3 x 2240(4 + 2) 

= 18 x 2240 lb.-ft.-sec. units. 

(Note that the change is the sum of the momenta since the direction 
of motion of the truck is reversed.) 

Let P lb. wt. be the average force acting on the truck durine the 
impact; 6 

therefore = 18 x 2240, (g = 32) 


P = 


18 x 2240 


8 

= 5040 lb. wt. 


EXAMPLES LX 

Momentum, (g = 32 ft./sec. 1 , or 980 cm./sec.*) 

16 fl'w IC ^\ a - C thC rr *? r T lentun \ °f a mass of 20 lb. moving with velocity 
16 ft./sec. (a) in poundal seconds, (5) m pound weight seconds. What is 

2&-lb C nS2 ? f a maSS ° f 64 ,b ‘ if il hSS ** SamC momentum “ that of the 

of 4 2 ib A ^ ass ^; !hri! Iyat T T “ acted upon for 6 scc - a forcc 

What is tfic fiual^\^ t lo , city 1 of < the n mass^? m if 1 the^MTie 5 force < ^«s^fo *^th ? 

time on («) a 24-lb m^s, (6) a Mb! mL^ wKi" would^ the^Tes' 
in velocity produced in these masses ? cnanges 

3. What force acting for 10 sec. on a mass of 60 lb. will produce in it 
a change of velocity of 15 m.p.h. (Answer in poundals.) P m lt 

^ 4 iAS3"ja x 8 r h z iivzi’st ari ^ 

was^ 1/I0th sec, what waa tha avaSgff^n ZXXduX/Z 
40 Zc W t f SP " d ? 

the , f T 3 t £ T, t,me wou,d 
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4 sec., calculate the average force exerted on the stationary buffers during 

die impact. . ,, , , 

8 A tennis ball weighing 2 oz„ moving horizontally at 60 ft./sec., 

was hit straight back with a speed of 100 ft./sec. If contact lasted l/20th 
sec., what average force was acting on the racket ? What change of 
velocity would the impact cause in a mass of 14 oz. ? (U.C.J 

9 A force of 28 lb. wt. acts horizontally for 15 sec. on a truck of I ton 

on horizontal rails. If there is no friction, what will be the kinetic energy 
(in foot-pounds) of the truck at the end of the time ? (O.C.) 

10. Distinguish between kinetic energy and momentum. 

The head of a hammer weighing 1 lb. and moving at 8 ft./sec. drives 
a nail i in. into a wall. Find the average force of resistance and the 
time occupied by the action. 

228. Example .—A mass of 100 lb. falls 25 ft. to the ground and is 
reduced to rest in IflOth sec. What is the aver age force of resistance of the 
ground on the mass ? 



Fig. 391. 


Let R lb. wt. be the average force of resistance of the ground acting 

VCrt The ^resultant Iforce on the mass which destroys its movement is 

(R - 100) lb. wt. 

c (R - 100)32 ,. f (o =32) 

Impulse of resultant force on mass = -^6- 

If v is the velocity of mass acquired in falling 25 ft., 

= 64 x 25, or v = 40 ft. /sec. 

Change of momentum of mass = 100 x 40 lb.-ft.-sec., 

, (R- 100)32 =4000 

therefore 20 

20 x 4000 


R - 100 = 


32 

R =2600 lb. wt. 


y = 2500. 



436 


MECHANICS 


Note* Problems of this kind can be solved by considering the re¬ 
tardation required to bring the mass to rest, This method is preferable 
where the distance the mass penetrates into the ground is given instead 
of the time of penetration. 

Velocity v acquired in falling 25 ft. is given by 

v 2 = 64 x 25, or v = 40 ft. /sec. 

Retardation / to reduce to rest in 1/20th sec. is given by 

0 =40 - / , 

20 

therefore / = 800 ft./sec.* 

.ft,, 1 }, 6 ® 1 ? 1 *££*J° rce re <RV red to produce this retardation in a mars of 
100 lb. is 80,000 poundals, or 2,500 lb. wt. 

But Resultant force = Resistance of ground - Weight, 

therefore Resistance of ground =2500 + 100 = 2600 lb. wt. 


EXAMPLES LXI 

•JO r,' / A mas ? °f 40 ,l> - falls vertically and strikes the ground with velocity 
50 ft./sec. It the mass is reduced to rest in l/40th sec., what is the 
average force of resistance of the ground on the mass ? Show that die 
mass penetrates 4£ m. into the ground. 

t i**> * tCcl ha T ,n " r ot H? ass 10 strikes an anvil vertically downwards 

rebounds with velocity 4 ft./sec. If the time of the 
r ,5 ° h Sec ’ f,nd thc aver age force exerted by the hammer on 

me »inv li. 

1 n v ;i'A ni “ SS weighing 4 lb. falls freely from a height of 3 ft. on to an 

finrl th 1 S 4 r aft . Cr the blo ' v - If the time of impact is l/50th sec., 
find the a\ erage force between the mass and thc anvil. (O.C.) 

4. A ball weighing 4 lb. is thrown vertically downwards at 10 ft /sec 
on to a horizontal surface 9 ft. below and rebounds to the same height 
Calculate the changes produced bv the impact in (a) velocity (b) 
muriK nttiin, (r) energy. If contact lasts for 1,20th sec what is the avenee 
lorce acting on the ball during the impact ? 

S lb ' tf th, ^[ th Strik , eS ■“ shcot , of ,ro " " ith a sledge-hammer of mis 

s.r kiJ fare M ,S | - 0 1 f, ' s f c ' ? nd «•>. hammer-head has a 

* t **- sq - ln .-» calculate the force cxtrnd on the sheet of 

iron | P s' \ 40th r sec nCh 8 ' VCn tha * the tirne of im P act of the hammer on the 

velodtv oTSoft h ic°from SS I "V" , i 1 7 > ' vn v *««cally downwards with a 
a height of 0 ft If tin ^ 4 ft - After rebounding it reaches 

what*\vas°the ^verage^forcc'exerted^m^he'ball*? ^ W “ * /10th 


229. The Average Force of Reaction on a Machine Gun. 

If the mass, muzzle velocity and the number of bullets fired 
per second from a machine gun are known, we can calculate the 
change in momentum per second of the bullets and therefore 



IMPULSIVE FORCES—EXAMPLES 


437 


the average force required to produce this change. The average- 
force of reaction on the gun is equal and opposite to this. 

Example .—A machine gun fires 500 bullets per min each of mass 
i o*.. with a muzzle velocity of 2.400 ft./sec What ,s the average force 
on the gun and uhat is its average horse-power ' 

. 500 2400 _ 500 x 5 f units 

Momentum generated per second - — X 60 4 

The average force exerted is 

.>00 x r> p 0un( j a | $ lb. wt., 

6 S 

therefore the average force on the gun is = 19* lb wt - 

The kinetic energy generated in the bullets per second is 

500 


therefore 


lx x 2400* ft.-poundals, 

* 32 x 60 

,, 500 x 2400 * _ 40 . 5 

I lorse-power - 64 x H0 x :l2 „ 5 50 “ “ * 


230. Impact of Water on a Fixed Surface. 

To find the average pressure due to a jet of water impinging 
against a fixed surface, or a continued fall of rain on the groom 
we have only to calculate the amount of momentum destroyed 
per second. The average force is measured by this amount oi 

momentum. 

p.minlo —A ict delivers 10 gals, of water per second through a nm sic 

i SS&Z. sS 

water does not rehound. . ., 

(1 gal. of water weighs 10 lb. and 1 cu. ft. weighs 6- . lb.) 

Mass of water striking the wall per second 1" 10 100 ’ 

I0O g 

Volume = .-p cu - 

lj — ’•> 

Since the cross-section of the noz/le is 4 sq. in. or | , , s 'h ft - du Ungth 

of the column which issues from the nozzle per second is 

100 4 =57 0 ft. 

62-5 14 4 

The speed of the jet of units. 

Thc n ~* "n tile -U ,s therefore 5700 pound:,h - K« lb. wt 
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231. Impact of a Jet of Water on Moving Vanes. 

If a jet of water moving with velocity v impinges normally 
on a series of plane plates attached to the circumference of a 
wheel and moving with velocity u, the loss of momentum of the 
water provides a steady pressure which keeps the wheel rotating. 
This is the principle of the undershot water-wheel shown in 
the diagram. 



Undershot Water Wheel 

Fig. 392. 


If m is the mass of water striking the vanes per second the 
loss of momentum per second is m{v - u), and the average 
pressure on the vanes is m(v - u) poundals. 

Since the whole of the momentum is not destroyed the 
e lciency of this type of wheel is comparatively small, and in 
order to increase the efficiency the plane plates are replaced by 
cupped vanes as in the Pelton Wheel. J 


232. The Pelton Wheel. 

* f . a su PP'y of w ^er is available at a great height the water 
may be lead through pipes without much loss of energy to a 
power station, where it passes through a special nozzle which 
tncts the water as smoothly as possible. The jet which issues 

hltht XC f ry . SmaI1 ^-sectional area, but owing to the great 
height of the supply it is forced out of the nozzle with 
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siderable speed. The jet of water is then allowed to impinge 
on specially constructed buckets which are attached to the nm 

of the Pelton Wheel. 



Fig. 393. 


The shane of the vanes or buckets is shown in the figure. 
The ,et impinges on the sharp edge which divides the bucket 
into Co parts The water runs smoothly round the curved 
surface and its tangential velocity relative to the surface 

bucket is practically unaltered. f , hurket the 

If * is the velocity of the jet and u that of the bucket. the 

velocity of the water relative to the bucket >s o 

leaves the lip of the bucket with tins same velocity * - u ' *'^w^h 

and therefore with velocity u-(v-u) or in the forward 

direction relative to ground. ^ ^ , g ice that of the 
bucket le water is reduced to rest and simply drops to the 

is the mass of water striking the wheel per second the 
If m is the mass the average pressure 

momentum destroyed per second is rm , 

on the wheel is tnv poundals. 

• v ft iGt-r the work done on 

Since the buckets are moving at ft. sec. 



440 

the wheel per second is 


MECHANICS 


\mv- ft. poundals 

and the horse-power 

imr 

2g x 550* 

At Lac Fully, in Switzerland, the water is supplied from a 
height of 5,400 ft. above the jet and the water emerges with a 
speed of 590 ft./sec. through a nozzle of cross-section 1-48 sq. in. 
The volume of water striking the buckets per second is 

590 x cu. ft., 

141 

the mass of this water is . 

590 x 1*48x62*5 

144 

the momentum destroyed per second is 

590- x 1*48 x 62*5 
111 

and this gives the average pressure in poundals. This is equal 
to 3,320 lb. wt. 

The work done by the pressure per second is 3,320 x 295 ft. lb. 
and the horse-power = = 1,780 H.P. approximately. 


lb.. 


EXAMPLES LXII 

1. A machine gun tires 600 bullets a minute, each of mass 4 oz., 
wuh a muzzle velocity of 2,400 ft./sec. Find the momentum produced 
in these bullets per second and hence the average force of reaction on the 
gun in pounds weight. 

A jet of water of cross-scction 3 sq. in. and velocity 40 ft./sec. 
impinges normally on a plane inelastic wall, so that the velocity of the 
water is destroyed on reaching the wall. Calculate in pounds weight the 
thrust on the wall. (IS) 

■ .. Fi " d . thc fverap pressure per square foot on the ground due to a 

rainfall ol Jin. in - hr. The velocity of the rain on striking the ground 
is equal to -40 ft./see., and 1 cu. ft. of rain-water weighs 624 lb. 

o n o , *, hc ar ^ a a sa,l ,s 4nu st l and wind impinges on it’at an angle of 
to the sail Assuming that a cubic foot of air weighs 14 oz. and that 
he speed of the wind is 20 m.p.h., calculate the force exerted on thc sail. 
Assume («) that the sail is not subjected to any force parallel to its surface, 
(b) that the speed of the sail may be neglected, (c) that thc momentum of 
the wind perpendicular to thc sail is entirely destroyed 
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6. The velocity of How in a wate r main of S* in. Jiameter is < ft sec 
and at one place the main is bent through an angle of •»“ • I/*'" 1 («> the 

magnitude of the rate of charge of momentum. (M the magnitude ot a 
force acting on the pipe due to the change in direction of the pipe. 


(O.C.l 


(Take tt= — ; 1 cu. ft. of water weighs 62-5 lb.) 

6 Force is sometimes defined as “ rate of change of momentum " 
Give another way of defining it and show that the two definitions come to 

tl ‘ e Takmg'wmd pressure as due to change of momentum of the air, and 
a cubic foot'oFair as weighing H oz.. find the pressure m pounds -,«ht 
per square foot on a fixed surface at right angles to a gale of m.p.h. ^ 

7 I low is force measured ? Find the number of dynes in a poundaf 


on the wall. 


233. Motion of a Shot and Gun. 

When a gun is fired the explosive charge forms a large 
volume of gas at a very high pressure, l lus pressure acts equal^ 
on the shot and gun in the direction oi the barrel and dr 

thC I S f h the°gun is free to move in the direction of the barrel the 
forward^momentum generated in the shot at the instant u caves 
the barrel is equal to the backward momentum grated m 
gun. This is the ease when the gun is P “ 
horizontal plane with the barrel horizontal, if ‘ 

eun is elevated the momentum ot the gun is not equal an 
gun is tic\aieu i ver ti C al momentum imparted 

opposite to that of the shot, as a > . , ive prcSSU re of the 

to the gun is at once destroy ed b) die 1 

plane on which it stands. . i f or 

It should be noted tha, !rf 

preventing recoil does not prevent 1 

being applied. , , , 1S f rcc 

At present we shall only consider cases 

to recoil in the direction ol the barrel. 

Example. A .« of “ ^JT,C ^,7,^ 

outrage force exerted by the spring < 
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Let V be the velocity of recoil of the gun. 

Momentum of gun = Momentum of shot. 


Therefore 


V = 


320 x 1500 100 


= ^ = 14f ft./sec. 


2240 7 

If / i3 the retardation required to destroy this velocity in 3 fL, 

0 =(!»»)• - 6 /, 

therefore / = |(^)*. 

If R is the average force exerted by the spring. 


R = 


15 x 2240 x 100 s 
6 x 49 
16 x100* 


pound ala 


6 x 49 x 32 
= 15-9 tons wt. 


ton3 wt. 


234. Impact of Two Bodies. 

If two bodies A and B collide, then the action of A on B is, 
while they are in contact, equal and opposite to that of B on A. 
The impulse of A on B is therefore equal and opposite to that of 
B on A, and it follows that the changes in momentum of A and 
B are equal and opposite. The sum of the momentum of the 
two bodies, measured in the same direction, is therefore unaltered 
by their impact. This is an example of the principle of Con¬ 
servation of Linear Momentum. 

If a mass m, moving with velocity v, strikes a mass M, which 
is free to move in the direction of m's motion, and the two move 
on as a single body, there is no loss of momentum. 

Hence if V is the velocity of the two together after impact, 

(M + m)V = mv, 

therefore V — _ m Vw 

M + m 

It should be noted that, although there is no change in 
momentum due to the impact, there is a loss of kinetic energy. 
The kinetic energy before impact is Imv*. 

The kinetic energy after impact is 

M -f m 

and this is less than imv*, since TVI 4 - m is greater than trt. 
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Since kinetic energy is lost in nearly all cases of impact the 
principle of energy must never he used in dealing "'ith cases 

where impulsive forces occur. 

./ r 

ssrss sJW * **—" ? 

The total momentum before impact in the d.rect.on of the moving 

this direction after impact, 


therefore 


(5 + 3)i> = 100, 
100 
H 


v = 


= 12± ft./sec. 


235. Conservation of Linear Momentum. 

From the Third Law of Motion we can deduce a very i«n- 

^ f rt with regard to the total momentum of a system of 
portant fact with g articles which are acting on each 

^aSvr-'tt 

ST-I 

action and reaction therefor g „ t j ie total amount of 

of momentum inthe ^ unaltered . This 

constitutes* a "ery important principle known as the 

Conservation of Linear Momentum. 

tj:r. .*=;» zt.;1. t. —■ 


3:.™rr ^ K * 

centre O. , . _ Scribes rm<z// angular oscilla- 

Suppose that the pen" u cmc position reached by 

tions. In the figure, if Ol is tne 
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the pendulum and PN is the perpendicular drawn from P to AB, 
it will he assumed that in the experiment the accuracy will permit 
us to neglect BN in comparison with 2 r. 


A 



Since PN is perpendicular to the diameter AB, 

AN . NB = PN a 


BN(2r - BN) = PN 2 . 


Hence BN = *^ 2 

2r * 

11 m is the mass of the pendulum bob and v is the velocity with 
which the bob passes through its lowest position, since in passing 
from B to P the loss of kinetic energy of the bob is equal to the 
gain in potential energy, 

bur- — ///g . BN, 

therefore t 2 = 2° BN 





r 



2 


therefore 



For the same pendulum the speed with which the bob passes 
horizontally through the lowest position is proportional to the 
horizontal distance travelled from this position before the bob is 
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instantaneously at rest. The distance PN is therefore a measure 
of the velocity of the bob at its lowest point. 



217 Experiment.—T he ballistic pendulum, or I lick’s P dance. shown 
in the figureabove, consists of two platforms, each supported by^ 
urines It will be seen that the pendulums are as loin- as possible so 

SsSSffiSHNSSSEM 

of the extreme faces of the platforms 

ncr SrStS- p y™.rj ; 

meats until there is no motion after the < o >« n - 1 “ J, mc of swintf of 

Teh pendulum' "tan? whateTr the' maximum displacement, pro- 

vid *, d f tesrr w.i! 

d the horizontal displacements. befo ' . collision. MO md, ami 

he found that when there ,s no mot on afte r tlon coll,stun. 

^ mSHSTBSI \me oYlhc Platlorms as,de and allow ,, 

r.r ^,de nd wl,h\he o’,her which hanes vm resh ^NoOMhcd,.- 

±Sof C "h! f pla^ ?"!' 'ioad which is drawn as.de, D its displacement 
and d the common displaecmcnt, 

MU =(M + ”‘)d, «>., MV =(M + "‘H’- 

Bans? - :L - « 



446 


MECHANICS 


M and m have initial displacements D and d, and x is the common dis¬ 
placement after the collision, it should be found that 

MD - md = (M + m)x. 

Hence the algebraic sum of the momenta before collision in a 
chosen direction is equal to the momentum in the same direction 
after collision. 

238. Impact of Inelastic Bodies. 

We shall now consider more fully cases such as that men¬ 
tioned in the last paragraph where two bodies collide. After 
collision one of two things may happen : (i) the bodies may 
remain together as a single body either at rest or in motion, 
or (ii) they may rebound and separate. In the former case the 
bodies are said to be inelastic , they show no tendency to 

resume their former shape after being deformed, and in the 
second case they are said to be elastic, *.<?., they tend to retain 
their original shape. 

We shall first take the case of inelastic bodies and suppose 
that they are moving in the same straight line at the moment 
they collide. 

The principle used in all cases is that there is no change in 
momentum due to the collision, i.e. , the momentum after the 
impact is equal to the momentum before the impact. In this 
connection it must be remembered that momentum, like velocity, 
has direction as well as magnitude. If momentum in any par¬ 
ticular direction is considered as positive, momentum in the 
opposite direction must be considered negative, and it is the 
algebraic sum of the momenta in any direction that is unaltered. 

If two bodies of equal mass moving with equal velocities in 
opposite directions collide and remain together, the combined 

body will be at rest, as their momenta before impact were equal 
and opposite. n 

If a mass M moving with velocity V overtakes a mass m 
moving with velocity in the same direction and the two remain 
as one body after impact, the common velocity is easily found 

Momentum before impact —MV + rnv. 

Total mass after impact — M + m. 
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MV + trw 

Therefore the common velocity = M 

If the masses are moving in opposite directions, the direction 
of motion after impact will be that in which the one with the 
greater momentum was moving. If this is M the momentum 
before impact in its direction of motion is MV-m®, and the 
common velocity after impact will be 

MV - mv 
M + m 


Example (1 ).-A truck of 5 tons travelling at 20 ft.I sec. collides toil ha 
3 of mass 3 tons travelling in the opposite direction at 10 ft /sec 
if thitncks remain together after the collision what is their common velocity 
and what is the loss of kinetic energy due to the impact ? 


20 ft./sec. 10 ft./sec. 

cm □ 

5 tons 3 tons 
(5+3) tons 

czn 

u ft./sec. 

Fie. 396. 


The 5 -ton truck ha. the greater momentum, and we therefore take 

cd the rnomenu^before 1 impact i, 
r» X 20 - 3 X 10 = 100 - 30 =70 tons-ft.-sec. units. 

If v ft./sec. is the common velocity after impact, 

8 v = 70, 
t; = 8 ? ft./sec. 

.or 

The kinetic energy before impact is 


1 6x20* 1 3 x 10* _ 1000 , 150 __ 1050 _ 35.9 f t . tons. 

2 x —5*— 4 9 * 32 32 32 


38 


32 


32 


448 


MECHANICS 


The kinetic energy’ after impact is 

1 8 x 35 a 35* i o 7 A r*. * 

2*3inrnr96 = 12 76 f'-*» n »- 

therefore loss in kinetic energy due to impact is 

32*8 - 12-8=20 ft. tons. 


Example (2). —A pile driver of mass 4 cwt. falls 9 ft. on to a pile of 
mass 1 ton. The pile is driven 0 in. into the ground. Find the common 
velocity of the pile and driver after the impact and the average resistance of 
the ground to the penetration of the pile. 



24 cwt. 


Fig. 307. 


The velocity of the pile driver after falling 9 ft. is 

V‘2 ^32 * 0 = 24 ft./sec (r« = 2gh) 

After impact the total mass in motion is 21 cwt., and if V is the 
common velocity of the pile and driver, since the momentum of pile 
and driver after impact — momentum of driver before impact, 

24 < 112V-=4 x 24 x 112, 

therefore V = 1 ft.,'sec. 

Now this velocity is destroyed in \ ft., and if/ is the retardation 

0 — 16-2/. A, 

therefore, /= 16 ft./sec. 1 , 

and the resultant retarding force is 

24 x 112 16 poundals = 12 x 112 = 1344 lb. wt. 
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The resistance of the ground R most be equal to the retarding force 
plus the weight of the driver and pile, therefore 

R =(12 x 112 +24 x 112) lb. wt. 

= 36 x 112 lb. wt. 

= 1 -8 tons wt. 

239. Shot and Target. 

If a shot enters a target which is free to move and whose mass 
is large Comparison with that of the shot, the latter ,^ 
to rest in a time so short that we may assume the 
not move appreciably before the shot .s reduced to rest 

t0 S, and shot arc therefore assumed to moveontogeUrer 

^hCa 

the momentum of the shot be ore i P • penetrate, 

distance penetrated by the shot and the fine taken P 

Example.—A target of nuns Hie target horizontally, 

of mass * ox moving at a speed of 1 . 2 MftJsec position Y What is the 

To what height will the target r,sf ab ^' fraction of the original kinetic 
lots of kinetic energy due to the impact as a Iracu 

energy of the bullet f 



zJh ft. 


p = X 1200 Ib-ft. 

Momentum of bullet before imp 

Momentum of buHc, after impact -(*>+*»*■* 


.a.r ■ inltk 
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Therefore 


therefore 


20 ^- 


1200 
32 ’ 


v 


1200 

641 


ft./sec. =1-87 ft./sec. 


At the highest position reached by the target the gain In potential 

energy is equal to the kinetic energy of the target and bullet after the 
impact. 

If h ft. is the height to which the target rises, the gain in potential 
energy is 

32(20 J,)h ft. poundals. 


The kinetic energy of target and bullet after impact is 

1 641 1200*_ 1200* f 

2 32 ' 64T** ~ 6 4~ x 641 ft ' P ounda,a . 


therefore 


641/1 = 


1200 *_ 
64 x 641" 


Therefore /, = 1200* . 

64 x 641* 

__ 1200* x 12 . 

64 x 641* m - 

= 0-66 in. 

The kinetic energy of the bullet before impact is 

£ * x 1200* ft. poundals, 

therefore the energy loss = *200* / j _ _1_\ _ 1200* * 640 

64 V 641/ " 64~641' » 

and the fractional loss = x 64 ,640 

64 x041 1200* 041' 


EXAMPLES LXIII 

uf % \™f in VV’l°V t ra ' c - «**** 

target, find their common velocity. ' f ^ bul ** embeds ,tse,f m the 

of mast Hons^S V with a truck 

an j Proceed together after the impair °°Y P ^ d 

and the loss of energy in foot-tons due to the TmpaS " VeJ<>C,ty 

itself'in the centre'of^^suspended*mass ^"^ntnlly at 160 ft./sec. embeds 
with what velocity wiU ther be^to 0 ^- . If ^ d * y 8 lb - 

change of kinetic energy ? ^ t0 m ° VC to 8 ether ? What is the 

«** ■ - »> ^ 
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For how long must a force of 1 lb. wt. act on it in order to double ns 
momentum ? Calculate the increase in kinetic energy al ike body 

(b) A truck weighing 10 tons, moving with a velocit. of 0 ft./sec., 
collides with and remains fixed to another truck at rest weighing - tons. 
Find the final speed of the trucks. 

o. Distinguish between momentum and kinetic energy. 

A railway wagon weighing 5 tons and moving at 4 m.p.h. collides 
with a stationary wagon weighing 2 tons. If the two then move on 
together, find in foot-pounds the kinetic energy lost. * ) 

6 Distinguish between momentum and kinetic energy. 

A gun of mass 5 tons fires a shot of mass 1 12 lb. horizontally with a 
velocity of 1,600 ft./sec. Calculate (a) the initial velocity of the gun. 

( b ) its initial momentum, (c) its initial kinetic energy. before 

Also determine the distance the gun will move horizontally before 

comlig to res™n.s reco.l resisted by a steady hor,rental force ( OfJO 

,0nS 7 W A truck of mass 10 tons travelling a. 8 ft./scc. collides with a second 

truck travelling in the same d.rect.on with a speed of 4ft./»cc. ™ 

common speed of the trucks alter impact i* - fft.jsec. W nat is uk n 
r ernnd truck * If the two trucks experience a resistance ot 30 lb. 
^ per mn to motion aJter impact, how far will they travel before coming 

t0 Ta truck of 5 tons mass runs at 10 m.p.h. into a stationary truck 
and the two move on together at 4 m.p.h. Find the mass of the second 
mfck and find° what is the loss per cent, in kinetic energy due to the 

unpact. weighing l ton fires a shot weighing 2J lb. horizontally 

with a velocity 0 ^ 1,200 ft./scc. relative to the ground, kind the kinetic 
of ,£e shot and of .he gun a. the rcco.l, each to <hc nc.«« fooj- 

POU "o' A milway truck weighing 111 tons .ravelling at 9 ft./sec. collides 
with an eq”al .™ck travelling at 3 ft./scc. the same J.rcct.on^ krnd 
their common velocity when the bulfer springs arc at their creates 
compression. Find also the energy in foot tons which is stored in h 
springs at this instant, assuming that no energy is wasted. 

11. Define momentum, force. f f . overtakes 

A body of mass 10 lb. moving with a velocity of - [ ft.*scc. ^ trt “ kcs 

an(1 collides with a body of mass 6 lb. moving with a velocit) of I - ft /sec. 
and collides w i n a n > collision both bodies move on together. 

bodies had moved originally in opposite directions . ki » 

1? A bullet having a mass of 4 oz. possesses 100 ft. lb. ot striking 
energy. ^VVhat Vekicity corresponds to this ? What average force wdH,e 
needed to stop the bullet in a distance of halt an in 

l‘t Distinguish between momentum and force. f 

A nde driver of mass 2 cwt. falls from rest a ve rtical c .stance of 

16 ft. and .trikes a pile of mas, ^“^^fhlow' [he piU-' driver and 
which the ground offers in tons weight. 



452 


MECHANICS 


14. What is meant by an impulsive force ? How is such a force 
measured ? 

A heavy pendulum of mass 10 lb. hangs at rest supported by a light 
string so that its centre of gravity is 6 ft. below the point of support. 
It is given an impulse and is observed to swing through an angle of 60° 
from the vertical. Determine the magnitude of the impulse. (L.M ) 
lo. Define the terms momentum, potential energy and kinetic energy 

, , mas , s * to H fir f s a Projectile which weighs 28 lb. with a speed 

of 840 ft /sec. What is the velocity of recoil of the gun ? If the gun 
recoils a distance of 21 m., what is the average force opposing the motion ? 

, 1 ®* St ?* e the . Principle known as the conservation of momentum? 
and describe a simple laboratory demonstration of the principle 

A ball of mass 6 lb moving at 20 ft./sec. meets another moving in 
f h r ^,° p P° s ' te direction along the same line at 15 ft./sec. The former is 

m^rfiti, H rC p*’ thC Stte S H u S ltS veloc,t y reversed but unaltered in 
magnitude. Find the mass of the second ball, and state the magnitude 
of the change of momentum of each. * 7 ?) 

c.c !J'A b » U i lle f of _ mass * oz - fircd horizontally buries itself into a freely 
suspended block of wood of mass 20 lb., and the block swings to a position 
i in. higher than its lowest position. Show how to calculate %) the 

block ’ (6) the initiai vciocit >- f Q 

wL D J Stln8Ulsh be , nv ; een momentum and kinetic energy' 1 * '* 

\\ huh is conserved during a collision and what happens to the other ? 
it- if ct we, gh»ng 30 gm. and travelling at 500 metres/sec embeds 
} n , il suspended lump of wood weighing 7-47 kgm I low far will 

o H f itstving h 7 e If r, Se length Tf XT*™' ^4* *£ end 

^ 00 C » i?| V 'cc™ ng “ hnri “ nCd dir " tio " f (* mlTbe burned'to 
JWo 0 ' b «he”ndcf B a 

to'/otoc^T^'^, and h'T' c «"***r- »<» U& 

ve".’ic 

moving when it reaches its lowest ^nt' Ch the b ° b 7? 11 

weighing SV,;’^ Sb b 7m C o";n7°^ ntUm ^ kinctic cner S>'- A P^jccrile 

itself in the bob of a pendulum weighhi^^Okgm ^haVisth^' tmbeds 
vertical height to which the bob will uF • t V thc maximum 

(L.M.) 

240. Impulsive Tensions. 

stringTdVre'ser"- arC COnnectcd b >‘ a light inextensible 

8 md are Set m mot,on on a smooth horizontal table in 
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opposite directions in the same straight line. When the string 
becomes taut a large impulsive tension is produced which at 
every instant of the time it acts exerts equal and opposite forces 
on the two masses. The motion of the masses is therefore altered, 
but the change in momentum of one mass is equal and opposite 
to that in the other. This change is an instantaneous one, and 
unless the masses are reduced to rest they will afterwards move 
with the same velocity, and the tension in the string then becomes 

If one mass is at rest on a smooth table and the other is pushed 
over the edge, the string being slack at first, there is again a jerk 
when the string becomes taut. Although in this case the impulses 
given to the masses are not in the same straight line, the magni¬ 
tudes are equal, and therefore the changes in momenta are equal. 
Since the jerk increases the momentum ol one body by an amount 
equal to that destroyed in the other, the momentum of the system 
is unaltered by the jerk. 


,- v , mn l p —Two masses of 5 and 7 lb. are connected by a light 
Ejcamp ( )• . , .p, r>-lb mass rests on a smooth horizontal 

<”*?•from, he eZJdtl^ldb mass rest, on the table close to the 

The speed of the 7-lb. mass after falling freely through 1 ft. is 

V‘2gl< 1=8 ft./sec. 

1 its momentum is 7x8-50 m sped 

The string then becomes taut, and 11 v it./s>cc. k> 

of the masses after the jerk 

1 2v = 56, 

jince the total momentum is unaltered. 

Therefore o=4jft ./sec. 

The masses then continue to move with equal velocities, the •cceler.- 
tion / being gi^ eii by 


7* l*/i 



or 
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After moving 1 ft. to the edge, the velocity V of the 5-lb. mass will 
be given by 


herefore 


vW 11 ?, 14 „ v i _196 ^32 x 14_532 

V :i / 12* 9" H> 9“’ 

V = “3_06 = 7 . fi 9 ft./sec. 


i .‘T ao masses of 3 and 5 lb. are connected by a light in- 
extensible string which passes over a smooth fixed pulley. The masses are 
released from rest with the string taut, and after I see. the 3-lb. mass picks 
up a mass of 4 lb., which is at rest. Find the speed of the system after the 




Fig. 399 


Although in this case the masses art not moving in the same str„Vhr 
§\7icT ^ thUt thC l ° taI —nt of the systemluT unaltered 

arc- micS.' firS ' Knd ,h ' accdera ' io '' f »f system when the masses 
If T is the tension in the string, 

For the 5-lb. mass 5g -T = 5 f. 

For the 3-lb. mass T - 3g = 3 /, 

therefore 2 rr - or — a .v / s 

» or J —tS = o tt./sec.* 

After 1 sec. the velocity acquired is 8 ft./sec. 

'I'he momentum of the system is 8 x 8=04 lb -ft./soc. units. 
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After the 4-lb. mass is picked up, the total mats in motion is 12 lb., 
and if v is the common speed of the system 

1 2v = 64, 

v = 5J ft./sec. 


or 


EXAMPLES LXIV 

1. Two masses of 1 and 2 lb. are connected by an inelastic string of 
length 2 ft. The 2-lb. mass rests on a smooth horizontal table and is 
1 ft. from the edge, if the 1 -lb. mass is let fall from the edge of the 
table, find the velocity with which the 2 -lb. mass is jerked into motion. 

2. Two masses, each of 2 lb., connected by a string passing over a 
smooth pulley, are moving vertically with a velocity of 2 ft. sec. I he 
ascending mass passes through a fixed ring without touching it and 
removes from the ring a mass of 4 oz. which it carries with it. hind the 
height to which the 4-oz. mass is c irried. 

3. Two masses of 3 and 5 lb. are tied to the ends of a string 13 ft 
long. The string passes over a smooth peg 8 ft. above a horizontal 
table, the 5-lb. mass lying on the table, the 3-lb. mass being held close 
to the peg. If the 3-lb. mass is let fall, show that the 5-lb. mass is jerked 
into motion with initial velocity '.iVo ft. -we., and that the 3-lb. mass 
reaches a point T V. ft. above the table before it comes to rest instantaneously 

prior to rising again. , , , . 

4 Two masses of 10 and 8 oz. arc connected by a light string passing 
over a smooth fixed pulley. The system starts from rest, and the 8 -oz. 
mass, after it has risen 3 in., passes through a fixed "j.g on which rests a 
bar of mass 2 oz., and so carries the 2 oz. mas* on with it Show tint the 
common velocity ol the system just after the —oz. mass is picked up 
is lfc ft./sec. 

241. Collision of Elastic Bodies. 

The property by virtue of which a body tends to resume its 
original shape when being deformed is called Llasiicity. 1 he 
force tending to restore the shape varies considerably lor diilerent 
materials; c.»., it is great in the cases ol steel ami iron, but 

almost negligible in the case of lead. 

The force of restoration during the collision ol two elastic 
balls, such as billiard balls, increases from zero at the moment 
of contact to a maximum value when the deformation has reached 
its maximum. After this the shape is restored and the balls are 
forced apart. In the case of an elastic ball striking a wall the 
ball becomes Hattened to an extent depending on the speed uith 
which it strikes, and after being reduced to rest the elastic lorcc 
tending to restore the shape forces it bacu lr«>m t u ".i 

In both cases the forces acting 


the two bodies at any 


on 
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instant during contact are equal and opposite, and if both are 
free to move, the changes in their momenta are equal and opposite. 

If a ball of mass m strikes a wall in a direction perpendicular 
to it with velocity u and rebounds with velocity v> the impulse 
on the ball is measured by the change produced in its momentum. 
Since momentum mu in one direction has been destroyed and 
momentum rrw generated in the opposite direction, the total 
change is mu + ntv. 

Therefore the impulse given to the ball =m{u +t>). 

It is clear that for a given value of u the value of v will 
depend on the materials of which the ball and the wall are made ; 
i.e., on the degree of their elasticity. 

This cannot be calculated theoretically, and we have to fall 
back on the results of experiments. 

In the same way if two bodies of masses m x and m 2 moving in 
the same straight line collide with velocities ti x and u 2 respectively, 
we can deduce from the principle of momentum that if v x and v 2 
are their velocities after impact 

Wi*>i + m 2 v 2 = m 1 /4 1 + m 2 u 2 . . . (i) 

In the cases previously dealt with, the bodies were supposed 
to keep together after impact so that v 1 =v 2 , and knowing the 
values of m lf m 2y u x and u 2 , we could calculate the value of v x 
from this one equation. 

When the bodies separate we cannot find either v x or v z from 
this one equation. 

To obtain another equation we must make use of the results 
of experiments on bodies made of the kind of material in question. 

Newton investigated this matter by comparing the relative 
velocity with which two spheres approached each other with the 
relative velocity with which they separated. This can be done 
in the following mann er ;— 


Experiment (1). Two balls of different masses are suspended, each by 
^' h :i a l s ;, as , s . hown ft. /»?• i 100 - When the balls are pulled aside and 
!' ?. hcy co,hde ft ,th arc moving horizontally. The 

hon/xmtal displacements of the balls before and after the collision are 
proportional to the velocities of the balls in their lowest position before 
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and after impact. The total horizontal distance apart of the balls before 
they are released and their maximum horizontal distance apart after 
collision are proportional respectively to the magnitudes of their relative 
velocities before and after impact. 



Fic. 400. 


Using bodies of the same material it is found that 

Relative ve l ocity of separatio n 
Relative velocity of approach 

This constant depends only upon the materials of which the bodies 
are made and is independent of their masses. . 

The numerical value of the constant is called the Coefficient ol 
Elasticity, or better, the Coefficient of Restitution for the materials 

of the bodies, and is denoted by e. . 

Uet u, and u, be the velocities of the bodies before impact, and v, and 
v. the velocities after impact, all measured in the same direction, the 
relative velocity of separation is v, -v t and the relative velocity of approach 
is u, -u t . As these velocities are in opposite directions, one ot them 
must be considered as negative and the other positive, we therefore have 


v, -v. 


- e. 


where e denotes the numerical value of the coefficient of restitution. 
This gives us a second equation, 

v x -v t = -efu, -«j) • 
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And by means of this and equation (i) above we can find the values of 
t>i and i»j. 

The value of e differs considerably for different bodies ; for two 
glass balls it is about 0-9 ; for ivory, 0-8 ; while for lead it is about 0-2. 

Bodies for which e is zero are said to be inelastic, whilst for a perfectly 
elastic body the value of e would be unity. 

Another method of determining the value of e is described in the 
following experiment : 

Experiment (2).—A ball is dropped on to a plane horizontal fixed slab 
of the same material. 



Fig. 401. 


The speed at which the ball hits the surface and the speed with 
which it rebounds are equal respectively to V^2gH and V -gh, where 
FI and h are the heights from which the ball is dropped and to which it 
rebounds. 


= 

V'2gll 

By observing a series of values of H and h an average value of e may 
be obtained. 


Therefore 


Sp eed of separat ion 
Speed of approach 



242. Direct Impact of Two Spheres. 

Impact is said to be direct when the direction of motion of 
each body is along the common normal to the surfaces at the point 
where they meet. In the case of two spheres this means that 

moving along the line through their centres. 

Let ffij, m 2 be the masses, u ly u„ the velocities before impact 
and z-j, r 2 the velocities after impact and e the coefficient of 
restitution. 
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By the principle of momentum we have 

m x v x + tn.,v 2 = m 1 u l -t■//i.,w-> • • • (0 

By Newton’s Experimental Law we have 

i\-v 2 = - e (Ui - tu) ■ (") 

v, and v 2 can be calculated from these equations when we 

know the values of w x , tn 2 , «i» ant * e - 

In all cases such as this the greatest care must be taken to 

give each velocity its correct sign after deciding on which direction 
we are going to consider positive. This is usually taken as that 
in which the body with greater momentum is moving, and we 
will suppose this is m x . If the other sphere, m 2 , is moving 
originally in a direction opposite to that of m ,, we must change 
the sign of u., in each of the equations (i) and ( 11 ). 

It is most important, however, that we should assume that 
t,. and «,, are in the same direction , the positive one If either of 
them is really in the opposite direction, the value obtained from 

the equations will have a negative sign. 

In writing down equation (ii) great care must be taken to 

subtract the velocities in the same order on both sides. It is 
best to draw a diagram showing clearly the positive direction and 
the directions of motion of both bodies before impact. 

These points are illustrated in the following examples. 

aftrr impart. 



Positive direction 
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Leti»i, t> s be the velocities of the 3 and 5 lb. spheres respectively after 
impact. By the principle of momentum 

3z>, +5r a = 3 x 10 + 5 x 4 = 50 . . (i) 

and by Newton’s Law, 

»!-»«= -^ (, °- 4) = -f5 • • • (“) 

therefore 5t>, - ;’w, = - 24 . . . . (iii) 

Adding equations (i) and (iii), 

8vi =26, or v, =3*25 ft./sec. 

Substituting in (ii), 

v t = 3-25 +4-8 =8 05 ft./sec. 

Example (2).— If the balls in the preceding example are moving in 
opposite directions . find their velocities after impact. 

Positive direction 

FlC. 404. 



Since the 3-lb. ball has the greater momentum we choose its direction 
of motion as the positive direction, and we assume that both v y and v, 
are in the same direction. 

The momenta before impact are now in opposite directions and from 
the principle of momentum 


3t>| + 5v t = 3x10-5x4 = 10 

The relative velocity before impact is now 10+4 
10 - 4. 

From Newton’s Law 

therefore 5t>, - 5r, = - 56 . 

Adding equations (i) and (iii) 


(i) 

or 14 instead of 



8t>i — - 46, or = - 5-75 ft./sec. 

This means that after impact the direction of motion of the 3-lb. 
ball is reversed. 

Substituting in (ii), 

v 2 = - 5-75 -4-11*2 =5*45 ft./sec. 

The direction of motion of the 5-lb. ball is also reversed. 


Example (3).—Two balls of masses 2 and 3 lb. moving in the same 
straight line in opposite directions with velocities of 8 and 2 ft./sec. respec- 
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lively collide. If the coefficient of restitution is i, find the velocities of the 
balls after impact. 



Positive direction 


Let u, and v t be the velocities of the 2 and 3 lb. balls respectively 
after impact. 

By the principle of momentum 

2v, +3v f = 16 -6 = 10 ...» 

By Newton’s Law 

Vi -t>«= -J(8 +2) = 


3.,-3u f =4° 


(0 

(ii) 

(iii) 


,o 90__30 
= to - — - —, 

°. = -ro 


therefore 

Adding (i) and (iii) 

therefore 

Substitute in (ii) _ . , r K fr /c „_ 

v t = - 2-5 + 7-5 = 5 ft./sec. 

The directions of motion of both balls are reversed. 

243. Direct Impact of a Body on a Fixed Plane. 

Let m be the mass of the body and u the velocity with which 
it meets the plane and * the coefficient of restitution for the 

body and the plane. 

Since the plane is fixed there is an external force acting on 
the system during impact and the principle of momentum cannot 

bC To'find the velocity of rebound we must use Newtons Law. 
From this we know that the relative velocity perpendicular to the 
plane after impact is - e times the relative velocity before impact, 
measured in the same direction. 

If v is the velocity of rebound. 


t;= -eu. 
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Remembering that the velocity of rebound is in the opposite 
direction to that of impact, we may say that 

Velocity of rebound =ex velocity of impact. 

EXAMPLES LXV 

1. A panicle falls freely through a height of 16 ft. and strikes a 
horizontal plane from which it rebounds. If the coefficient of restitution 
between panicle and plane is i, find the height to which it ascends after 

rebound. , . . 

2. A ball falls through a height of 8 ft. on to a horizontal plane. 

After rebounding it rises to a height of 41 ft. above the plane. Find the 
coefficient of restitution between ball and plane. 

3. A small, smooth steel ball of mass 40 gm. slides down a smooth 
inclined plane from a height of 10 cm. on to a smooth horizontal plane. 
Just after reaching the horizontal it collides directly with a ball of equal 
size but mass 20 gm. 

(a) Find the velocities of the two balls after the collision, taking the 

coefficient of restitution or elasticity as 0-9. 

(b) State clearly the principles on which you have based your calcula¬ 

tion of what happens at the collision. 

(c) State in general terms, without calculation, what changes in 

kinetic energy occur during the collision. (J.) 

(It may be assumed that the first ball undergoes no impulsive action 
before striking the second ball.) 

4. A sphere of mass 3 lb. moving at 4 ft./sec. overtakes another sphere 
of mass 2 )b. moving in the same direction with velocity 2 ft./sec. If 
e = £, find the velocities after impact. 

5. A ball of mass 5 lb. moving at 8 ft., sec. overtakes another of mass 
4 lb. moving in the same direction at •"» ft./sec. If e = i, find the velocities 
after impact. 

0. A ball of mass 10 lb. moving at 8 ft./sec. impinges directly on a 
ball of mass 8 lb. moving in the opposite direction at 4 ft./sec. If e = \, 
find their velocities after impact. 

7. A ball of mass m moving at 7 ft.-sec. overtakes another of mass 
2m moving in the same direction at 1 ft./sec. If e = $, show that the 
first ball will remain at rest after the impact. 

8. Two spheres of masses 2 and 3 oz. are moving in their line of 
centre towards each other with velocities 24 ft. sec. and 30 £t./sec., and 
their coefficient of restitution is J. Find their velocities after impact 
and the loss in kinetic energy due to the impact. 

9. If two perfectly elastic spheres, of equal mass and moving in 
opposite directions, impinge directly, show that they wall exchange 
velocities. 

10. A sphere impinges directly on an equal sphere at rest. If the 
coefficient of restitution be e , show that their velocities after impact are 
ss (1 -c) : (1 +e). 



ANSWERS 


1. 31*410 miles ; 

2. 150-2 ; 147-7; ^t 7 . 


1. Fraction — H ; 3$fJ in. 

2 . «. 

1. 4-32 mm. 

2. 0-653 cm. 


EXAMPLES I 

3. At least 1 in 24. 

4. 0-9 per cent. 

EXAMPLES II 

j 3.3.4. 

EXAMPLES III 

3. 0-0554. 


EXAMPLES 

3. 8-55 lb. wt./in. 

4. Extension not proportional to 


IV 

load after 0-4 lb. Spring is 
then overstretched. 


EXAMPLES V 


1. 300 lb. wt. ; 300 lb. wt. ; B5S 

lb. wt. 

2. 1 ton wt. 

3. 8 st. 

4. 10 lb. wt. ; 5 lb. wt. vertically 

downwards ; 7 lb. wt. verti¬ 
cally upwards. 

0. 4 ton wt. 

EXAM PI 

1. 2 ft. from C on side of pivot 

opposite to 20 lb. wt. 

2. 5-4 in. on side of pivot opposite 

to 3 lb. wt. ; « lb. wt. 

vertically downwards. 

3. 40 lb. wt. 


6. 5 lb. wt. ; o lb. wt. 

7 . 71 lb. wt. ; the 10 lb. will 

descend. 

8 Tension 3 lb. wt. ; reading of 
balance G lb. wt.; force on 
beam 12 lb. wt. 

9. S=7 lb. wt. ; T, =6 lb. wt. ; 
T a = 2 lb. wt. 

ES VI 

4. 4): ft.; 272 lb. wt. vertically 

downwards. 

5. (a) I lb. wt. vertically upwards ; 
(/>) 1 lb. wt. vertically downwards. 

6. Weight 40 lb. ; centre of gravity 

is 2 ft. G in. from A. 


EXAMP 

1. 11* lb. wt. anti 18J lb. wt. 

2. 1 ft. 4 in. from B. 

3. T = 10 lb. wt., 30 lb. wt. 

4. 33J, 50$ lb. wt. ; 1A ft- from 

midpoint. 

0. 6* lb., 7i lb. 


.ES VII 

6. 58J lb. wt., 31$ lb. wt., S ft- 

from centre of table. 

7. 3 ft. G in- from this man s end. 

8 - 1 >'■ l,K „ 4 

0. J ton wt. vertically upwards. 

10. 34; cwt., 28’ cwt. 

11. 40 lb., Gj; ft. 
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EXAMPLES VIII 


1. 3? lb. \vt. 

2. P=46-2 lb. wt. 

3. 120 lb. wt. 

4. 250 lb. wt. 

5. 70-7, 50 lb. wt. (AB uppermost), 

86-6 lb. wt. (CD uppermost). 

6. 1,200, 800 lb. wt. 

7. 1 ; 0-707 ton wt. 

8. 6-93 lb. wt. 

9. 34-6 lb. wt. 

10. 11-3 lb. wt. 

11. At the beginning ; 2-61 cwt. 


12. 520 ; 41-9 lb. wt. 

13. 93 lb. 

14. 63-6 lb. wt. 

15. 10-6 lb. wt., 42-4 lb. wt. 

16. 0-26 lb. wt. 

17. 2 ft. from lower end. 

18. -rt ton wt. 

19. (a) 245 ; ( b ) 212-2; (c) 122-5 

lb. wt. 

20. 1,375 lb. wt. 


EXAMPLES IX 


1. (a) 32 ; (6) 2g ; (c) 2tf ; ( d ) 

13$ ; (e) 21f lb. wt. 

2. 13$ lb. wt. 

3. 27 in. 


4. 4,320 lb. wt. 

5. 4J lb. wt. 

6. 14 lb. wt. 

7. 455 lb. wt. 


EXAMPLES X 


1. 84$ lb. 

2. 40 in. 

3. 10-5 lb., 5 lb.; $ inch. 

4. 2-2 in. from scale pan end 

1-1 in. 

5. 4-8 in. from scale pan end. 


6. 2-5 lb., 27 in. 
9. 2 in. 

10. 17 in. 

11. 13-2 lb. 

- B- 


1. 1-70 in. from AB. 

2. 8^, in. 


EXAMPLES XI 

3. 5-43 in. from CD ; 8-14 in. from 

BC. 

4. 33$°. 


EXAMPLES XII 


1. 2 ft. 9 in. from A. 

2. 10 ft. from A. 

3. 15-32 ft. 

4. 134. 

5. 132. 

6. 0-44S in. from centre of disc 

7. 32 in. 

S. 1$ in. 

9. S-9 cm. from apex of cone. 

10. 1-62 ft. 


11. 3-79 in. from end of portion, 

diameter 1$ in. 

12. 10 in. 

13. in. from centre of disc. 

14. 5-12 in. 

15. 2-4 in. from centre. 

16. 2-8 ft. from broader end. 

17. 10-5 in. from DC on the per¬ 

pendicular bisecting DC. 
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EXAMPLES XIII 


1. 12g ft. ; 10J ft. 

2. ft. from AD ; 12 ft. from AB. 

3. 2 in. from AC ; 2 T a - in. from AB. 

4. Jiin. from CD; 2f f in. from BC. 

5. 9-^j cm. from BC and CD. 

6. 2*85 in. from AB ; 4-03 in. trom 

AD. 

7. in. from centre of sheet. 

8. 1$ in. from 3-ft. rod ; 1 i*j ft. 

from 4-ft. rod. 

9. ft. or 0-495 ft. from AB. 

7 

10. Tan' 1 i or 7° 7'. 

11. 10 in. below centre of table-top. 

12. 766 lb. 

13. 64A lb. 

EXAM PL 


14. At a point X in AB, 5$ in. from 

B. Yes ; any point vertically 

/ 

below X and less than — in. 
from it. 

15. fgcm.fromAD; 3Jcm.fromCD. 
1C. in. from the centre line. 

17. 10-71 lb. placed at edge of table 

on a line joining any leg to 
centre of table. 

18. 0-288 in. from centre of hexagon. 

19. 41 in. from B ; 2 lb. 

20. (a) 2,102 lb. wt. ; (6) 1 ft. 

7 in. above the beam and 3 ft. 
4 in. from vertical end of 
wall ; (r) "00 lb. wt. at A ; 
1,400 lb. wt. at B. 

ES XIV 


8. 17-32 cm. 

9. 53° 8 ft'. 

11. 25 lb. wt. ; 10 n /5 or 22-4 lb. wt. 
at tan -1 i or 26° 34 with the 
horizontal to midpoint of one 
of the top edges. 


12. 1-5 in. 

13. 7 : 9. 

14. No. The centre of gravity is 
„y, of side of square from AD. 

15. ii lb. , 

17 4 cm. from the heavy end. 


EXAMPLES XV 


1. (a) 3,600 ft. lb. ; (b) 1 \\ ft. tons 

2. 235$ ft. tons. 

3. 16* ft. tons. 

4. 9,240 ft. lb. 

5. 600 ft. tons ; 150 ft. tons. 

6. 226,000 ft. lb. 

7. 10,600 ft. tons. 


8. 12* ft. 

9. 16.200 ft. lb. 

10. 471 - ft. tons. 

I 1. 288J ft. tons. 

12. 3.360 ft. tons. 

13 . 72,000 ft. tons. 


1 14. 275,000 ft. lb. 

EXAMPLES XVI 


1. 3 ; 12 lb. 

2. 6 ; 6 ; 6 in. 

3. 80 per cent. ; i- 

4. 3i ; 5-04 in. 


5. 100 lb. ; S- 

6. 75 per cent. ; 80 per cent. 

t .. ~ /• ii. . rum u 


?! 24,000t ft. lb. ; 060 lb. 
9. 160 |b. 

EXAMPLES XVII 


L 8 lb. ; 9IS lb. ; 25-8 ; 32 

2. ‘20 1b. ; 21 lb.; 5t ; ; 153 lb. 

3. 31J ; 0-87. 

5. 1 § lb. 

8. 0 ; 7. 

10. 80 per cent. ; 14 lb. 

I L 33* lb. ; 3. 

12. 0-97. 

13. lo lb. ; 80 per cent. 

14. 2cwt. 


15. 40 lb. 

16. 65 per cent. ; 400 lb. wt. 

17. 10 st. 3 lb. 

18 The 3 -sheave block should be 
attachcd to the load ; 6 times 
the effort is then available for 
moving the load. 

19. 4 ; 3-8; 95 per cent. 

20. 83| P er cenl - 
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EXAMPLES XVIII 


1 . 18 ; §. 

2. 16. 

3. 9 ; 32 ; 64 ; 20 ; 40 ; 80. 

4. (a) 320 lb. ; 208 lb. 

(b) 10-4. 

( c ) 35 lb. ; 100 lb. 


5. 38-9 per cent. ; 61-1 per cent. 

of input ; it can be useful in 
preventing overhauling. 

6. 5 lb. 

7. 40 per cent. ; 2-4 lb. 

8. 46-9 per cent. 


1 . 

2 . 

3. 

4. 


480 ft. tons ; 
720 ft. tons ; 
56 ft. tons. 
97-1 ft. tons ; 


EXAMPLES XIX 


80 per cent. 
83$ per cent. 

96-6 per cent. 


5. 30 ft. lb. ; 9 ft. lb. ; 77 per cent. 

6. 1,008 ft. lb.; 168 lb. wt.; 

194 lb. wt. 


EXAMPLES XX 


1. 108tt ; 42-4 lb. 

2. 27-8 lb. 

rs-rr 


4. of a turn ; in. ; 3,200. 

5. S ; J. 

0- («) t»* 5 (b) 9 V 

7. 33 $ ; 1,000 lb. 

8. 0-91 cwt. 

9. 2,100 lb. 

10. 108 ; 1,350 lb. 

11. 13$ revs, per min. 


12. 96. 

13. 88 ; 25-5 per cent. ; 77-1 lb. 

14. 124-4 lb. 

15. 6 ; 60 per cent. 

10. 10-5; 3-5; 33$ per cent. 

17. 86* lb. ; 265-6 ft. lb. 

18. 2 ; 3§ ; 5$ ; 7 lb. wt. ; 15; 

12 rV I Hi; 10?. 

19. 7. 

20. 3-96 lb. wt. 

21. 32 lb. per sq. in. 


EXAMPLES XXI 


2. E = 0-084L +30 ; 47-5 lb. wt 

3. a =0-0864; e = 2-83. 

4. 10 per cent. ; 19*2 per cent. 

5. E -0-383L +3-2. 


6. 480 lb. ; 40 per cent. 

7. 26 per cent. ; a - 2 2, b =0-085. 

8. 21-8 lb. ; 104 lb. 


EXAMPLES XXII 

2. 10 lb. ; 100 lb. ; 20 lb. ; 15 lb. ! 4. F =0-033L +3-08. 

3. F=0 0780L+ 1-5. 


EXAMPLES XXIII 


1. (a) 60 ft. sec. ; ( b ) 45 m.p.h. 

2. A = 10 m.p.h., B 7-5 m.p.h, 

4. 3-06 ft./'sec. 

5. 3-00 ft./sec. ; 175 revs, per min. 

0. 49 3 m.p.h. ; 20-0 m.p.h. ; 

56-0 m.p.h. ; 421 m.p.h. 

7. 32-0 ft./sec. ; 31-9 ft..sec. 

8. 159-2 m.p.h. 

9. 107-5 m.p.h. ; 100-6 m.p.h. ; 

91-S m.p.h. 

10. A = 10-8 knots ; B 12-5 knots. 

11. 7$ knots ; 27$' W. of N. 


12 . (i) («) 10-2 m.p.h. ; (6) 13* 

m.p.h. ; (r) 20* m.p.h. 
(ii) (<j) 105-6 ft./sec. ; ( b ) 28-8 
ft./sec. ; (c) 116-6 ft./sec. 

14. 96-6 km./hour ; 2,682 cm./sec. 

15. («) 750 m.p.h.; ( b ) 892,800 times 

as fast. 

16. (a) 18-6 m.p.h. ; ( b ) 16-7 m.p.h.; 

(c) 13-8 m.p.h. ; ( d ) 13-7 

m.p.h. 

17. A beats C by 3 yds. 1 ft. 
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3. 

4. 


1 . 

2 . 

3. 

4. 


1 . 




1 . 

2 . 

3. 

4. 



1 . 

2 . 

3. 


4. 

5. 


EXAMPLES XXIV 


60 ; 40 ; 32 m.p.h. 

I hr. 45 min., 3 hrs. 30 min., 

5 hrs. 15 min., 0, 2 hrs. 20 
min., 4 hrs. 40 min. ; farthest 
apart at 1 hr. and 6 hrs., 
distance 2 miles. 

After 12* min. ; (i) 1* miles ; 
(ii) § mile. 

Pedestrian passes cyclist after 
l hr. 20 min., 2 hrs. 40 min.. 
4 hrs., 5 hrs. 20 min., 6 hrs. 
40 min. ; cyclist passes ped¬ 
estrian after 1 hr. 36 min., 
3 hrs. 12 min. ; 4 hrs. 48 min., 

6 hrs. 24 min. ; after 8 hrs. 


5. 

(i) 20 m.p.h. 

; (ii) 30 m.p 

.h. ; 


(iii) 1£ to 3J min. 


6. 

After 1 hr. 10 min. 


7. 

18 ft./sec. ; I 

G*S ft./sec. 


8. 

1G0 ft.'sec. 

after 5 sec. ; 

1G 


ft./see. 



9. 

4S ft./sec. ; 

80 ft./sec. ; 

1 13 


ft./sec. ; 145 ft./sec. 


10. 

12-5 in./sec. 



11. 

7-4 ft./sec. ; 

131 ft./see. ; 

15-5 


see. 



12. 

5-3G ft./sec. ; 

0*257 see. 



EXAMPLES XXV 


56* ft. 

1,050 ft. 

t \ mile; total distance 1*5 miles. 
0-37 mile. 


5. 0-63G rad. sec. 

G. 1-88 ft. ; 3*13 ft./see. 

7. (6) 22 m.p.h. ; (rl 2 miles ; 
( d ) average speed 24-6 m.p.h. 


EXAMPLES XXVI 


(a) 10-9 ; (A) 76-97. 

(a) 3,600°; (A) 1.146°; (r) 

14,400°. 

(a) 10-47 ; (A) 0-698. 

0-00014; 0 00174. 


5. 10-47 rad./sec. ; 2-62, 4-36. 

10-47 ft./see. 

6. (a) ; (A) ; (r) 1.0-17 m.p.h. 

7. 0-0172 rad./day ; 1.076. 

8. 3 for rollers ; if l<»r pulley. 


EXAMPLES 

30 ft./sec. 

1* ft./see. 1 
39 min. 6j sec. 

183* sec. ; 36? ft./sec. 

29 ft./sec. ; greatest 44 ft./sec. 


XXVII 

6. (a) 0-733 ft./sec.*; (A) I if ft./ 

sec. 3 ; (r) 242 ft./sec. 2 

7. No. 

8. («) 33 ft./sec. 3 ; (A) 26-1 cm./scc. 3 

9. 1181-1 yds./min.* 


EXAMPI 

Yes ; 0-65 ft./sec.* ; 495 yds. 

0-2 ft./sec.* ; 2 - 1 H miles. 
Acceleration uniform for lir-t 
second, and then speed be- 
comes approx, constant. 

4,275 yds. 

2,95If ft. 


ES XXVIII 

G. 48 m.p.h. 

7. I 27 sec. 

M. 877 sec. 

U. G in. sec. 

10. 300 m./hr. 8 ; 2* miles. 

11. 21 and 10-5 ft./sec. 

12. 0-4 ft./sec. 3 
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EXAMPLES XXIX 


1. 36 ft./sec. ; 540 ft. 

2. 4-5 ft./sec.* ; 225 ft. 

3. 1-5 ft./sec.* ; 3 ft./sec.* ; 66 

ft./sec. ; 132 ft./sec. 

4. 8 ft./sec. 2 3 4 5 6 7 ; 121 ft. 

5. 2-87 ft./sec. 1 ; 20,*, sec. 

6. 7,575 ft. 

7. 693 ft. ; 3-23 ft./sec.* 

8. 5 ft./sec. at the top ; 20 ft./sec. 

at the bottom ; 1162-5 ft. 

9. 1,760 ft. 

10. 420 yds. ; 60-9 m.p.h. 

11. 26 cm./sec. ; 2$ sec. ; 112 cm. 

12. 17-15 ft. 

15. (a) r=23, r = 65 ; (A) /= - 5| ; 

t = ll. 

EXAMPI 

1. 36 ft. I 

2. 144 ft. ; 96 ft./sec. 

3. 1 sec. ; 28 ft. 

4. 320 ft./sec. ; 1,600 ft. 

5. 16, 48, 80, 112, 144 ft. ; g(n - \) 

ft. 

6. 2* sec. 

7. 3 sec. ; 64 ft./sec. 

8. 16 ft., 43 ft., 8 ft. ; 112 ft./sec. 

9. 2$ see. ; 100 ft. ; 125 ft. 

10. 340 ft./sec. ; 1,800 ft. 

12. 2-47 sec. 


16. 16 min. 6$ sec. 

17. 60 m.p.h. ; A, 8 min. 48 sec. 

past 12; B, 17 min. 36 sec. 
past 12. 

18. 7$ ft./sec.* ; 91-6 ft./sec. 

19. 75J sec. 

20. 8 ft./sec. ; 6-4 sec. ; 153-6 ft. 

21. 74-8 ft./sec. 

22. 2-87 ft./sec.* 

23. 82-6 ft. ; 5-62 sec. 

24. 8$ sec. 

25. 90-2 sec. 

26. 91 § ft. 

27. 29$ sec. ; 645$ ft. 

ES XXX 

13. 68-4 ft./sec. ; 59-04 ft. 

14. 2 sec. ; 2^5 sec. 

15. lf$ sec. 

16. 14 sec. after the first stone is 

released ; after they have 
fallen 39-5 ft. 

17. 256 ft. ; 128 ft./sec. ; 96 ft./sec. 

18. 3-75 sec. ; 56-25 ft. 

19. 0-0104 sec. 

21. u = 10 ft./sec. ; g =32. 

22. 1,120 ft./sec. 


EXAMPLES XXXI 


1. 32 ft./sec. ; 32 ft./sec. down ; 

128 ft. in each. 

2. 76-8 ft./sec. ; 92-16 ft. 

3. 36 ft./sec. up ; 156$ ft. 

4. 21 sec. ; 3$ sec. 

5. 16 ft./sec. down ; 16 ft./sec. 

upwards. 

6. 144 ft. 

7. 56 ft. sec. ; 4-5 sec. 


8. 6 sec. 

9. 80 ft. 

10. (a) 44‘ sec. longer ; ( b ) 1,333$ 
ft. higher. 

1 1. 2452-5 cm. /sec. ; 3,065$ cm. 

12. 6,*, ; 109J ft. 

13. 10 ft./sec. ; 1,501/, ft. 

14. 96 ft./sec. 

15. 6$ sec. ; 112 ft./sec. 


EXAMPLES XXXII 


1. 11-0 lb. wt., 17° 34' ; 232 1b. wt., 

27° 14' ; 13-3 tons wt., 

44° 58' ; 4-87 cwt., 35° 21' ; 
1-27 tons wt., 43° 12'. 

2. (a) 14 lb. wt. ; (A) 12-95 lb. wt. ; 

U) 10 lb. wt. ; («/) 5-67 lb. 
wt. ; (e) 2 lb. wt. 


3. 4-47 lb. wt. ; 26° 34'. 

4. 7-1 lb. wt. ; 68° 12'. 

5. 347-2 lb. wt. 

6. 57-1 lb. wt. 

7. (a) 180°, 2 lb. wt. ; (A) 0°, 12 lb. 

wt. ; (c) 135° 35', 4-9 lb. wt. 
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EXAMPLES XXXII— continued. 

8. 173-2 lb. wt. ; resultant bisects 

angle between parts of rope. 

9. 13 lb. wt. at 67° 14' to 5 lb. wt. 

force. 

10. 104° 29'. 


12. 27-5 lb. wt. ; passes through 
point 14 ft. from B and 24 ft. 
from A ; inclined at 85 to 
BA. 


EXAMPLES XXXIII 

5. 3,864 lb. wt. in piston rod ; 
1,035 lb. wt. on guide bar. 


1. (a) Each component is 5-77 lb. 

wt. ; ( b ) 8 06 lb. wt., 5 lb. wt. 
(c) 111 lb. wt., 8-4 lb. wt. 

2. 22-9 lb. ; 151 lb. 

3. 1-55 cwt. at C ; 2-20 cwt. at B. 

4. 2,400 lb. wt. in BC ; 2,078 lb. 

wt. in AB. 


6. 3 cwt. 

7. 0-78 tons ; 120°. 

8. 854-4 lb. wt. at C ; 943-4 lb. wt. 

at A. 

9. 20 lb. wt. ; 1157 lb. wt. 


EXAMPLES XXXIV 


1. 8-79 lb. wt. in OA ; 6-53 lb. wt. 

in OB. 

2. 57° 54' ; 46° 34'. 

3. 3-66 cwt, tension in BC ; 4-48 

cwt. thrust in AB. 

4. 67-1 kilos ; 26’' 34'. 

5. 50 lb. wt. in AB ; 86-6 lb. wt. 

in BC. 

6. (a) 13-9 lb. wt. at 25“ 52' with 

9 lb. wt. ; (5) 8-19 lb. wt. at 
47° 47' with 9 lb. wt. 

7. Reaction = 4-33 lb. wt. ; tension 

= 2-5 lb. wt. 

8. 21° 48' ; reaction = 2-69 kgm. 

wt. 

9. 38-5 lb. wt. tension in AB ; 

28-2 lb. wt. tension in BC ; 
35-5 lb. wt. tension in CD ; 
39° 45'. 

10. 25-2 tons wt. in BA ; 28-6 tons 

wt. in BC. 

11. 313-7 tons wt. 

12. At right angles to the first ; 

14 and 14>/3 lb. wt. 


13. 7-94 and 5-05 lb. wt. 

14. 8-22 cm. ; M2 kgm. wt. in 

lower and 3-04 kgm, wt. in 
upper string. ^ 

15. (a) M.A. = 2, reaction = 

o 

(6) M.A.-V3, reaction = -^ 2 ^ • 

16. 9-49 lb. wt. ; 6 32 lb. wt. 

17. AB, lOy/2 lb. wt. ; BC, 10 v 

lb. wt. ; CD, 20 lb. wt. ; 
M = 7-32 lb. 

18. 259; 366 gm. wt. ; 69“ 54'. 

20. 7-32 lb. or 10(^3-1). 

21 . 0-41 and 1-21 tons wt. 

22. CB, 5-77 cwt. ; AB. 2-8J cwt. ; 

AC, 5-77 cwt. ; CD, 5-77 cwt. 

23. Least force is 12-5 gm. wt. ; 

tension. 12-5^3-21-60 gm. 

24. 10 gm. wt. ; W-7°£J* or ll oo 

gm. 


EXAMPLES XXXV 


1. 10-56 lb. wt. ; 39° 20'. 

2. 337-6 lb. wt. ; 8° 39' to vertical 

on side of OC. 

3. 4-25 kgm. ; perpendicular to 

3 kgm. force ; 54“ with 

5 kgm. force. 


4. 112-8 lb. wt. ; 20° W. of S. 

6. 333J lb. wt. along BA ; 160'$ lb. 
wt. along BC. 

6. 5831 lb. wt. along BA ; 83$ lb. 
wt. along CB. 
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EXAMPLES XXXV— continued. 

7. 4*24 tons wt. in CD ; 0*88 tons ! 

\vt. in AD. 

8 . 0-65 tons wt. in OD ; 2*25 tons 

wt. in OC. 

9. BA, 58-5; BC, 42; BD, 13*5 

lb. wt. 


10. P=4 85 lb. wt. ; CH-i-43 lb. 

wt. 

11. 3-21 lb. wt. at 158° 12' to A; 

equilibrant is equal but oppo¬ 
site to this. 


EXAMPLES 

1. (a) 8 - 66 , 5 lb. wt. ; (6) 0-8G6X, ■ 

0-5X ; (c) 10 01, 10-61 lb. 

wt.; (</) * ~ ; («) 100 ; 

v- V-i 
1-20 tons wt. 

2. (a) 9-66 ; -0-259 lb. wt. 

(, b ) -11-49, 9-64 lb. wt. 

(c) —1-60, — 1-20 tons wt. 

(d) —2-5, 4-33 kgni. wt. 

(e) —9-40, 3-42 gm. wt. 

(/) -2, 3-46 cwt. 

3. 3-064, 2-570 lb. wt. 

4. 0 = 48° 35'. 

5. 53-6 lb. wt. horizontal ; 107-3 lb. 

wt. vertical. 


XXXVI 

6 . 6-44 lb. wt. per ton. 

7. Reaction, 47-0 lb. wt. ; tension, 

17-1 lb. wt. 

8 . 9-47 lb. wt. ; 8-58 lb. wt. 

10. 58-0 lb. wt. 

11. F=0-728 ; T—2-128 lb. wt. 

12. 7-45 lb. wt. 

13. 62* lb. wt. 

14. 23-5 lb. wt. ; \V = 06-46 lb. 

15. 4V6:9. 

16. 14-14, 10, 11-53 lb. wt. tension 

in AB, BC, CD respectively ; 
\V = 5-70 lb. 

17. 7-32 and 5-18 lb. wt. 


EXAMPLES XXXVII 


1.8-7 lb. wt ; 60° 53'. 

2. 9-07 lb. wt. ; 53° 48' N. of E. 

3. 6 units in direction of fifth 

string. 

4. 131 lb. wt. ; 127° 10'. 

5. 4-24 lb. wt. ; perpendicular to 

4 lb. wt. force, 54° with 
6 lb. wt. force. 

EXAMPLES 


1 . 

T = 133 J 

lb. wt. ; R^: 

140-4 


lb. wt. ; 

33' 41 with vertical. 

0 

3 V 5 

—- - - tons 

v 37 # 

wt. ; —— tons 

wt. ; 


O 

•> 



9° 2S' w 

ith horizontal. 


3. 

P=3 cwt. 

; 3y 3 = 5-20 cwt. 


4. 

46 lb. wt. 

; 19-2 lb. wt. ; 

cos b 


II 

c— 

. 



5. 

25-8 st. : 

23-2 st. at 1 

° to 


horizontal ; position of 

load 


on eJge 

of tailboard. 


6 . 

10v3 = 22 * 

4 lb. wt. at tan -1 

i to 


vertical ; 20 lb. 


6 . 315-6 lb. wt. ; between B and 

C ; 32° 32' with 196 lb. wt. 
force. 

7. 8 lb. wt. along line of 6 lb. wt. 

force. 

8 . 1 ton wt. along EO ; 3 tons wt. 

along OF. 

XXXVIII 

7. 5 lb. wt. 

8 . S* lb. wt. ; increase to 25 lb. wt. 

89 

9. (i) M_ cwt. at upper, 1-G cwt. 

o 

at lower ; (ii) above reversed. 

10. 20\/3 = 34*64 lb. wt. ; 10 v 7 

= 26*46 lb. wt. ; 40° 54' with 
vertical. 

11. 1,131 gm. wt. ; 894 gm. wt. 

12. 2*6 cwt. at 32 s " to vertical ; 1*6 

cwt. 

13. 1*6 cwt. ; 2*6 cwt. at 32° to 

vertical. 


I 
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EXAMPLES XXXVIII— continued. 
14. 37K lb. wt. ; 180 lb. wt. at 

11° 45' to vertical. 

16. Q = 4W at 53° 8' to horizontal ; 
P=fW ; S = 2W ; R = JW. 

16. 150 lb. wt. ; 50 v /19 = 218 lb. 

wt. ; 66° 35' with AB. 


17. In CD. 28 lb. wt. ; at A, 18 lb. 

wt. 

18. 12-32 in. 

19. 34 lb. wt. ; 17-33 lb. wt. ; 83 3 

to horizontal. 

20. 8v/3=13-8G in. 

22. 160 lb. wt. ; 40 lb. wt. 


EXAMPLES XXXIX 


1. (a) 6 lb. wt., 2 ft. ; ( b ) 70 lb. wt.. 
3 in. ; (c) 4 kgm. wt. ; 200 
cm. ; (*/) —80 gm. wt., 17-5 
cm. 


2. 9 lb. wt., 2 in. from A ; 1 lb. wt., 
8 in. from A ; 9-08 lb. wt., 
6 ° 20 '. 

3. 2v/10P ; % from B. 

3 


EXAMPLES 


1 . 

6 lb. wt. ; 44 in. 

from A. 


10 . 

o 
** • 

1 gm. wt. ; 4 cm. from 

5 gm. 

1 1 


wt. force. 



1 1 • 

3. 

25 lb. wt. ; 8-41 

in. 


1 ~ . 

13 

4. 

13 gm. wt. ; 1 cm. from 

14 gm. 



wt. force. 




5. 

152-7 lb. wt. 




6 . 

At A, 18 lb. wt. ; 

at B, 42 

lb. wt. 

15. 

7. 

life in. 




8 . 

5\/1 

A couple of moment 

1 

16. 

9. 

0 J g ft. ; 7, 7 j ft. ; 

G l ft. from A. 

18. 


XL 

300 gm. wt. ; 400 gm. wt. , 

4 in. from end A. 

700 gm. 

18 lb. 

18 dynes ; 84 cm. from 4-dyne 
force ; 5 cm. from 50 gm. 
and 200 gm., 7 cm. from 50 
gm. and 100 gm. 

32* lb. wt. at A ; 87* lb. wt. at 
bearing near B. 

Couple of moment 24,000 cm. 
gm. units. 

1 lb. ; 1 ft. 6 in. from A. 


EXAMPLES XLI 


1. 7 lb. wt. ; 0-7. 

2. (a) 8 lb. wt. ; (5) 12 lb. wt. 

3. 0-25. 

4. 834 lb. wt. 

5. 624 lb. 


6 . 80 lb. wt. 

7. 50 lb. wt. ; 50 lb. wt. making 

143° 4' with the -10 lb. wt. 
force. 

8 . 0-0625. 


1 . 

2 . 

3. 


EXAMPLES 

0-4663 ; 4-226 lb. wt. 

34-72 lb. wt. ; 44-44 lb. wt. 

15 lb. wt. 


XI.II 

4. 21-8 

\ = 

6 . 6-21 


lb. wt. ; 
39° 37'. 
lb. wt. 


tan X**0-828 or 




EXAMPLES 

23° 25'. 

19 1 lb. wt. ; 29-1 lb. wt. 


XLI 11 

4. (i) 8 lb. wt. ; (ii) 
(iii) 7-86 lb. wt. 
6 . 36 64 lb. 


9-43 


lb. 


wt. ; 
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1 . 

2 . 

3. 

4. 

5. 

6 . 
7. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 


1 . 


2 . 

3. 

4. 

5 . 


1 . 

tt 

3. 

4. 

5. 

6 . 
7. 


EXAMPLES XLIV 


10 lb. wt. 

2,500 lb. wt. 

1-7 cwt. 

149 lb. wt. 

5,184 lb. wt. 

60 lb. wt. 

11 lb. wt. ; 10 lb. wt. ; 1 lb. in. 


8 . 14 st. ; vertically upwards. 

9. 4 lb. wt.; or 0-5774. 

10 . 0-26. 

11. W=0-039 lb. 

12. 2-5 lb. ft. 


EXAMPLES XLV 


0-720. 

1 , 120 . 

8 . 


TtV 

40 ft./sec. 

75 lb. wt. 

716-8 H.P. 

125 lb. 

3H H.P. ; 8A H.P. 

(a) 24-4 sec. ; (6) 16f ft./sec. 
110 ft. lb./sec. 

13-9 H.P. 


165 

256 


0-64. 


14. 

16. 

17. 

18. 

19. 

20 . 
21 . 


22 . 

23. 

24. 

25. 


7,920 gals. ; 79,250 lb. wt. 
296-5 H.P. 

37* lb. wt. 

754-3 ft./min. ; 14 H.P. 


485 lb. wt. 

88 HP 
35 H P ‘ 


(a) H.P. ; ( b ) 61-6 lb. wt. ; 

(c) 770 lb. in. 

180 lb. wt. 

6-07 H.P. 


500,000 lb. wt. ; 20,480 H.P. 
(a) 0-2 H.P. ; (6) 1,650 ft. lb. 


EXAMPLES XLVI 


Reading corresponding to 10 lb. 

is wrong ; 2-15 ft. lb. 

4,950 ft. lb. 

0-822 in. lb. 

147 lb. wt. ; 1211b. wt.; 19,300 
ft. lb. 

57-8 lb. wt./sq. in. ; 142,400 ft. 
lb. per stroke ; 518 I.H.P. 


6 . 48-9 B.H.P. ; 61-1 I.H.P. 

8 . 2-18 ft. 

9. 1-41 ft. 

10. 157-1 lb. per sq. in. 

11. 205* H.P. 

12. 0*533 

liil 88-6 lb. per sq. in. ; 3,225 ft. lb. 
14. 11-7 H.P. ; 8-8 B.H.P. 


EXAMPLES XLVII 


5 m.p.h. ; 36° 52' N. of E. 

2-83 m.p.h. 

46-4 m.p.h. ; 62° 46' N. of E. 
73 m.p.h. ; 28° 40' E. of S. 

V3 m.p.h. ; 60° with the up¬ 
stream direction. 

2-77 knots ; 41° 6' S. of W. 

8-66 ft./sec. 


8 . 27-4 ft./sec. vertical ; 75-2 

ft./sec. horizontal. 

9. 0-985 min. 

10. 68-4 m.p.h. ; 47° 2' N. of E. 

11. 25 m.p.h. ; 0-8 hr. ; 34-6 miles. 

12. 69 min. 

13. 11° 32'W. of N. ; 98 m.p.h. 

14. 8-66 m.p.h. 

15. 8-9 min. 


c> cn tft to 
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EXAMPLES XLVIII 


1 . (a) .00 ft. horizontal ; 16 ft. 

vertical ; ( b ) 100 ft. ; 64 ft. 

. 1,000 ft. 

. 144 ft. ; 110 yds. 

. 2J sec. ; 275 ft. 

. 2 see. ; 110 ft./sec. 

. 13] ft./sec. 

. 4,100 ft. 


8 . 110-9 ft./sec. 

9. 12 ft./sec. ; 22 ft./sec. ; tan -1 

or 28° 37' with horizontal. 

10. \/5 = 2-236 sec. ; 137-5 ft. 

11. (i) 17-32 sec. ; (ii) 25,540 ft. ; 

(iii) 390 m.p.h. at 75° 11' 
with horizontal. 

12. 449-4 ft. high ; 53 ft. 


EXAMPLES XLIX 


1 . 16 ft. ; 1 sec. ; 80 ft. 

2. 270-6 ft. 

3. 5,470 ft. ; 387-1 ft./sec, verti¬ 

cally, 707-1 ft./sec. hori¬ 
zontally. 

4. 1| sec. ; 9 ft. 

6 . 64y/2 ft./sec. ; at 45° to hori¬ 
zontal. 


11 . 60\/10 ft./sec. ; 3^ sec. ; 56$ ft. 

12. 47-5 ft. 

13. 100 ft. ; 80-9 ft./sec. at tan -1 ?-° 

•1 

with horizontal. 

14. § sec. ; 60 ft. ; to ft. 

16. 41*8 ft./sec. ; tan" 1 ~ with hori- 

o 


6 . V* = 2 ch ; 48\/2 ft./sec. ; 72 ft. 

7. 1,320 ft. ; 346 ft./sec. 

8 . 14-180 yd. ; 651 ft. for 15' more, 

639 ft. for 15' less. 

9. 150 ft. 


zontal. 

17. 28° 39' ; 72° 40'. 

18. 2,400 ft./sec. 

19. 28-9 ft. 

20. 98-0 ft./sec. ; 75 ft. ; a worse 


10 . 8v/3 ft. 


result. 


EXAMPLES L 


1. 

85 m.p.h. ; tan" 1 

If or 61° 56' 

8 

10 . 


N. of E. 



2 . 

6-3 m.p.h. 




3. 

17 min. 



ii. 

4. 

10 m.p.h. ; at 45 

0 to direction 


of A s motion ; 

12-3 in.p.h. 



at 35° 0' 

with 

downstream 

12. 


direction. 



13. 

5. 

60\/3 m.p.h. 

; 120 m.p.h. 

6 . 

From 10° 54' 

W. of S. 


7. 

120 m.p.h. ; 

104 m.p.h. ; 108-2 

14. 


m.p.h. 




8 . 

5-92 m.p.h. ; 

28° - 

42 N. of W. ; 

15. 


12-8 m.p.h 

-; si 

° 20' S. of E. 


9. 

\0y/l m.p.h.; 

tan - 

»^?W. ofN. 

9 

16. 


50 m.p.h. ; tan -1 

40 m.p.h. due 

, , 8 
m.p.h. at tan 1 


* E. of N. ; 

\V. ; 85-4 

W. of S. 


50 m.p.h. at cos" 1 * W. of N. ; 

31-62 m.p.h. at tan" 1 i N. of E. 

S. at 6 m.p.h. ; 31-73 ft./sec. at 
33° 42' with vertical. 

31-43 ft./sec. at tan" 1 A ; 27-46 
ft./sec. at tan" 1 4 4 ,. 



D 

1 1 


(ii) { 


(iii) 


6-C 

9-H5* 


Equal to original velocity of 
ball at 60° to AB. 

3-23 ft./sec. at 38° 10' to direc¬ 
tion of initial velocity reversed. 
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MECHANICS 


EXAMPLES LI 


1. 15 m.p.h. ; 36° 52' E. of N. ; 

6 miles. 

2. 19-6 min. past noon ; 2-35 sea 

miles. 

3. 15-3 m.p.h. at 22° S. of E. ; 

5-86 miles S. of cross-roads. 

4. 7-81 sea miles. 

5. After 0-447 hrs.; 41°4S'E.ofN. 


6. I ll miles ; 80° 36' W. of N. 

7. 32 m.p.h. at 51° 20' to direction 

of second train ; 458 yds. 

9. 15v/5 m.p.h. ; from tan -1 A W. 
of N. 

10. 15\/2 m.p.h. 

11. 2J? hrs. 

12. 1-13 hrs. ; 0-38 hr. 


EXAMPLES LII 


1. 

8 ft./sec. 2 


I 15. 

8J pdls. 



o 

235*2 cm./sec. 2 


: 16 . 

(i) 85-6 lb. wt. ; (ii) 

7*13 lb. 

Wt. 

3. 

(a) 128 pdls. ; ( b) 9,800 dynes ; 

17. 

88 pdls. ; 22 lb. wt. 




(c) 100 lb. wt.; (d) 10 kgm. wt. 

18. 

0-336 tons wt. 



4. 

5. 

50 lb. wt. 

3 lb. wt. 


19. 

(a) - x weight ; 

g 



6. 

7. 

2-2 cwt. 

ft./sec. 2 ; 410-7 lb. wt. 



( 0 ) -ij— x weight. 



8. 

80 ft./sec. ; 200 ft. 


20. 

2,200 ft. 



9. 

1,440,000ft./sec. 2 ; 2812-5 

lb. wt. 

21. 

1 i cwt. ; (a) 726 ft. 

cwt. ; 

(b) 

10. 

0-1 ft./sec." 

10 lb. 


32 cwt : 2.046 ft. cwt. 

11. 

g sin 30° or 16 ft./sec. 2 ; 

OO 

15*4 pdls. 




wt. the resolved part 

of the 

23. 

(a) 373 \ lb. wt. ; ( b) 

420 1b. 

wt. 


weight parallel to the plane. 

24. 

fVr ft./sec. 2 



12. 

25^ lb. wt. 


25. 

10 lb. ; 10 lb. 15 oz. ; 

9 1b. 1 

oz. 

13. 

70/* lb. wt. 


26. 

6*, 7, and 7 X 7 S lb. wt. 



14. 

1,050 lb. wt. 


27. 

At 26 to the vertical. 




1 . 

•> 
»■ . 

3. 

4. 

5. 
f*. 


1 . 


O 

« 

3. 

4. 


EXAMPLES LIII 


0*15 xlO 7 dynes, 62-75 kgm. 
wt. ; 4*9 x 10 7 dynes, 50 kgm. 
\vt. 

128 pdls. or 4 lb. wt. ; 5 lb. 

1 1 *58 see. 

900 ft. from position of rest; 

H2i ft. ; lli sec. 

122*5 cm./sec.; 143-5 gm. wt.; 

135*5 gin. wt. 

600 gm. ; 20 gm. 

4f>3 cm./sec. 2 


8. (1, L > gm,, ”JS(JL±D dynes; 

a - 1 a 

(2) d 

a + 1 a 

9. 931 gm. 

10. 28 pdls.; 8 ft. 

11. 10 gm. 

12. ft./sec. 2 ; sec. 

13. 882 cm./sec. 2 

14. tVb ft. ''sec. 2 ; 15-5 ft. 


EXAMPLES LIV 


(<j) 250 ft. pdls. ; ( b ) 15,625 ft. 
pdls.; (c) 1,024 cm. dynes; 
(J) 484 ft. tonals. 

(a) 50 pdls. ; (b) 44 ft. 

937-5 lb. wt. 

(a) 6,400 ft. pdls.; (b) 200 ft. lb. 


5. 


20 pdls. 

6. 0-15 tons wt. 

7. 937-5 lb. wt. 

8. 187,500 lb. wt. 

9. 22,500 ft. pdls. 
10. 122-5 cm. 
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EXAMPLES LIV— continued. 
11. 2,009-2 ft. lb. ; 803-7 ft. lb. 

13. ^ 20 ^ v f l -/ sec - • ** planks. 

14. 126 ton9 wt. 

15. 17,680 ft. pdls. ; 2-29 ft. 


10. 57 037 lb. wt. 

17. 100 ft. lb. ; lOO ft. lb. 

18. 815 lb. wt. 

20. 160, 4S0, 800 ft. lb. 

21. 1,5121 lb. wt. 


1. 810 lb. wt. 

2. 960 lb. wt. 

3. 0-17 H.P. 

4. 36-9 ft. 

5. 132-3 ft. 

6. 6,800 lb. wt. ; 928 H.P. 

7. 11-2 H.P. 

8. 268-8 H.P. ; 7528-9 yds. 

9. 8-4 H.P. 

10. 13$ H.P. 

11. 160 H.P. 


EXAMPLES LV 

12. (a) 198,000 ft. lb. ; 10 H.P. ; 

(6) 321.200 ft. lb. ; 16’ H.P. 

13. 919 H.P. 

14. 3,530 ft. tons ; 30 m.p.h. 

15. 18,000 ft. lb. loss ; 5-740 ft. lb. 

gain. 

16. 152,000 ft. pdls. 

17. 60 per cent, of work done by 

gravity. 

18. 815 H.P. 


1. 6,000,000 ft. lb. ; 3.600,000 ft. 

lb. 

2. 7* H.P. ; 9*} H.P. 

3. 7,920 gals. 


EXAMPLES LV1 

>000 ft. 4. 25 < 10« ft. lb. ; 1 -22x IO« ft. lb. ; 

6 62 hrs. 

6. 255-9 gals. 

6. H\'330=- I 45-3 ft./sec. 


1. 4 ft./sec. 

2. 6J in. 

4. I-67 sec. 


EXAMPLES LV 11 

5. (a) 0-8 sec. ; ( b) 250 cm. 


1. 3 86° F. 

2. 2-33° C. 

3. (i) 128 4 B.Th.U. ; (ii) 37-4 

B.Th.L . 

4. 20 per cent. 


6. 982 cm./sec.* 

EXAMPLES LVII1 

5. 11 79 C.11 1 ./sec. 

6. 16 8 B.H.P. 

(,,) 37 ' 4 7. 9 per cent ; 22 9 BM P. 

8. 20 2 H.P. 


1. 466 ft. lb. ; 16 ft. lb. 


EXAMPLES L1X 

3. 190ft. lb. ; 3?? ft. lb ; 39,?, 
lb. wt. 

see. 4. 1 10,000 ft. lb. 


2. 63{*; ft. pdls. ; 3\ / 2 ft.,sec. 4. 1 10,0110 tt. ID. 

EXAMPLES LX 

1. (a) 320 pdls. see. ; (6) l« lb. 5. 72 ft.,sec. ; 22-5 lb. wt. 

wt. sec. ; (c) 6 ft.,sec. «. 3$ lb. wt. ; 1 ? sec. longer. 

2. 24 lb. wt. sec. ; 04 ft./sec. ; 7. 1-03 tons wt. 

(a) 32 ft./sec. ; ( b ) I28ft./sec. 8. 400 pdls. ; 225 ft./sec. 

3. 110 pdls. 9 - 1,260 ft. lb. 

4. 3* lb. wt, 10 48 lb wt - ti: scc - 
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MECHANICS 


1. 1,540 lb. wt. 

2. 260 lb. wt. 

3. 119-6 lb. wt. 


EXAMPLES LX I 

! 4. 60 ft./acc. ; 200 lb. ft. sec. ; 

200 ft. pdls. ; 129 lb. wt. 

6. 69$ lb. wt./sq. in. 

6. 175-7 pdls. 


EXAMPLES LXII 


1. 750 lb. ft. sec. units ; 23,^ lb. wt. 

2. 65-1 lb. wt. 

3. 5 V* pdls. 

4. 210 lb. wt. 


5. 1,069 lb. ft. sec. units. 1,069 

pdls. at 60° to original direc¬ 
tion of pipe. 

6. 18-9 lb. wt./sq. ft. 

7. 35 lb. wt. 


EXAMPLES LXIII 


1 . 


1600 


ft./sec. 


321 

2. Is ft./sec. ; * ft. tons. 

3. ft./sec. ; 1111*1 ft. pdls. 

i. 100 lb. ft. sec. units ; 500 ft. 
pdls.; 3$ sec.; 1,500 ft. pdls.; 
5 ft./sec. 

5. 1,721 ft. lb. 

6. (a) 16 ft./sec. ; (6) —80 ft. ton 


sec. units 
2 ft. 


(c) 640 ft. tonals, 


7. 3$ tons ; 57$ ft. 

8. 7$ tons ; 60 per cent. 

9. 62,250 ft. lb. ; 62-7 ft. lb. 


10. 6 ft./sec. ; 3§ ft. tons. 

11. 19-5 ft./sec. ; 270 ft. pdls. ; 

10-6 ft./sec. 

12. 320v/2 ft./sec. ; 2,400 lb. wt. 

13. 1$ tons wt. 

14. 138-56 lb. ft. sec. units. 

15. 10$ ft./sec. ; 2.205 lb. wt. 

16. 4 lb. ; 120 lb. ft. sec. units each. 

17. 0-816 ft./sec. ; 523 ft./sec. 

18. Height 20 cm. ; horizontal 

distance 40 cm. 

19. 104-3 ft./sec. 

20. 313-2 cm./sec. 

21. 1-3 cm. 


1. 2$ ft./sec. 


1. Oft. 

2 - }• 

3. 177 cm./sec. ; 61-3 cm.'sec. 

4. 3 ft./sec. ; 3$ ft./sec. 


EXAMPLES LXIV 
I 2.} * ft. 

EXAMPLES LXV 

5. 6 ft./sec. ; 7$ ft./sec. 

6. Zero ; 6 ft./sec. reversed. 

8. 32-7, 7-8 ft./sec., both reversed ; 

44-54 ft. pdls. 





